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Preface 


There once was a time when it was possible for a scientist not only to 
master his own field but also to have a working knowledge of.all related 
fields. With the growth of scientifie knowledge it became increasingly 
necessary to specialize until. today, very few are able to master even 
a single field completely. So it has come to pass that chemists are 
often unaware of the physical properties of the compounds that they 
analyze, physicists do not fully appreciate the crystallography of the 
crystals whose properties they study, mineralogists fail to appreciate the 
full potential of the minerals they seek, and engineers are only partly 
aware of the nature of the materials that they use. In keeping with 
this trend, chemists, electrical engineers, metallurgists, mineralogists, 
physicists, and many, many others who constantly deal with solids have 
tended to become familiar with only one aspect of solids, as if each part 
were independent of the whole. Most textbooks written to date also 
reflect this trend so that it is difficult for even the willing student to 
obtain the broadening he seeks. This book represents an attempt, there- 
fore, to provide the necessary broad background on a sufficiently ele- 
mentary level to be useful to all who are interested in solids. 

In constructing such a synthesis, it becomes necessary to decide what 
to include and what to omit without destroying the book’s purpose. The 
one thing that jhe majority of solids of practical importance have in com- 
mon is that they are crystalline. An attempt has been made, therefore, 
to use the crystallinity of solids as a framework in discussing their nature 
and properties. In keeping with this it is necessary. first of all, to define 
what crystals are and how they are distinguished from other kinds of mat- 
ter. Once the geometry and atomic composition of solids is understood, 
their properties can be considered. Here, again, a choice has to be made 
in selecting the properties to emphasize. In order not to limit the useful- 
ness of this book to a few specialists, only the commonest kinds of prop- 
erties are considered iv detail. ‘Thus organie solids have been com- 
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Introduction 


It is the nature of man to study his environment and to seek to under- 
stand the many processes that it manifests. Even the most casual 
ubserver soon becomes impressed by how orderly these processes are. In 
the cosmos, the distant stars and the nearby planets appear to follow the 
same orbits year after year, a movement that knows no equal in regularity 
or endurance. On earth, the rhythmic sequence of tides, of lunar cycles, 
and of just cycles all testify to the simple elegance of the basic patterns to 
which nature conforms. The natural patterns of many solids are obvious 
to the unaided eye; the lustrous, systematically arrayed faces of single 
crystals of minerals such as quartz or garnet are common examples. The 
name crystal comes from the Greek word krystallos, meaning clear ice, and 
was first applied to describe the beautiful transparent quartz “stones”’ 
found in the Swiss Alps. The choice of this particular name was prompted 
by the mistaken belief that these stones were formed from water by 
extremely intense cold. By the seventeenth century, however, the name 
crystal was extended to other manifestations of solids that bore the rela- 
tion to the original rock crystal of being bounded by many flat shiny faces, 
symmetrically arrayed. 

Other kinds of patterns formed by solids are best seen with the aid of 
magnification by, say, an ordinary microscope. Figure 1 shows two mag- 
nified pictures of ordinary snowflakes. The regularity of this form of 
solid H:O is not unlike that displayed by natural crystals of other com- 
positions, and, indeed, a snowflake zs a crystal of ice. In their bock Snow 
crystals, Bentley and Humphreys show hundreds of photographs of snow- 
flakes. It is somewhat surprising to read that they never encountered 
two snowflakes that looked exactly alike although many of them look very 
similar. On the other hand, all the snowflakes exhibit the same high 
degree of symmetry that can be seen in two of the illustrations reproduced 

+ Me-Graw-Hill Book Company, Inc., New York, 1931. 
1 


2 Chapter 1 


Fic, 1. Snowflakes or single crystals of ice. (Photographed by W. A. Bentley and 
W. J. Humphreys.) 


from their book in Fig. 1. Although originally the name crystal was 
incorrectly applied to quartz specimens found among the rocks in moun- 
tains, in view of the millions of true crystals that descend from the sky on 
this earth each winter, it is difficult to think of a more suitable name to 
describe these highly symmetrical manifestations of solids. 

The symmetrical patterns revealed by the microscope persist down to 
much smaller dimensions in solids as well. If it were possible to look at 
atoms in crystals directly, they would be found in symmetrical arrays like 
the ones shown in Fig. 2. As will become clearer in later chapters, it is 
not possible to “look” at atoms directly. When one examines the work- 
ings of a microscope, however, it becomes apparent that a subterfuge can 
be employed to attain the same end result. A microscope forms a mag- 
nified image essentially by the following process. The object is viewed 
with the aid of light rays which are first reflected from the object toward 
a series of lenses. Each lens in turn breaks up the bundle of light rays 
into separate rays (this process is called diffraction) and recombines them 
in such a way that the object appears to be much larger than it really is. 
Now, it is possible to obtain a diffraction picture of a crystal by using 
x-rays, although it is not possible to refocus the diffracted x-rays with the 
aid of any lens as yet devised. On the other hand, if this diffraction pic- 
ture is viewed in a suitably constructed instrument with the aid of visible 
light, an actual picture of the atoms results. The two-wavelength micro- 
scope, as such an instrument is called, can thus produce magnifications © 
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Fic, 2, Atomic arrays in two crystalline forms of FeS:. The large circles are iron 
atoms, and tke small circles are sulfur atoms, magnified slightly over 5,000,000 times. 
(Photographed by M. J; Buerger.) 

A. Marcasite, FeS:, looking along the crystallographic c axis. 

B. Pyrite, FeS:, looking along the crystallographic a axis. 


a hundred million times, as compared with 10,000-fold enlargements 
attainable with microscopes using visible light only. 

Figure 2 shows two pictures obtained with the two-wavelength micro- 
scope. Both are of crystals composed of the same kinds of atoms, namely, 
iron and sulfur in the ratio of one iron atom to two sulfur atoms. As can 
be seen, the iron disulfide molecules look alike in both crystals but the 
over-all arrangement of molecules is somewhat different. These two dif- 
ferent arrangements, or crystal structures, are the structures of two dis- 
tinct minerals, marcasite and pyrite. Two or more crystals having iden- 
tical atomic compositions but different arrangements or structures are 
called polymorphs, derived from a Greek word meaning many forms. The 
different structures of polymorphous compounds produce two or more 
kinds of crystals differing not only in their appearance but in other prop- 
erties as well. It turns out, in fact, that many physical properties are 
more markedly affected by differences in crystal structure than they are 
by differences in atomic or so-called chemical compositions. 

The atoms shown in Fig. 2 all appear to be at rest in their very sym- 
metrical arrays. In an actual crystal, however, the atoms are in constant 
motion. Now it may seem strange, at first thought, to picture a solid, 
say this book, as a beehive teeming with activity. This difficulty is due 
only to man’s lack of familiarity with this type of activity, caused by his 
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inability to see it directly. Yet there are many visible manifestations 
of such activity and motion in everyday objects. For example, take the 
“running” stream which “rotates” the wheels of a dynamo, which 
“produces” the electricity, which “rushes” through miles and miles of 
cables to the light sources, which “light up” and turn the evening hours 
into day. Moreover, this process goes on constantly and regularly all 
over this earth without the benefit of direct intervention by any living 
being. 

The process of artificial illumination can also be cited as a common 
example of the law of the conservation of energy. The mechanical energy 
of the distant rotating wheel results in electrical energy which in the 
end is transformed into the energy of the light given off in a room. 
Observe that nowhere in this entire sequence is any energy created or 
lost, which is the principle of conservation required by the above 
law. This fact in itself is evidence of the orderly manner in which 
inanimate objects function. This functioning, of course, takes place on 
so small a scale that it is not possible to observe the individual acts, only 
the sum total as the actions of the whole. 

In order to understand the functions or actions of the whole, however, 
it is necessary first to understand the actions of each part. To help him 
do this, man has devised some very ingenious tools such as the two-wave- 
length microscope, for example. These have enabled him to peer inside 
an inanimate object and to discern its minutest parts. It is from such 
observations, which showed that solids were composed. of spherical atoms 
in regular arrays, that the final proof came to substantiate the atomic 
theory of matter. As the tools of research became successively more 
powerful, it was discovered that the atom in turn consists of a central 
nucleus surrounded by a number of electrons. These electrons are in 
constant motion and are responsible for most of the external activity 
exhibited by solids. In fact, this motion is so persistent and so rapid 
that no kinds of magnification schemes devised to date have been able to 
arrest the speed of the electron long enough actually to see it. Thus 
man knows of the electron’s existence only by the tracks it leaves as it 
moves, like a furtive mouse whose tracks of the previous night’s repast 
are found the following morning on the pantry shelf. 

The nucleus is much heavier and more sedate and, therefore, it moves 
relatively little. (Since the nucleus is several thousand times larger than 
an electron, it virtually is the atom.) Its motion in solids is restricted to 
small vibrations about a mean position, and for most purposes the nucleus 
can be considered as being at rest. This quiescent state of the nucleus or 
of the atom is, in fact, the structural feature that distinguishes solids from 
liquids. In the latter form of matter, the atoms are much more free to 
move about and are in constant motion. They are still attracted to each 
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other, as they are in a solid, and thereby give the liquid its cohesiveness. 
On the other hand, their ability to move freely is the reason why a liquid 
can be poured from one container to another. 

It appears from the above that it should be possible to transform a 
liquid to a solid by decreasing the motion of the atoms or to reverse the 
process by increasing their motion. This canindeed bedone. When the 
temperature is lowered sufficiently, a liquid freezes and a solid results. 
As the temperature is raised, the atoms become increasingly more mobile 
until their motion becomes so great that the orderly array in the solid 
disintegrates and it becomes a liquid. If the process‘is carried far enough, 
the liquid can be transformed into a gas, which is nothing more than a 
state in which the atoms have gained so much freedom of motion that 
they no longer bother to stick together at all. 

When the liquid cools, two types of solids can form. If the liquid cools 
sufficiently slowly for the atoms to assume orderly arrangements like the 
ones shown in Fig. 2, a crystal results. On the other hand, if the tem- 
perature is dropped abruptly, arresting the motion of the atoms before 
they can reorganize themselves, then a mixed-up structure called a glass 
or an amorphous solid may result. Such a glass, when reheated, does not 
melt in the abrupt sense that at one instant it is still a solid and in the 
next it is a liquid but it simply softens gradually and continuously until 
it is so soft that it is again a liquid. As with most properties of solids, 
the explanation of the difference in the behavior of glasses and crystals 
when heated is determined by the difference in their atomic arrangements 
or structures. In a crystal, the atoms are arranged like soldiers on a 
parade ground, in well-defined columns and rows (Fig. 2). When the 
command “Dismissed!” is shouted, the individuals dash off in every 
direction, and instantaneously the orderly array has disappeared; it may 
be said that the ranks have melted. In a glassy substance, the atoms 
never had a chance to organize themselves into orderly arrays in the first 
place. Hence; in a glass it is not possible to distinguish the solid from the 
liquid state except by the relative motions of the atoms, a property 
described by the term viscosity. 

The basic feature of all crystals is the regularity of their atomic arrange- 
ment, already encountered above. If the magnified views of the two 
structures shown in Fig. 2 are examined carefully, it becomes apparent 
that there is a basic unit in each structure that when systematically 
repeated reproduces the whole structure. Thus the first notable feature 
of the regularity of crystal structures is the periodicity of their patterns. 
Now, periodic patterns are not the exclusive property of crystals. The 
beauty of such patterns was recognized by man a long time ago. The 
friezes adorning the most ancient temples-of the East and West are some 
of the earliest encountered examples of periodicity in one dimension. The 
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patterns on wallpapers or dress materials, the designs found in men’s ties, 
as well as many others can be cited as examples of modern-day patterns 
that are periodic in two dimensions. 

In addition to petiodicity, most crystal structures possess the property 
of symmetry. There are several kinds of symmetries possible. A fre- 
quently encountered one is the symmetry of rotation. It can be seen in 
Vig. 1, for example, that each snow crystal can be rotated about its center 
six successive times without repeating the same movement (the angle of 
rotation each time is 60°), and each time it is rotated, the crystal looks 
the same as it did before rotation. Other symmetries are also possible 
and, of course, combinations of symmetries are possible. It might appear 
from this that a large number of different kinds of structures are available 
to accommodate the extremely large number of different kinds of solids 
known to exist. Actually, only 230 different combinations can be formed 
in three dimensions, a conclusion independently arrived at by three men: 
the Russian crystailographer Federoff, the German mathematician 
Schoenflies, and the English physicist Barlow. It is interesting to note 
that a large fraction of these possible symmetries have already been dis- 
covered to exist among the several thousand crystals examined so far. 

A proper introduction to solids, therefore, must begin with a study of 
the rules that govern the formation of crystal structures. These rules 
constitute a branch of man’s knowledge commonly called geometrical 
crystallography. Fortunately, this.subject is no more complex than solid 
geometry and is easily mastered. It is possible to consider next the way 
that atoms arrange themselves in crystals in conformity with these erys- 
tallographic requirements. Crystals can form from a gas by sublimation 
or from a liquid by crystallization. When a crystal forms from a vapor or 
a liquid, its continued growth depends on the presence of a sufficient 
supply of growth units, that is, the atoms required to make up its struc- 
ture. If the supply is overabundant, the crystal may grow extremely 
fast, in many directions at once, and it develops a branchlike appearance 
or habit (Fig. 1). Conversely, if the supply of atoms decreases below @ 
certain value, the crystal stops growing and may actually start to redis- 
solve. Many other fates can befall a crystal during growth and also 
after growth is completed. Because nothing is ever quite perfect, crys- 
tals contain many kinds of imperfections. Crystals may absorb foreign 
atoms during their growth or forget to include others that rightfully 
belong. Furthermore, it may happen that the atoms which assumed one 
structure while the crystal grew rearrange themselves to form another 
structure long after growth is completed. These variations from an ideal 
structure have a marked influence on the properties of crystals. The 
plan followed ‘in this book, therefore, is to introduce the constitution of 
crystals first and then to discuss their properties. The common features 
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and properties of all crystals are described in the first part of the book. 
The last six chapters are devoted to a somewhat more detailed discussion 
of specific crystal types. 

The vagaries in the “life” of a crystal have been described by the 
nineteenth-century English writer John Ruskin. 


And remember, the poor little crystals have to live their lives, and mind their 
own affairs, in the midst of all this, as best they may. They are wonderfully 
like human creatures—forget all that is going on if they don’t see it, however 
dreadful; and never think what is to happen tomorrow. They are spiteful or 
loving, and indolent or painstaking, with no thought whatever of the lava or the 
flood which may break over them any day; and evaporate them into air-bubbles, 
or wash them into a solution of salts. And you may look at them, once under- 
standing the surrounding conditions of their fate, with an endless interest. You 
will see crowds of unfortunate little crystals, who have been forced to constitute 
themselves in a hurry, their dissolving element being fiercely scorched away; you 
will see them doing their best, bright and numberless, but tiny. Then you will 
find indulged crystals, who have had centuries to form themselves in, and have 
changed their mind and ways continually; and have been tired, and taken heart 
again; and have been sick, and got well again; and thought they would try a dif- 
ferent diet, and then thought better of it; and made but a poor use of their advan- 
tages, after all. 

And sometimes you may see hypocritical crystals taking the shape of others, 


‘tho they are nothing like in their minds; and vampire crystals eating out the 


hearts of others; and hermit-crab crystals living on the shells of others; and 
parasite crystals living on the means of others; and courtier crystals glittering in 
the attendance upon others; and all these, besides the two great companies of 
war and peace, who ally themselves, resolutely to attack, or resolutely to defend. 
And for the close, you see the broad shadow and deadly force of inevitable fate, 
above all this: you see the multitudes of crystals whose time has come; not a set 
time, as with us, but yet a time, sooner or later, when they all must give up their 
crystal ghosts—when the strength by which they grew, and the breath given 
them to breathe, pass away from them; and they fail, and are consumed, and 
vanish away; and another generation is brought to life, framed out of their ashes, 
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Geometrical crystallography 


Periodicity in crystals 


The principles of geometrical crystallography are quite general and can 
be applied to many different systems. In this chapter, the specific prin- 
ciples that apply to crystals are developed in just enough detail to permit 
the understanding of the structures and properties of crystals that must 
conform to them. The basis on which crystals are distinguished from 
noncrystals is that the atoms in crystals are arranged in the form of a 
periodic array. Such an array consists of a representative unit of the 
structure, usually a group of atoms or molecules, repeated in space at 
regular intervals. The representative unit can be repeated in many dif- 
ferent ways and still satisfy the basic requirement of periodicity. It is 
natural, therefore, first to inquire into the different ways of periodically 
repeating an object. The study of the different possibilities and laws that 
govern them is called pattern theory or geometrical crystallography. 

Representation of a pattern. Provided only that the pattern is 
periodic, the laws of geometrical crystallography are independent of the 
detailed nature of the pattern to which they are applied. In illustrating 
these laws, therefore, it is possible to select any motif to represent the 
basic unit whose periodic repetition constitutes the pattern. In order to 
maintain complete generality, it is advisable to select a motif that is 
unsymmetrical. For example, consider an ordinary boot shown in Fig. 1. 
It is interesting to note that a boot can exist in two different forms, 
namely, one that fits the left foot and one that fits the right foot. A pair 
of such boots is shown in Fig. 2A and B. To distinguish the two forms, 
one is usually called left-handed and the other right-handed. It should be 
realized that any asymmetric object can exist in both a left-handed and 
a right-handed form. A pair of objects thus related are said to be 


enantiomor phous. 
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Repetition of an object. A symbol that is almost as unsymmetrical 
as a boot and much easier to draw is the number seven. Figure 3 shows 
an enantiomorphous pair of sevens, one on each side of a vertical line. 
Note that, whereas a single seven is unsymmetrical, the representation in 
Fig. 3 is symmetrical in that each side of the figure looks like a mirror 
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image of the other reflected across the vertical line. In fact, such a 
reflection of an object across a symmetry line is one of the possible opera- 
tions of repetition. 

A very simple operation of repetition consists of taking one of the repre- 
sentations in Fig. 3 and repeating it without change after translating it a 
distance t. If this translation t is repeated continuously, a sequence of 
periodically spaced sevens obtains (Fig. 4) quite similar to a row of evenly 
spaced pickets in a fence. 

Another way of repeating a seven is to rotate the seven about a point, 
as shown in Fig. 5. The simplest way to pic- 1—2 
ture this operation is to think of an aris pass- j 
ing through the center of Fig. 5 and to represent Ney 
the repetition by a rotation through an angle ¢ Y fp 
about this axis. It should be noted that, if it Rp fi Da 
is desired that the repeated object return to J 
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self-coincidence after an integral number of rotations n, then ¢ must be 
an integral submultiple of a complete revolution, that is, 
_ 360° 
n 


m= 1,2, Bi. ass (1) 


Translation periodicity. The single translation in Fig. 4 produces 
an infinite linear array of the repeated object. If such a translation, tı, 
is combined with another, noncollinear translation, tz, then a two-dimen- 
sional array (Fig. 6) obtains as follows: The entire linear array due to 
translation ¢, (Fig. 4) is repeated an infinite number of times by the second 
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translation i» Another way of looking at this is to say that the linear 
array due to t is repeated by £. 

Since the nature of the repeated objects in Fig. 6-1 does not affect the 
translation periodicity, it is conventional to represent this periodicity by 
replacing each object in the array with a point. ‘The resulting collection 
of points shown in Fig. 6B is called a lattice, in this case, a two-dimensional 
or plane lattice. It should be remembered that a point is an imaginary, 
infinitesimal spot in space, and, consequently, a lattice of points is tmay?- 
nary also. On the other hand, the array of sevens in Fig. 6 is real. Itis 
not a lattice of sevens, because a lattice is an imaginary concept; instead 
it is correctly called a lattice array of sevens. 

It is possible to add a third translation to the plane lattice in Fig. 6B or 
to the lattice array in Fig. 64. In each case, the third translation repeats 
the entire plane at equal intervals ¿s This third translation thus produces 
a space lattice (Fig. TB) or a three-dimensional lattice array (Vig. TA). 
Because it is casier to draw a plane lattice than a space lattice on a sheet 
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of paper, wherever possible plane lattices are used in this book. The 
extension of the principles illustrated to three dimensions follows directly 
from the above discussion. 

Representation of a lattice. It has been shown above that two 
noncollinear translations define a plane lattice and three noncoplanar 
translations define a space lattice. It is natural to ask, therefore, given 
a particular lattice, which pair (or which triplet) of translations does one 
choose to describe it? Actually, there exists an infinity of choices for 
each translation because a line joining any two lattice points is a transla- 
tion of the lattice. Figure 8 shows a plane lattice and some of the choices 
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that exist. If pairs of translations such as 1, tz, or ta, t4 are chosen, they 
are said to define a primitive cell, so called because one lattice point is asso- 
ciated with each cell. This can be seen in two ways: 


1. Consider each lattice point as belonging equally to four adjacent 
cells in Fig. 8; thus only a part of each point belongs to any one cell. 
Since each cell has four corners, it contains four such parts, whose total 
“area” adds up to one whole point. 

2. Alternatively, displace slightly any one of the shaded primitive cells 
in Fig. 8. It becomes immediately obvious that only one lattice point 
can lie within the area of any one primitive cell. 


On the other hand, the cell defined by ts and że contains a lattice point 
within the cell in addition to the one shared at the corners and is called a 
multiple cell. Several kinds of multiple cells are possible, namely, double 
cells, triple cells, etc., depending on whether they contain two, three, or 
more lattice points, counting all the corner points together as one point 
and adding one for each point contained in the interior of the cell. The 
translations that define a primitive cell are called conjugate translations. 
Either a primitive or a multiple cell can be selected as a unit cell of the 
lattice. The unit cell is so called because the entire lattice can be derived 
by repeating this cell as a unit by means of the translaticus that serve as 
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the unit cell’s edges. The choice of a unit cell is dictated by convenience 
and convention to be that cell which best represents the symmetry of the 
lattice, as discussed in a later section. The three translations selected as 
the edges of the unit cell are called the crystallographic axes a, b, c, and the 
angles between them a, £, y (Fig. 9), where 


a is the angle between b and c (opposite the a axis). 
B is the angle between c and a (opposite the b axis). 
y is the angle between a and b (opposite the c axis). 


The three crystallographic axes can be thought of as three noncoplanar 
vectors defining a lattice. Any other translation in the lattice, therefore, 


c 


a à > . . . s x 
Fig. 9 Fic. 10 


can be represented by the appropriate vector sum of these three axes. 
ligure 10 shows two such translations in a two-dimensional lattice, 


tı = 2a + 1b 
and t: = la + 4b. (2) 


Note that any translation parallel to tz is also the translation tz regardless 
of its point of origin. 

In three dimensions, any translation in a lattice can be represented by 
the vector sum 


t = ua + vb + we. (3) 


Since, in a given lattice, a, b, e remain unchanged, the translation direc- 
tion t can be specified by the three integral coefficients in equation (3): 
u, v, and w. It is conventional to use the shorthand notation [uvw] to 
specify a translation direction in a lattice. 

Notation of planes in a lattice. It is often convenient to consider a 
stack of parallel planes passing through a lattice. The designation of 
these planes is slightly more complicated than the designation of direc- 
tions, Figure 11 shows the projection of a lattice along its c axis which 
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is perpendicular to the ab plane. Consider a plane that is parallel to the 
c axis and is represented in an edge view by the heavy line in Fig. 11. 
The translation periodicity of the lattice, of course, requires that a parallel 
plane pass through every lattice point (light lines in Fig. 11). The inter- 
cepts of the plane first considered are two units along the g axis, three 
along b, and œ along c since the plane is parallel to this axis. Now, con- 
sider the intercepts of the parallel plane lying nearest to the origin. This 
plane has the intercepts $ along a, 4 along b, and © alonge. Since all the 
parallel planes are exactly alike, it is convenient always to consider the 
plane nearest to the origin. In order to avoid using fractions in its desig- 
nation, the reciprocals of the intercepts are used instead. The resulting 
integers are named after their inventor, the Miller indices of the plane. 
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The procedure for obtaining the indices of any plane is summarized 
below for the plane shown by the heavy line in Fig. 11. 


Procedure abe. 
1. Determine intercepts 23 œ 
‘ r : E E: 

2. Note their reciprocals 7 0 (4) 
3. Clear fractions 3.2 @ 


It is conventional to represent the indices of a plane by enclosing them in 
parentheses: (hkl). The meaning of these indices is that the set of paral- 
lel planes (hkl) cuts the a axis into h parts, the b axis into k parts, and the 
c axis into l parts. As an illustration, the (243) plane nearest the origin 
is shown in Fig. 12. 

A special case of indexing arises when a lattice can be described by a 
unit cell having two equal axes inclined at 120° and a third axis that is 
orthogonal to the plane of these two axes (Fig. 13). As can be seen in 
Fig. 14, the plane of the two equal axes contains a third axis that is equal 
in length to the other two. It will be shown later in this chapter that 
this type of lattice occurs in the hexagonal crystal system, in which case the 
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three coplanar axes are equivalent by symmetry. There is some advan- 
tage to displaying this symmetry equivalence in the indices. If the four 
hexagonal azes, or Bravais-Miller axes a}, as, as, €, are used, then the corre- 
sponding heragonal indices, or Bravais-Miller indices, are (Aki). It is 


23 
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easy to show that the relationship between the three equivalent axes is 
a; + a, = —a; (5) 
and between the corresponding indices, 
h+k=-4. (6) 


A negative index is written with a bar over it; that is, (1121) means 
(1,1,—2,1). Since the relationship in equation (6) is easily remembered, 
the ¢ is sometimes replaced by a dot when the hexagonal indices (hkl) 
are used. 

Relationships between planes. It 
has been shown in Fig. 11 that the plane 
(hkl) is merely one of an infinite set of par- 
allel planes related to each other by the 
translations of the lattice. A plane can be 
related to one or more other planes in the 
lattice by other operations of repetition 
also. For example, Fig. 15 shows two 
NS planes related by a rotation of amount ¢. 

Fig. 15 Such sets of symmetry-related planes are 

said to constitute a form. The indices of 

the various planes belonging to a form are readily determinable, and it is 
sufficient to use the indices of any one plane to represent the symmetry- 
related set. When this is done, the indices are placed inside double 
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parentheses; that is, a symmetrical set of planes is designated 
((hkl)).t 

Another collection of planes of frequent interest is a set of planes that 
have one direction in common. This common direction is the direction 
along which the planes intersect and is called a zone axis. The planes 
that share this zone axis are said to belong to the same zone. The indices 
of a zone axis [uvw] and a plane (hkl) in this zone must obey the relation 


uh + vk + wl = 0. (7) 


As a simple example of planes belonging to a zone, consider the [001] zone 
axis and all the planes that have indices (hk0). 

The zone axis [uvw] of two intersecting planes (hıkılı) and (hzkzl2) can 
be determined as follows: 


kıla rS kalı 
liha — Ishi (8) 
w = hike — hoky. 


u 
v 


Symmetry elements 


The operation of rotation. It has already been shown that an 
object can be repeated periodically by the operation of a translation. It 
also has been shown that an object can be repeated by a rotation about 
an axis. In each of these cases the character of the object did not change; 
that is, a right-handed object repeated as a right-handed object and a left- 
handed object repeated as a left-handed object. The objects forming 
such a set are said to be congruent. 

In the case of repetition by rotation, the axis about which the rotation 
takes place is called a rotation axis. If the operation of rotation results 
in a congruent set, it is called a proper rotation, and the rotation axis is 
called a proper rotation axis. It is also possible to have a rotational opera- 
tion which relates enantiomorphous objects; that is, a right-handed motif 
becomes left-handed upon repetition and vice versa. Such an operation 
is called an improper rotation, and the corresponding symmetry element 
is called an improper rotation axis. 


+ This designation follows one proposed by M. J. Buerger on page 114 of Elementary 
crystallography (John Wiley & Sons, Inc., New York, 1956). In this convention, 
symmetrical sets of planes are designated ((hkl)) instegd of {hkl}, and symmetrical 
sets of directions or lines are designated [[ww]] instead of (uvw). Although very 
rarely used, & lattice point is designated by ww: instead of the previously used 
designation [uv], and a symmetrical set of points is then designated www: As can 
be seen, this convention has the great advantage that an element and its symmetrical 


set are represented in & parallel manner. 
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Proper rotation axes. Successive rotations by an amount ¢ eventu- 
ally lead to the superposition of the repeated object upon the initial one if 
360° 

ea 


Z n=}... (1) 


The rotation angle ¢ is called the throw of an axis, and the number of suc- 
cessive rotations, n, required to cause superposition is sometimes called 
the fold of an axis. 
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A rotation axis is said to exist when all of space around it has the prop- 
erty of rotational symmetry about this axis. For example, a tulip is said 
to have 3-fold symmetry because the petals and other parts of the flower 
grow in sets of three about the floral axis. Similarly, the floral axis of a 
columbine is 5-fold; that is, the “flower space” is divided into five equiva- 
lent parts. In general, a rotation axis can be 3-fold or 5-fold or n-fold, 
depending entirely on the symmetry of the space surrounding the axis. 
In crystals, on the other hand, the throw of an axis is limited by the fun- 
damental requirement of translation periodicity. 

To discover the permissible throws that rotation axes can have, start 
with the row lattice shown in Fig. 16 and place an n-fold axis A, at each 
lattice point. Since n rotations by an amount ¢ cause superposition, it 
does not matter whether the rotations proceed in a clockwise or counter- 
clockwise manner. Accordingly, two opposite rotations by an amount ¢ 
about two axes in Fig. 16 are shown in Fig. 17. The two new lattice 
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points thus produced, p and q, must be equidistant from the original row 
lattice by construction. Hence, the line joining p and q is parallel to the 
translation ¢ and must be equal to some integral multiple of ¢. If it is 
not, then the line joining the two lattice points p and q is not a translation 
of the lattice and the array is not periodic. 

With the aid of Fig. 17, it is a simple matter to determine the possible 
values that » can have in a lattice. According to the constructior in 
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Fie. 18 
Fig. 17, 
mt = t + 2t cos ¢ m= 0, El, E2, ES i (9) 


and +m is used depending on whether the translation is measured to the 
right or left. Dividing both sides of (9) by ¢ and rearranging terms, 


cos g = mot. (10) 


Finally, since m is an integer, m — 1 is also an integer, say N, and (10) 
can be written 


cos g = X, (11) 


It is now possible to construct a table showing the solutions of (11) 
for different integral values of N. Table 1 shows all solutions for 
—2 < N < 2 corresponding to the range —1 < cosy <1. Magnitudes 
of N greater than 2 lead to an impossibility since the magnitude of the 
cosine of an angle cannot exceed unity. Consequently, there are only 
five possible solutions of (9), and only five kinds of axes are compatible 
with a lattice. These axes are shown in perspective in Fig. 18. The 
symbol for a proper rotation axis is an integer corresponding to the num- 
ber of repetitions in 2r. Thus a 2-fold axis is called a 2, a 4-fold is called 
a 4, etc. 


Table 1 
Determination of rotation axes allowed in a lattice 


360 or 0 
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Improper rotation axes. As stated earlier, an improper rotation 
axis repeats a left-handed object from a right-handed one, and vice 
versa. One symmetry operation already encountered that produces such 
enantiomorphous sets is the operation of reflection. If a rotation is com- 
bined with a reflection into a single hybrid operation, the resulting opera- 
tion is called rotoreflection. The corresponding symmetry element is 
called a rotoreflection axis. There exists a rotoreflection axis correspond- 
ing to each of the five proper axes. To distinguish the two kinds of axes, 
a tilde is placed over the numerical symbol of the corresponding rotation 
axis: 1, 2, 3, ete. 

As an illustration of a rotoreflection axis, consider 1, pronounced “one- 
tilde.” The proper rotation 1 rotates an object representing all of space 
through an angle of 0 or 360°, leaving it unchanged. The rotoreflection 
axis Ī combines this operation with a reflection to give the configuration 


shown in Fig. 19. The enantiomorphous pair of sevens is not unlike the 
pair already encountered in Fig. 3. Accordingly, it can be said that the 
operation of lis equivalent to a reflection through a plane, specifically, a 
reflection plane or mirror plane symbolically represented by the letter m. 

To illustrate further the operation of a rotoreflection axis, Fig. 20 shows 
a perspective view of 2. Remember that the operation of rotoreflection 
consists of two distinct parts. First, the seven in Fig. 20 is rotated by an 
“imaginary” 2 through an angle of 180°, but it is not left there. Instead, 
it is next reflected through an “imaginary” plane placed at right angles 
to the “imaginary” rotation axis. It should be emphasized that a 2-fold 
rotoreflection axis is neither a 2-fold axis nor a reflection plane but rather 
a hybrid combining the operations of both into a single operation. 

A very useful method of displaying a symmetry element is to show a 
projection of the symmetry element along some convenient direction 
In the case of rotation axes, it is convenient to project along the direction 
of the axis. Figure 21 shows such projections of the proper rotation axes 
and improper rotation axes. In illustrating the operation of an improper 
axis it is necessary to distinguish between an object lying above the 
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imaginary reflection plane and one below it. If the axis is normal to the 
plane of the paper, the imaginary reflection plane lies in the plane of the 
paper. A cross is used to indicate an object lying above this plane, and 
a circle, an object below this plane. It should be realized that the cross 
and circle bear another important relationship to each other, namely, if 
the cross represents & right-handed object, the circle represents a left- 
handed object. 

Returning to Fig. 20 for a moment, it can be 
shown that the enantiomorphous pair of sevens 
in that figure is related by an inversion center 
lying halfway between the two sevens. The 
inversion or symmetry center has the property of ZA 
inverting all of space through a point, as illus-  / 
trated in Fig. 22. Representing all of space by 
a seven, its inverted equivalent can be obtained 
by passing & construction line from each part of the seven through the 
inversion center and continuing each construction line until its length on 
both sides of the center is equal. An equivalent part of the seven is then 
placed at each end of each line until the enantiomorphous pair in Fig. 22 
results. 

It is possible to combine an inversion center with a rotation axis to pro- 
duce a rotoinversion aris in an analogous manner to the formation of a 
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Table 2 
Conventional designation of improper axes 
Rotoinversion | Rotoreflection Conventional 
axis axis designation 


Center of symmetry, 
Mirror plane, 

3-fold rotoinversion, 
4-fold rotoinversion, 
6-fold rotoinversion, 
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rotoreflection axis. Again, it should be realized that a rotoinversion axis 
is a hybrid of the two operations and is neither a proper rotation nor an 
inversion center. The five rotoinversion axes of crystallographic interest 
are shown in Fig. 21. To indicate a rotoinversion axis a bar is placed 
over the corresponding proper axis symbol. For example, a 3-fold roto- 
inversion axis is designated 3, pronounced ‘‘three-bar.” 

If the five rotoreflection axes are compared with the five rotoinversion 
axes in Fig. 21, it becomes apparent that they are equivalent in pairs. 
In fact, one equivalence has already been illustrated in comparing Fig. 20 
with Fig. 22 which showed 2 and 1, respec- 
tively. Since the two kinds of improper 
axes are thus equivalent in pairs, it is suf- 
ficient to adopt only one kind to represent 
these symmetry operations. Accordingly, 
Table 2 lists the conventional designations 
for the equivalent pairs of improper axes. 

Screw axes. Just as it is possible to 
combine a proper rotation with an inversion 
to produce a hybrid rotoinversion axis, it is 
possible to combine a proper rotation with a 
translation parallel to the rotation axis. 
This operation is shown in Fig. 23 where a 
rotation from e to f by an amount ¢ com- 
bined with a translation from f to g by an 
amount T is equivalent to a screw motion 
from e to g. The symmetry element that 
corresponds to such a motion is called a screw azis. Ina lattice, an axis 
must be parallel to a translation direction. Therefore, after n rotations 
through an angle ¢ and z translations T are concluded, that is, after n 
translations along the screw axis, the cumulative translation distance in 
the direction of the axis must equal some multiple of the lattice transla- 
tion mt. In other words, 


nT = mt l (12) 
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where n and m are integers. Equation (12) can be rearranged to deter- 
mine the values that T can have: 

mt 

T= a (13) 

According to (13), the different values that the translation component, 

or pitch, of a screw axis can have depend on the fold n of the axis. Since 

m = 0, 1, 2,3, . . . , the values that T can have, for the various axes, 

are those given in Table 3. Because #{ = ¢ + 3¢ and Ẹ# = ¢ + 4, etc., 


Table 3 
Possible values of the pitch T of a screw axis 
Fold of azis Possible values of the piteh T 


Ot, 1t, 2t, ete. 

Ot, $t, ĝt, $4, ete. 

Ot, 4t, $t, $t, $i, etc. 

Ot, 44, 3, ți ft, ¥, ete. 

Ot, 4t, St, $i $i FL $6 46 ete. 
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the only unique screw axes according to Table 3 are 21, 31, 32, 41, 42, 4;, 
61, 62, 63, 64, 6s, Where the subscript is the value of m in equation (13). 
Note that m = 0 and m = n correspond to pure rotations which can be 
thought of as special cases of screw axes. The eleven screw axes are 
shown in perspective in Fig. 24. It can be seen in this figure that pairs 
of axes such as 3; and 3%, or 6: and 6s, are identical except for the sense of 
the screw motion. Such pairs are therefore enantiomorphous; the indi- 
vidual axes are commonly distinguished as being left- or right-handed 


Table 4 
Possible glide planes 


Translation component T 


Type of glide 


Axial glide a 
Axial glide b 
Axial glide 7 
2 
Diagonal glide = a > : + 7 or > $ = 


t The translation component T in the diamond glide is actually one-half of the 
true translation along the face diagonal of a centered plane lattice. 


6.C.E.R.¥., West 
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Glide planes. It is possible to combine a reflection with a translation 
parallel to the reflection plane. Such a combination is called a glide 
reflection. The symmetry element relating the resulting pattern (Fig. 25) 
is called a glide plane. The transla- 
tion component T of a glide plane is 
equal to one-half of the normal 
translation of the lattice in the 
direction of the glide. Thus a glide 
along the a axis has T = 4a and is 
called ana glide. Similarly, a diag- 
onal glide can have T = $a + 3b 
or 4b + 4c, etc. The different possible glides and their translation com- 
ponents are listed in Table 4. 


Symmetry groups 


The symmetry elements described above are the only ways of repetition 
compatible with translation periodicity. Because this periodicity is the 
basis of all crystal structures, the atoms in crystals must be periodically 
arrayed. If the crystal also possesses symmetry, this means that the 
atomic arrays must have this symmetry. Normally, the crystal struc- 
ture determines the external form or morphology of the crystal. Hence, 
it is natural that many crystals are found in nature whose morphology 
displays the presence of one or more of these symmetry elements. If 
symmetry axes are thought of as lines, and mirrors as planes, these ele- 
ments appear to intersect at a common point at the crystal’s center. The 
different possible combinations of symmetry elements at a common point 
are called point groups. The early erystallographers, who were limited 
to the observation of the morphology of different crystals, deduced their 
respective point groups and used them as a basis for classification. As a 
consequence, otherwise unrelated crystals exhibiting the same point-group 
symmetry are said to belong to the same crystal class. Thus the terms 
point group and crystal class are essentially synonymous. 

The presence of screw axes and glide planes cannot be detected by 
examining the external appearance of a crystal. This is so because the 
translations that are part of their operation of repetition are too small (of 
the order of atomic dimensions) to be seen with even the most powerful 
microscopes. On the surface of an actual crystal, therefore, a screw axis 
appears simply as a rotation axis (T = 0) and a glide plane appears as a 
mirror plane. Another way to look at this is to remember that a point 
group describes the symmetry of crystal space about a point. Since a 
point cannot include a translation component, point groups cannot con- 
tain screw axes or glide planes. 
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It is possible to derive all possible combinations of symmetry elements 
in a straightforward formal manner by means of group theory. In order 
to understand how the various combinations arise, however, it is not nec- 
essary to resort to this branch of higher mathematics. Instead, it is pos- 
sible to derive a few simple theorems, similar to the theorems used in 
geometry, and to proceed by considering all those combinations ¢hat are 
consistent with these theorems. Such a procedure is good enough to 
derive the thirty-two possible point groups. On the other hand, the 
combination of symmetry groups with two noncollinear translations in a 
plane, or with three noncoplanar translations in space, becomes rather 
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cumbersome if carried out in this naive manner. Consequently, the dis- 
cussion in this chapter is limited to indicating what some of these so-called 
plane groups and space groups are like, without attempting their system- 
atic derivation. 

Point groups. As already indicated, the symmetry of space about a 
point is uniquely described by a collection of symmetry elements at that. 
point, called a point group. Generally, point group can contain any 
operation of repetition, whether such operations are compatible with 
translation periodicity or not. For obvious reasons, only combinations 
of crystallographic symmetry elements that are compatible with transla- 
tion periodicity are discussed in this book. 

To start, all the symmetry elements already described that do not have 
translation components each constitute a possible point group. Accord- 
ingly, Fig. 26 shows the five point groups: 1, 2,3, 4, and 6. Next, con- 
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sider the possible ways that two axes can be combined at a point Here 
an important concept of group theory enters, namely, when one symmetry 
operation is followed by another, a third symmetry operation results. It 

can be written symbolically 


A*B=C (14) 


where 4, B, and C are the three symmetry operations. For example, the 
point group 4 can be represented as the operation 4:4 = 1. Note 
that this is svmbolie representation and is not to be confused with ordi- 
nary algebra. 

The symmetry that results when two rotation axes are combined can 
be determined by a construction suggested by Fuler. Because of its rela- 
tive complexity, Euler’s construction is not given here; however, use is 
made of a relation that results from the analysis of one of its spherical 
triangles. This relation states that 


.4 = 298 B/2 cos y/2 + cos a/2 
poss k sin 8/2 sin y/2 


(15) 


Here A is the angle between two rotation axes whose respective throws 
are y and £, and a is the throw of the third rotation axis. Thus equation 
(15) can be used to determine what combinations of rotation axes are 
Possible and at what angles the axes are inclined to each other. The 
actual determination can be carried out by systematically considering all 
possible combinations. For example, consider the combination of a 
2-fold rotation with another 2-fold rotation to give a third 2-fold rotation, 
alternatively written, 2- 2 = 2. According to (15), 


cos (180°/2) cos (180°/2) + cos (180°/2) 
Bagot = sin (180°/2) sin (180°/2) 
_0+0 
ps 
=0 (A =90°. (16) 


Since the three rotation axes are alike, (16) states that three 2-fold axes 
can be combined at a point, provided that they are mutually orthogonal. 

As a further example, consider 2:2 = 3, Here two interaxial angles 
must be determined, the angles between a 2-fold axis and.a 3-fold axis 
and also the angle between the two 2-fold axes. According to (15), 


cond = 608 (180°/2) cos (120°/2) + cos (180°, 2) 
7 sin (180°/2) sin (120°/2) 


_0+0 


È 
=0 (A =90°) (174) 
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anal cok = (180°/2) cos (180°/2) + cos (120°/2) 
Sa P S sin (180°/2) sin (180°/2) 
0 + cos 60° 
1 
= s00” (C= 60°). (7B) 


Similarly, the other possible axial combinations can be tested. It is left 
to the reader to prove (see the exercises at the end of this chapter) that 
only six combinations of proper rotation axes intersecting at a common 
point are possible. These possible combinations of three proper rotation 
axes at a point, 222, 32(2),f 422, 622, 23(3), 432, are shown in Fig. 27. 
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All other conceivable combinations such as 6 - 4 = 2 cannot exist, as can 
be shown by direct substitution of appropriate values in equation (15). 

Each of the five improper rotation axes also constitutes a point group- 
Accordingly, Fig. 28 shows the five point groups: 1, 2 = m, 3, 4, and 6. 
Next, consider the combination of improper rotations with proper rota- 
tions. To begin, a mirror plane can be combined with a proper rotation 
axis by placing the mirror plane at right angles to the axis. This produces 
=a (2 g = 4 


i aii 6 i 3 
five point groups: pama Dm O and A Of these, = and PA 


, + This point group is conventionally written 32 instead of 322. The reason for this 
is that the two 2-fold axes 60° apart are indistinguishable from the symmetry-equiva- 
lent 2-fold axes that result from the repetition of a single axis every 120° by rotation 
about the 3-fold axis. This case is different from the point group 422 where the 4 
repeats each 2 at 90° intervals but the two different 2s are 45° apart. 
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have already been considered and are shown in Fig. 28. Hence only three 
new combinations come about as a result of combining a proper rotation 
axis with a perpendicular mirror plane, as shown in Fig. 29. It should be 
noted that in each of these point groups an even-fold axis is normal to a 
mirror plane. According to (14), a third symmetry operation results 
from the combination of any two so that the third symmetry element 
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present in this case is an inversion center lying at the intersection of the 
even-fold axis and the orthogonal mirror. This is indicated in Fig. 29 by 
placing an open circle, the symbol for I, at the center of the axial symbol. 

A mirron plane can also be placed parallel to a proper rotation axis. 
In this case the third symmetry element produced is another mirror plane, 
also parallel to the rotation axis, and the angle between the two mirror 
planes is equal to one-half the throw of the rotation axis. This relation 
js best stated by changing the order of the above operations, namely, if 
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two mirror planes intersect at an angle y a rotation axis having a throw 
of 2y arises at their intersection. A simple proof of this is shown in 
Fig. 30. Consider the two mirror planes intersecting at an angle y. The 
first one reflects a left-handed object l into a right-handed object r. The 
second one reflects r into V’, and l into r’. That these two successive 
reflections are equal to a rotation 
about O by an amount 2y can be 
seen by adding the angles between 
the lines Ol and Ol’ or between the 
lines Or and Or’: 

ô+ y + (py — ô) = 24. (18) 
Excluding the trivial combination 
lm = m already discussed, four addi- 
tional point groups are obtained by 
combining a rotation axis with a 
| parallel reflection plane: 2mm, 3m,t 
“4mm, 6mm (Fig. 31). 


| 
M | / As might be expected, it is pos- 
1 sible to combine both a parallel 
“yr mirror plane and a perpendicular 
Fic. 30 mirror plane with a proper rotation 


, axis. Since these two mirror planes 
intersect each other at right angles, a 2-fold axis lies at their 
intersection, according to the theorem demonstrated in Fig. 30. 


Consequently, the combination of two such planes with a rotation axis is 
equivalent to the addition of these planes to the point groups shown in 
Fig. 27. The resulting six point gr #22, 28 22 2 222 
g six p g oups, A i m2 ’ 
7 t When a3 is combined with a parallel m the angle between the mirror planes must 
e 120 /2 = 60 - But this angle between the mirror planes also results by simply 
repeating a mirror plane every 120° as required by 3-fold rotation; hence, a new 
mirror plane is not produced as the symbol 3mm would indicate. 
t The symbol is m m2, not n 2, because the mirror plane parallel to the 3-fold axis 


ig not perpendicular to any 2-fold axis. 
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= Md i ‘ 
an 3, = 3 m are shown in Fig. 32. Note that all these point groups except, 


3 3 ; 
mime have an even-fold axis normal to a mirror plane and hence contain 


an inversion center. This is the reason why in the last two point groups 
listed the 3-fold axes are rotoinversion axes. 
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a It remains to consider the possible combinations of the improper axes 
3 and 4 with proper rotation axes. Three more point groups are obtained 


from such combinations, namely, 42m, 37 and 43m, shown in Fig. 33. 


This brings the total number of point groups to thirty-two and completes 
the list of possibilities. The angles between all the symmetry elements 
are clearly seen in the illustrations except for the point groups containing 
four 3-fold axes. These interaxial angles are shown in Fig. 34 for the 
point group 432. 
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Categories of crystals. An examination of the thirty-two point 
groups just described suggests that they can be grouped into sets accord- 
mg to the highest-ranking rotation axis that they contain. Such an axis, 
say a 6-fold rotation axis, is also the most 
prominent feature of the morphology of a 
crystal containing such an axis. It is natu- 
ral, therefore, that the early classifications of 
crystals were based on the more prominent 
features that different crystals shared. The 
scheme finally adopted was to distribute the 
thirty-two point groups among the six crystal 
systems listed in Table 5. The basis for 
assigning a crystal class to a particular crys- 
tal system is indicated in the column headed 
minimal symmetry. For example, there are 
only three point groups that contain only 
three 2-fold axes, namely, mmm, 2mm, 222. 
Accordingly, these three point groups are placed in the same system 
zalled the orthorhombic system. 

Plane groups. Having discovered the thirty-two point groups com- 
patible with translation periodicity, it is logical to inquire next into the 
different ways that these point groups can be combined with one or more 
translations. For obvious reasons, it is simpler to start with a considera- 
tion of the possible combinations with two noncollinear translations. It 


432 
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Table 5 


Crystal systems and crystzl clesses 


Crystal system 


Minimal symmetry t Crystal classes 


Ss —_—— 


Triclinic 1; 7 


1 (or 1) 


Monoclinic 2 (or 2) 2, m, 2 
m 
Orthorhombic 222 (or 222) 222, 2mm, mmm 
Š -a s 
Tetragonal 4 (or 4) 4, 4, —, 422, 4mm, 42m, ae 
m mmm 
Isometri 3 223,3 ae 
ic four 3s (or 3) 23, 432, — 3, 43m, — 3 — 
m m m 
Hexagonal 3 or 6 (or 3 or 6) 3, 3, 32, 3m, 3 2 6, 6, 
m 
622, 6mm, 6m2, t, 82 2 
m mmm 


t The symmetry elements shown in this column are the least symmetry that & 
crystal can have and still belong to the corresponding crystal system. In this sense, 
this column shows the diagnostic symmetry elements of cach system. 
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has already been shown that two noncollinear translations define a plane 
lattice. Preliminary to forming the combinations, therefore, the different 
kinds of plane lattices are first discussed. Consider the general plane 
lattice shown in Fig. 354. Since a primitive unit cell in this lattice has 
the shape of a parallelogram, this lattice is called a parallelogram lattice. 
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Such a lattice can contain a 1-fold axis or a 2-fold axis normal to the lattice 
plane. It cannot accommodate other symmetry elements, however. 
For example, a mirror-reflection line (the two-dimensional equivalent of a 
mirror plane in three dimensions) requires that the lattice points lie on 
rows both parallel and perpendicular to the reflection line. This results 
in either a rectangular lattice or a diamond lattice, as shown in Fig. 35B 
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and C. A special case of the diamond lattice, wherein the angle between 
a; and azis 120°, is called a 120° rhombus lattice or a triangular lattice since 
the two cell edges and the short cell diagonal enclose an equilateral tri- 
angle, as shown in Fig. 35D. The triangular lattice can accommodate 
either a 3-fold or a 6-fold axis. Finally, a square lattice (Fig. 35E) can 
accommodate a 4-fold axis, which requires that normal to the 4 there exist 
a set of four equivalent translations 90° apart. 

When a rotation axis is combined with a translation at right angles to 
it, a new rotation axis results. This can be expressed symbolically: 


A-t=B, (19) 


To see what happens when a 2 is combined with an orthogonal transla- 
tion, place a 2 at the lattice points of the parallelogram lattice of the 
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two-dimensional lattice array shown in Fig. 36. Next, surround each 
translation equivalent 2, that is, each 2-fold axis connected by a lattice 
translation, with a pair of symmetry-related motifs (sevens in Fig. 36), 
constructing a lattice array thereby. It is now easy to see that new 2-fold 
axes “spring up” halfway between translation-equivalent 2-fold axes. 
Similarly, the combination of a 3 with an orthogonal translation pro- 
duces a new 3, and the combination of a 4 with an orthogonal translation 
produces anew4. In the latter case note that a 4 also includes the opera- 
tion of a 2; therefore, new 2-fold axes are also produced. The combina- 
tions of symmetry elements with plane lattices are called plane groups. 
The pure axial plane groups are illustrated in Fig. 37. The symbol p is 
used to denote a primitive plane lattice. A mirror-reflection line com- 
bines with an orthogonal translation to produce a new mirror line half- 
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p4 


p6 
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way between translation-equivalent mirror lines. Similarly, a glide- 
reflection line combines with an orthogonal translation to produce a new 


glide. (See Exercises 18 and 19.) 
The combination of a mirror-re- 
flection line with a diamond lattice 
is of Special interest. As shown in 
Fig. 38, the lattice array correspond- 
ing to this symmetry contains, in 
addition to the parallel mirror lines, 
glide-reflection lines lying halfway 
between the mirror lines. The rea- 
Son that these are glides and not 
mirrors is that the translations relat- 
ing adjacent reflection lines are not 
orthogonal. to these lines. It is, of 
course, possible to select a pair of 
translations in this lattice that are, 
respectively, orthogonal and parallel 


75 oe 
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to the reflection lines. If this is done, however, a centered plane 
lattice denoted c is defined, as shown by the shaded unit cell in 
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Fig. 38. Since the unit cell edges in a centered lattice are not the shortest 
translations in that lattice, such a choice of reference axes introduces 
subtranslations in the lattice. It is not surprising, therefore, that cen- 
tered lattices can contain symmetry elements having subtranslations also, 
that is, glide planes and screw axes. ; 

Space lattices. The restrictions that are placed on a plane lattice 
by different symmetry elements have been shown above. Since a three- 
dimensional lattice can be thought of as a periodic stack af plane lattices, 
the possible space lattices can be deduced by considering the different 
ways of stacking each of the four primitive plane lattices consistent with 
the symmetries of the thirty-two point groups. An alternative procedure 
is first to deduce the uniquely different lattice types and then to observe 
what restrictions are placed on these lattices by the point groups. If the 
second procedure is followed, it can be shown that there are only five 
unique space-lattice types, listed in Table 6. 


Table 6 
Space-lattice types 


Location of nonorigin points Symbol 


aaa. 
Pamies OO) Il) ron aeaa auld seo EAE wer siayy shai EE EA P 
Side-centered Center of A face or (100) if A-centered A 
Center of B face or (010) if B-centered s 
Center of C face or (001) if C-centered c 
Face-centered Centers of A, B, and C faces F 
Body-centered Center of each cell I 
Rhombohedral | If primitive rhombohedron is referred to hexagonal cell, R 


at +44 and $44 of that cell. (See Fig. 40.) 


To see how these lattices are distributed among the six crystal systems, 
it is sufficient to consider the restrictions placed on each lattice in tur? 
by the minimal symmetry of the crystal systems listed in Table 5. In 
the triclinic system, 1 or Ī places no restrictions on the space lattice- 
Hence, there is no advantage in selecting a nonprimitive lattice. The 
primitive triclinic or general lattice can therefore be described by & unit 
cell witha = b ¥canda¥ 8 # y. 

In the monoclinic system, a 2-fold axis passing through each lattice 
point of a parallelogram lattice requires that successive plane lattices have 
their lattice points fall on 2-fold axes. Since p2 has four independent sets 
of 2-fold axes, the stacking sequence of two successive nets can go #8 
shown in Fig. 39. (Open circles and dots are used to distinguish the tw° 
nets.) It is clear from this figure that the stacking in A gives a primitive 
lattice, the stacking in B a body-centered lattice, while C and D give side- 
centered lattices. Moreover, it is easy to show that the side-centered lat- 
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tices in C and D become body-centered if the diagonal of the parallelogram 
is chosen as one cell edge. Thus there are only two uniquely different 
lattices in the monoclinic system, namely, P and J. In each of these lat- 
tices, the presence of a 2-fold axis requires that the cell edge parallel to 
this axis be normal to the other two; therefore, the unit cell has a # b ¥ c, 
a = 6 = 90° = y. . 
Similar reasoning leads to the conclusion that 222 in the orthorhombic 
system requires an orthogonal lattice whose unit cell can have unequal 
sides and that all the four lattice types are possible. It can also be shown 
that only two lattices can occur in the tetragonal system and three in the 
isometric or cubic system. The hexagonal system differs slightly from 
the others in that two different rotation axes, 3 or 6, are possible. In 
the case of a 6 it is easy to see from Fig. 37 that there are 6-fold axes only 
at the lattice points of the triangular lattice, and successive plane lattices, 
therefore, must superimpose to form a primitive space lattice. In the 
case of p3, however, there are three sets of 3-fold axes and, hence, three 
stacking sequences are possible, as shown in Fig. 40. Of these, A gives 
a primitive hexagonal lattice, and B and C give three-layer-high stacks 
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which are identical, as can be seen by rotating either by 180° about a nor- 
mal to the plane of the drawing. Figure 41 shows a perspective drawing 
of this stacking sequence. As can be seen in this figure, the primitive cell 
in the resulting lattice is a rhombohedron having three equal edges and 
three equal interaxial angles (a; = a2 = a3, a1 = a. = a3). A more 
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convenient hexagonal cell can be chosen, however, as shown by the heavy 
lines in Fig. 41. Such a cell contains two additional, equally spaced lat- 
tice points along the body diagonal of the cell. It is this uniqueness in 
the lattice that has led to a suggestion for the adoption of a rhombohedr al 
subsystem of the hexagonal system, chiefly in the United States. A 
alternative subdivision, called the trigonal subsystem, includes all point 
groups containing a 3 (or 3) and is most popular in the United Kingdo™- 
Because of the difficulties in allocating certain space groups, it is commo” 
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practice nowadays to refer both cases to a hexagonal lattice and, hence, 
the subsystem designations should not be used. 

The lattice types listed in Table 7 were first discovered in 1842 by Frank- 
enheim, who incorrectly. determined that fifteen lattices were possible. 
Bravais showed later that only fourteen were really unique, and Table 7 


Table 7 
Bravais lattices 


Lattice types 


Crystal Unit cell 
system dimensions 
c 
Triclinic a#*bæ#žc 
a*ß žy 
Monoclinic a#bæc 
a =ß = 90° #7 
Orthorhombic axbxe 
a=~=y7=90° 
Tetragonal a=b#c 
a =ß = y = 90° 
Isometric a=b=c 
a=B=y7=90° 
Hexagonal a=b#e 
a = ß = 90°, y = 120° 


t The symbol R denotes the rarely used primitive rhombohedral lattice shown in 
Fig. 41. 


shows the distribution of the so-called Bravais lattices among the crystal 
systems. The unit cell dimensions listed in the last column of this table 
are minimal in the sense that chance equalities between magnitudes of 
normally unequal quantities are not excluded. The fourteen Bravais 
lattices are shown in Fig. 42. 

Space groups. Having classified the point groups and lattice types 
of each system, it is possible to consider what combinations of symmetry 
elements with space lattices are possible. In considering such combina- 
tions, called space groups, it should be remembered that symmetry ele- 
ments that exist in a space lattice can have translation components. Con- 
sequently, it is necessary to consider not only the thirty-two point groups 
but also the symmetry groups having identical angular relationships but 
containing screw axes in place of pure rotation axes and glide planes in 
place of pure reflection planes. If these csogonal symmetry groups are 
included, it turns out that there are 230 different ways to combine sym- 
metry groups with lattices. 


monoclinic 


hexagonal 
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Since the derivation of all the possible space groups is a lengthy under- 
taking, a few simple examples are given to illustrate the full symmetry 
that develops from the combination of symmetry elements with three 
noncoplanar translations. In the triclinic system, there are only two 
combinations possible, namely, P1 and PI. In the monoclinic system, 
on the other hand, there are three point groups to consider and two lat- 
tice types. As an example, consider the possible combinations of the 
point group 2, the isogonal symmetry 2), and the two lattices P and J. 
Figure 43 shows a view along the c axis of the four possible combinations 
P2, P2,, I2, and I2,. Similarly to the procedure used in finding all the 
symmetry elements present in a plane group, motifs (circles in Fig. 43) 
are used to represent the operations of the symmetry elements and the 
translations. The actual height of the object above the plane of the 
drawing is indicated by the fraction placed within the circles in Fig. 43. 
It is easy to see that /2 and 72, are the same space group; only the origins 
are different. It is therefore concluded that three different space groups 
belong to the crystal class 2. Some additional examples are considered 
in the exercises at the end of this chapter. 

The labels in Fig. 43 are the international symbols used to denote the 
appropriate space group. These symbols, also called Hermann-Mauguin 
symbols after their inventors, differ from an earlier notation proposed by 
Schoenflies. Since the Schoenflies notation may be encountered by the 
reader in other writings, both notations are tabulated in Appendix 4. 


O 
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The international space-group symbol is a shorthand notation describing 
the symmetry elements present, preceded by the appropriate lattice-type 
symbol. The description of the symmetry elements is not unlike that 
used in point-group notation. There is one important difference, how- 
ever, in that in the space-group symbol the particular sequence of the 
symmetry elements listed describes their orientation in space relative to 
the three crystallographic axes. In the triclinic system this point is triv- 
ial; however, in all other systems it is not. Unfortunately, because of 
precedents arbitrarily arrived at, a consistent notational system for all 
crystal systems does not exist. 

In the monoclinic system there is a choice between calling the unique 
axiscorb, In giving the complete space-group symbol, if the symmetry 
elements are listed in the sequence abc, the two symbols for P2 are, 
respectively, P112 and P121. These two possibilities are known as the 
first setting and second setting, respectively. 

In the orthorhombic system, it is conventional to list the symmetry ele- 
ments in the order abc.t This order has a very real importance, as can 
be seen in the space groups belonging to the crystal class 2mm, which are 
properly presented with c as the unique axis, namely, Pmm2. The non- 
trivial nature of the need for consistency in this representation becomes 
apparent in the two space groups Pmna and Pnma whose full symbols are 

222) 

mna 

In the tetragonal system, the c axis is the 4-fold axis. The sequence for 
listing the symmetry elements is c, a, [110], since the two crystallographic 
axes orthogonal to-c are equivalent. For example, P4m2 states that the 
unique (e) axis in a primitive tetragonal lattice has the symmetry 4, the 
two a axes each are parallel to m, and the [110] direction has the sym- 
metry 2. 

The above rule for listing the symmetry elements also applies to the 
hexagonal system since here again c is the unique axis and a; = a» The 
lattice symbol P denotes the primitive hexagonal lattice whereas F 
denotes the “centered” hexagonal lattice in which the primitive rhombo- 
hedral cell has been chosen as the unit cell. 

In the isometric system all three crystallographic axes are equivalent, 
and the order of listing the symmetry elements is a, [111], [110]. Since 
[[111]] must have the symmetry 3 or 3, the appearance of a 3 in the second 
Position serves to distinguish the isometric system from the hexagonal 
system. 

Supergroups and subgroups. It is sometimes of interest to consider 
the symmetry that results from the addition of new symmetry to, or the 


{Norman F. M. Henry and Kathleen Lonsdale, International tables for x-ray 
crystallography (The Kynoch Press, Birmingham, 1952). 


21212; x 
and P ame respectively. 
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suppression of existing symmetry in, & point group. If the addition of 
symmetry to an existing group produces a new group, this new group is 
said to be a supergroup of the existing group. Similarly, if the suppression 
of symmetry in a group produces a new group, then the new groupis called 
a subgroup of the old group. For example, since the point group 1 has 
the lowest possible symmetry, it is the subgroup of each of the other 


thirty-one point groups. Conversely, the point groups 2 mm and m3m 


can have no supergroups because it is not possible to obtain a new crys- 
tallographic point group by the addition of symmetry elements to either 
group. As an example of these relations, 1, 2, m, 2mm, and 4 are the sub- 


groups of 4mm; and 4 mm and m3m are its two supergroups. 


Suggestions for supplementary reading 


M. J. Buerger, Elementary crystallography (John Wiley & Sons, Inc., New York, 1956). 
F. O. Phillips, An introduction to crystallography (Longmans, Green & Co., Ltd., 
London, 1949). i 


Exercises 


1. Draw a plane lattice and indicate two kinds of double cells and one triple cell 
in that lattice. 

2. Draw a pair of enantiomorphous objects about each lattice point in a plane 
lattice, 


(a) Show that any primitive cell in that lattice contains only one pair of objects. 
(b) Show that a triple cell contains three pairs of objects. 


3. A possible cell in a lattice has a = b =c, a = 8 = y = 90°. Draw such a 
oube-shaped unit cell and indicate in it (001), (111), (101), (230). 

4. Show, in a lattice based on the cube-shaped unit cell in Exercise 3, the directions 
{100}, (120), (Too), [111]. 

5. Show that in a oube-shaped cell 


(a) [111] is perpendivular to (111). 
(b) [100] is perpendioular to (100). 
(c) [122] is perpendicular to (122). 


6. Show what relationships between the directions and the planes in Exercise 5 do 
not hold true for any other type of lattice. (For simplicity, consider a lattice based 
on a unit cell having a =b 4c a =f =y = 90°) lan 

T. In the cubic system, it is often of interest to determine the planes and directions 
containing the maximum number or density of lattice points. For example, in the 
body-centered cubic lattice, this would be ((110)) and [[110]]. Representing the 
combination of the densest direction within a densest plane by, say, (110) + [110], list 
all such possible combinations for the face-centered cubic lattice and the body- 


centered cubic lattice. 3 wer 
8. Prove relation (5) for hexagonal axes and relation (6) for hexagonal indices. 
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9. List six planes lying in the zone of [110]. Repeat for [111]. 

10. By means of a sketch showing a view along the axis, indicate the symmetry of 
space about a 5-fold and 12-fold proper rotation axis. 

11. By means cf a sketch showing a view along the axis, indicate the symmetry of 
space about a 5-fold and 10-fold rotoreflection axis. 

12. By means of a sketch showing a view along the axis, indicate the symmetry of 
space about a 5-fold and 9-fold rotoinversion axis. 

13. Prepare a drawing showing the following screw axes: 8; and 8s. 

14. By means of sketches, compare an n glide with a d glide. 

15. Using equation (15), derive all the point groups containing a 2-fold axis. Do 
this by systematically considering the combinations of a 2 with a 2 to give a 1, 2, 3, 
etc., followed by the combination of a 2 with a 3 to give a 1, 2, 3, ete. 

16. Derive all the point groups containing a 3-fold axis, following the procedure 
outlined in Exercise 15. 


17. Derive all the point groups containing a 4-fold axis, following the procedure 
outlined in Exercise 15. 


18. Derive all the point groups containing a 6-fold axis, following the procedure 
outlined in Exercise 15. 

19. Show that a reflection line combined with an orthogonal translation produces 
a new reflection line halfway between translation-equivalent reflection lines. i 

20. Show that a glide combined with a rectangular lattice produces a new glide 
halfway between translation-equivalent glides. 

21. Draw the plane group cg, showing all the symmetry elements. Compare your 
drawing with the plane group cm shown in Fig. 37. 

22. By means of simple sketches show that 


(a) In the orthorhombic system it is possible to have a side-centered and a face- 
centered lattice but not a two-side-centered lattice. 
(b) In the tetragonal system C = P and F = J. 


23. Derive the monoclinic space 
the first setting, do this by consider: 
Pn, Im, Ia, In. 

24. Derive the orthorhombic space groups that result from the combinations of 
three orthogonal 2-fold axes (222, 222), 212,2, 2:2,2,) with 


groups belonging to the crystal class m. Using 
ing the following possible combinations: Pm, P4 


(a) A primitive lattice. _ 

(b) A side-centered lattice. 
(c) A face-centered lattice. 
(d) A body-centered lattice. 


25. What are the sub, 


j groups of 6m2 and mmm? What are the supergroups of 32 
and a 
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The structure of crystals 


Up to this point, the discussion of crystal symmetry has been limited 
to an abstract discussion of symmetry elements and the rules that deter- 
mine how they can combine with one-or more translations. The way in 
which actual atom arrays occurring in crystals can conform to the result- 
ing symmetry groups is considered in this chapter. To begin, it is neces- 
sary to find out how any point in a unit cell, that is, a possible atomic 
site, is repeated by the symmetry elements present in a crystal. Points 
that are equivalent to each other by virtue of the symmetry present are 
As described below, there can exist several sets of 
equipoints in a unit cell, each set containing a different number of sym- 
metry-equivalent points. The number of equivalent points in a set is 
called the rank of the equipoint, and all the sets existing in one cell are 
called the equipoints of a space group. 

The a priori knowledge of the equipoints of a space group is extremely 
valuable in determining the spatial arrangement of atoms in a crystal, or 
the so-called crystal structure. It is usually possible to determine the 
space group of a crystal from a study of its x-ray diffraction spectra. 
Similarly, it is a simple matter to determine the atomic contents of a unit 
cell. Since the atoms in a unit cell must be distributed among the equi- 
points of the cell, it is possible to utilize this knowledge in determining 
the crystal structure. Conversely, in the case of crystals whose struc- 
tures are known, the relations between equipoints can be used to deter- 
mine the environment or coordination of any atom. Because the proper- 
ties of a crystal depend on the behavior of its constituent atoms, which, 
in turn, depends on the coordination of each atom in the crystal, this is 
an oft-recurring problem in the solid state. 

In the final sections of this chapter, still another geometrical factor 
affecting the formation of crystal structures is considered, namely, the 


constraints imposed on a structure by the relative sizes of the atoms. 
43 


called equzpoints. 
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Because virtually all atoms in crystals can be represented quite accurately 
by spheres having specific radii, the spatial limitations imposed by their 
sizes can be deduced from the various possible ways of packing ordinary 
spheres. When spheres of like size are packed together so that the availa- 
ble space is occupied most economically, a so-called closest packing results. 
A similar model can be used to represent a crystal structure comprised of 
atoms having unequal sizes. Like atoms, usually the largest atoms pres- 
ent, constitute a closest packing in which the other kind (or kinds) of 
atoms are distributed among the available inteistices or voids, Although 
it is not always advantageous to do so, the crystal structures of virtually 
all inorganic solids can be considered in these terms. 


Equivalent positions in a unit cell 


Plane groups. The several kinds of equipoints that exist in a unit 
cell are first described for a plane cell containing a 4-fold axis, that is, the 
plane group p4. Figure 1 shows a 
point having the general coordinates 
zy repeated by the symmetry of p4. 
It is usual to give the coordinates of a 
point in a unit cell in terms of frac- 
tions of the cell edges, thereby making 
them independent of actual. cell di- 
mensions. The value of the fraction 
x is the actual distance along the a 
axis, from the origin to the point, 
divided by the actual length of a. 
Similarly, the fraction y is the actual 
distance along the b axis divided by 
the length of b. Thus, one complete 
translation along a is a/a = 1, ete, Proceeding in a clockwise manner, 

the coordinates of the next point in Fig. 1 are the fraction y along 
thea axisand 1 — z = 1 + @ = along the b axis. Since it is customary 
to list the coordinate along a first and along b next, the coordinates of this 
Point are yf The coordinates of the other equivalent points are also 
indicated in Fig. 1. Because there are four such points related by the 
symmetry of p4, the rank of the equipoint zy is 4 in this plane group. 
Since each of the coordinates of this equipoint, x and y, is variable between 
0 and 1, this position in the cell is called a general position. 

Next, consider the pairs of points that are related by the 2-fold axes in 
p4 and let these points coalesce to single points on each 2, as indicated in 
Fig. 2 by the dashed lines. The coordinates of these equivalent points 
(the black dots in Fig. 2) are 40 and 04, and there are two such points in 


Fig. 1 


The structure of crystals 45 


each cell. Finally, the points on the two different 4-fold axes, at 00 and 
44, each have the rank 1. Since the x and y values of these equipoints 
are fixed, they are called special positions. Table 1 lists the various equi- 
points in p4 and their symmetry. Note, for example, that the equipoint 
00 must have 4-fold symmetry 
since it occupies a4-fold axis. Also 
note that the arithmetic product of 
the first two columns in Table 1 is 
a constant. This is so because a 
point lying on a symmetry axis is 
not repeated by that axis; hence its 
rank is decreased by the fold of the 
axis. This relationship holds true 
whether the axis is a proper or an 
improper axis, 5 b 
Space groups. The equipoints 
of a space group can be determined 
in a similar manner. As a simple 
extension of the above example, con- 
sider the space group P4. The equipoints of this space group are obtained 
by adding the z coordinate to the equipoints of p4, as shown in Table 2. 
Since the symmetry of P4 does not affect z, this coordinate is not specified 
for any equipoint. Note that Table 2 contains an additional column 
headed Wyckoff notation. This notation was proposed in one of the first 


Table 1 
Equipoints of plane group p4 


Fie. 2 


Rank of | Symmetry | Coordinates of 
equipoint | of location | equivalent points 
1 00 
1 tt 
2 O, $0 
4 xy, yt, 29, ox 


Table 2 
Equipoints of space group P4 


Coordinates of 
equivalent points 


Symmetry 
of location 


Wyckoff 
notation 


Rank of 
equipoint 


00z 
tt 

Okz, 402 

xyz, yžz, 202z, Jrz 


Ayeme 
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published tabulations of such data, and it has become common practice 
to refer to a position in a unit cell by the rank and letter of the correspond- 
ing equipoint. 

As a further illustration, consider the space group P4m2 shown in Fig. 3. 
The arrows in the plane of this figure indicate the 2-fold axes along 
{{110]]; a two-sided arrowhead indicates a 2 and a single-sided arrowhead 
indicates a 2:. The general position xyz is indicated in this drawing by 
a circle; a + near the circle indicates that it lies above the plane of the 
drawing and a — indicates that it lies an equal distance below the plane. 
Finally, a comma enclosed within a circle denotes an enantiomorphous 


c a} 
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relationship to a symmetry-related circle containing no comma. This 
notation is used here in order to acquaint the reader with the similar nota- 
tion used in International tables for x-ray crystallography. 

The equipoints of space group P4m2 are listed in Table 3. The general 
position xyz is shown in Fig. 3. The special positions are obtained, for 
example, by “moving” pairs of points related by the two kinds of mirror 
planes intersecting at 00z and 4 }z, respectively, onto these mirror planes. 
This gives the special positions 4j and 4k. Alternatively, pairs of points 
can coalesce onto the diagonal 2-fold axes to produce 4h and 4i. Next, 
the points lying along the lines of intersection of the mirror planes ca? 
have the coordinates of the equipoints 2e, 2f, or 2g. Note that these 
points occur in pairs differing only in whether the z coordinate is positive 
or negative. This is because of the 2-fold axes along [[110]] which inter- 


sect the c axis at z = 0 and z = 4. (Compare these with equipoints 1a 


| 
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Table 3 
Equipoints of space group P4m2 


Rank of | Wyckoff | Symmetry Coordinates of 
equipoint| notation | of location equivalent points 
1 a 42m 
1 b 42m 
1 c 42m 
1 d 42m 
2 e mm 
2 f mm 
2 g mm i 
4 h 2 zz0, £20, x20, 2x0 
4 i 2 ah, £24, ch, 2x} 
4 k m x0z, £0z, Ox2, OFZ 
4 k m xz, ž4z, $22, $22 
8 l 1 zyz, 2yz, yz, 2z, 
xz, yīž, yx?2, yz 


and 1b in P4.) Finally, if the points in 2e, 2f, and 2g are made to coalesce 
in pairs onto the positions z = 0 and z = +, the four special positions la, 
1b, 1c, and 1d result. 

It is possible to make use of relations between equipoints to determine 
what the coordination of any atom 
in a crystal is in terms of the equi- 
points occupied by the other atoms. 
For example, suppose that a crystal 
structure whose space group is 
P4m2 has an A atom in equipoint 
ld surrounded by two B atoms in 
2f and four B atoms in 4i. The 
resulting 6-fold coordination of the 
A atom is said to be octahedral 
because the polyhedron formed by 
connecting the centers of the six B 
atoms surrounding it is an octahe- 
dron, as shown in Fig. 4. The 
center of the A atom is shown at 
the body center of the unit cell, Fia. 4 
4 44, and the six B atoms are 
grouped around it according to the equipoint listing in Table 3. It is 
easy to see in this figure that the interatomic distances between the cen- 
tral A atom and the two B atoms in 2f are equal to (5 — z)c. Similarly, 
the four B atoms lying at the corners of the square in the xyz plane are 
each equidistant from the central A atom. This interatomic distance 1s 
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given by the vector sum of (4 — z)a + (4 — z)b or, since a = b in the 
tetragonal system, the interatomic distance is simply 1/2(4 — =)? a. 

The interatomic distances can be determined directly from the equi- 
points without recourse to a model of the actual structure. This is par- 
ticularly easy if the reference or crystal axes are mutually orthogonal. 
Using the above example, convert the coordinates of each equipoint to 
absolute dimensions by multiplying x by a, y by b, etc. (If an equipoint 
set has a rank higher than 1, the use of any one of its equivalent points 
produces the same final result.) The absolute coordinates of the three 
atoms of interest are as follows: 


Absolute coordinates of A atom in 1d are fa, tb, $c. 
Absolute coordinates of B atom in 2f are ġa, tb, ze. (1) 
Absolute coordinates of B atom in 4t are za, xb, fe. 


The interatomic distances between any two atoms is simply the vector 
difference between their absolute coordinates. For example, the inter- 
atomic distance between the A atom and the B atom in 2f is 


Ga + $b + łe) — (4a + db + 2c) = G — 2c. (2) 
Similarly, the other A — B distance is 
(4a + tb + łc) — (za + zb + łe) = (4 — z)a + (ġ — z)b (3) 


in full agreement with the result derived earlier from Fig. 4. In carrying 
out such calculations, it should be borne in mind that the operations in 
equations (2) and (3) are vector operations. Thus, if the crystallographic 
axes are not mutually orthogonal, the angular relations between the vee- 
tors must be kept in mind when the interatomic distances are computed. 
It is usually helpful in such cases first to make an accurate sketch or model 
of the structure. (See Exercise 4 at the end of this chapter.) 


Determination of crystal structures 


Historical background. Following Réntgen’s discovery of x-rays 
in 1895, Laue noted in 1912 that these x-rays were believed to have wave 
lengths of the order of 10-* cm and that crystals were believed to consist 
of periodic arrays of atoms having similar dimensions. Therefore he con- 
cluded that crystals could serve as gratings for the diffraction of x-ray8- 
This theory was substantiated that same year by the experiments of tw 
of his colleagues, Friedrich and Knipping. When the results became 
known in Cambridge, England, a meeting of minds occurred that led to # 
most revolutionary discovery in physical science. W. H. Bragg and bis 
son W. L. Bragg were studying the optical properties of x-rays when they 
learned of the experiments of Friedrich and Knipping. Their subsequent 
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researches along the same line became known to W. Barlow, who had pro- 
posed in the 1890s that crystals consisted of atoms packed like spheres in 
closest possible packing. In collaboration with Professor Pope at Cam- 
bridge, he suggested that sylvite, KCl, and halite, NaCl, had structures 
based on a face-centered cubic packing of spheres. Pope prevailed on the 
Braggs to test their theories, with the result that the younger Bragg 
demonstrated that the observed x-ray diffraction spectra were indeed in 
agreement with the postulated structures. This discovery pointed the 
way to the determination of atomic arrangements in a large number of 
solids, revolutionizing thereby the fields of chemistry, metallurgy, miner- 
alogy, solid-state physics, and related sciences. The full repercussions 
of this discovery cannot be appraised as yet. 

Following De Broglie’s postulate in 1924 that electrons also behaved like 
waves, two American scientists, Davisson and Germer, showed in 1927 
that electrons similarly can be diffracted by crystals. For some time fol- 
lowing these experiments, electron diffraction fell by the wayside as x-ray 
diffraction was making tremendous strides in developing successively 
more powerful tools for determining increasingly more complex struc- 
tures. Recently, Pinsker, in Russia, and subsequently Cowley, in 
Australia, have led a revival in the application of electron diffraction to 
erystal-structure analysis. Special problems arise when the less pene- 
trating electrons are used. It turns out, however, that electron diffrac- 
tion is particularly useful in certain cases where x-ray diffraction methods 
fail. 

With the further evolution of nuclear physics, particularly following 
the construction of nuclear reactors, neutrons, deuterons, and a-rays have 
been diffracted from crystals. Of these different nuclear particles, neu- 
trons have been shown to be particularly useful in crystal-structure analy- 
sis. Unlike x-rays and electrons, neutrons interact with atomic nuclei and 
are sensitive to their magnetic properties. Consequently, neutron dif- 
fraction can be used in the elucidation of many structures whose detailed 
atomic arrangements do not affect their x-ray diffraction spectra in the 
same way. 

Elementary diffraction theory. Although the details of the dif- 
fraction of x-rays, electrons, and neutrons differ, the fundamental princi- 
ples of diffraction are the same. In each case, it is the periodicity of the 
atomic arrays in crystals that makes diffraction possible. Consider the 
diffraction of radiation, say x-rays, by the atomic array shown in Fig. 5. 
A more convenient representation of this array is to consider it as made 
up of a stack of parallel planes passing through the centers of the atoms. 
An edge view of these planes is shown in Fig. 6. 

When a wave front of x-rays impinges on a crystal, each atom scatters 
the x-rays in all directions. Certain directions of scattering are of par- 
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7 and O/A incline 

tipulaz interest, Consider the ineoming =, me 7 a AP ea T 
angle 0 to the planes (hkl). fo) ww“ ere the angla 8 with chi, 
Since the total pathlengths of the 
rays O'AP and OEP’ are the same, 
these rays are said to scatter in 
phase with each other; that is, the 
waves of the individual rays arriving 
at PP’ again form a common wave 
front. This is the condition for scat- 

Fic. 5 tering in phase by one plane in a 

crystal. 

Next, consider the incoming ray O'C and the scattered ray CP”. The 


total pathlength O'CP” is greater than that of rays O'AP and OEP’ by an 
amount 


4 = BCD : 
= 2BC, (4) 
Sinte 
BC = dsin 9, (5) 
the path difference is 
A = 2BC 
= 2dsin 9, (6) 


‘If O'CP” is to arrive at PP’P” 


in phase with rays O'AP and OEP", that is, 
if the two planes are to scatte 


r in phase, then the path difference A must 


equal an integral number of wavelen 


al j gths, nà, where n = 0, 1285-4 49 5 
Thus the condition for in-phase diffraction by a set of parallel crystal 
planes is 


nÀ = 2d sin 0. (7) 
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The meaning af @) is that the diffraction intensities can build up only 
at certain values of 6, corresponding to a specific value of > and d. This 
ig so because the wavelets scattered from various points in the crystal 
have a common wave front only at these angles. Consequently, the 
amplitudes of all the individual wavelets add up to give a resultant wave 
having the maximum amplitude possible, as shown in Fig. 7A. On the 
other hand, at other scattering angles, the wavelets emanating from dif- 
ferent parts of the crystal are not in phase with each other. When the 
amplitudes of the wavelets are summed at these angles, some of the ampli- 
tudes are positive while others are negative, as shown in Fig. 7B, The 


wave; wave; 


wave,| wave 


ws A wave; 


> wave, > waven| 


A B 
Fic. 7 
resultant wave, therefore, has an amplitude equal to zero if a sufficiently 
large number of wavelets are considered. As can be seen in Fig. 6, ‘the 
diffraction of x-rays by a crystal can be treated as the reflection of x-rays 
by families of parallel planes in that crystal. (Note that 0 is the comple- 
ment of the usual angle of incidence i.) This viewpoint was first pro- 
posed by W. L. Bragg, and relation (7) is accordingly known as the 
Bragg law. 
Recasting (7) to solve for 8, 


ot ™ 
9 = sin gg (8) 


\t is seen that rays diffracted by a crystal are given off in different direc- 
tions corresponding to the different values of the interplanar spacing d. 
It is possible to reverse this statement and say that from a knowledge of 
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the experimentally observed diffraction angles it is possible to determine 
the interplanar spacings of a crystal. From a list of such spacings it is 
then possible to deduce the lattice of a crystal. Thus one piece of infor- 
mation that can be obtained from any diffraction experiment employing 
monochromatic radiation is the unit cell size and shape. 

To see what influence the atomic arrangement in the crystal has on the 
observed diffracted beams, consider Fig. 8. This figure shows a crystal 
structure composed of two mutually displaced lattice arrays of atoms. 
At an angle 6 satisfying equation (8) for both arrays, the atoms in each 
array scatter radiation in phase with other atoms in the same array. But 
the total pathlength is longer for rays scattered by one array than for the 
other. Consequently each array contributes to the resultant wave, scat- 
tered by the whole crystal, waves that are not quite in phase with each 
other. This has the effect of reducing the intensity of the diffracted beam 
from what it would be if all the atoms in the crystal structure scattered 
in phase. 

It is possible to describe this phenomenon analytically. The x-ray 

` scattering power of an atom is directly proportional to the number of elec- 
trons composing it and can be expressed by a scattering factor f. (The 
scattering power of an atom decreases as 0 increases because of the phasal 
relationship between wavelets emanating from different points in the same 


atom.) Since the entire crystal structure can be represented by the 
ce, the contribution from 
In order to determine 
a unit cell, it is neces- 
ths of x-rays Scattered 


atomic array within one unit cell of the latti 
atoms in one unit cell only need be considered. 
the combined scattering power of all the atoms in 
sary to relate the differences between the pathleng 
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by each atom. This is done most conveniently by a geometrical factor 
which is a function of the position of each atom in the cell that is, the 
actual distribution of atoms among the equipoints. When the aoplitudes 
of the wavelets scattered by each atom in the unit cell are added, one ~ 
obtains the so-called structure factor 


Pra = frertinerthvstied free + frve?itenthun tien) 


N 
= b fre2tithent vet ten) (9) 


n=l 


where N is the total number of atoms contained in a unit cell. The 
exponential term expresses the relative phase of the radiation scattered 
by each atom n as a function of its position in the unit cell LnYnZn- 
Since a set of planes (hkl) reflects monochromatic x-rays only at a specific 
angle, according to equation (7) or (8), the amplitude of the reflected 
x-ray beam can be calculated for each reflection by substituting the appro- 
priate hkl values in equation (9). 
In an actual x-ray diffraction experiment one measures the intensities 
rather than the amplitudes of the reflected beam. The intensity is 
directly proportional to the square of the amplitude 
Ina ~ Fir (10) 

ne the positions of the atoms 


so that it appears that it is possible to determi 
directly from the observed 


in a unit cell, that is, the crystal structure, 
Intensity values. 

Determination of unit cell contents. Having determined the 
lattice of a crystal from a diffraction experiment, it is possible to deter- 
mine the volume V of the unit cell in that lattice. The density of the 
crystal is also the density of the unit cell which is 


s _ mass of cell — 11 
Density of cell = solume of cell of cell (11) 


The mass of the cell consists of the mass of n chemical formula weights, or 
molecules, each having the mass M, so that (11) can be written 


M 
Density of cell = D = a (12) 


Usually the chemical composition of the crystal is known so that M can 
individual atoms 1n the for- 


be determined by adding the masses of the t 
Tula, The usual list of atomic weights found in chemical tables 1s based 
on oxygen equal to 16 atomic mass units (AMU). To convert an atomic 
Weight A, expressed in AMU, to grams, it must be divided by Avogadro's 
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number (6.023 x 102 molecules/g mele) or multiplied by. its reciprocal, 
1.660 X 107“ g/AMU, Putting in all units, equation (12) becomes 


MU 1.660 X 10-24 ( /AMU) 

D (g/cm‘j-= oe AMD X V (em) - n 

The density of most crystals is known or can be readily determined by 
flotation in liquids of known density or by other standard methods. Also 
the atomic weights A are known. If the volume V of the cell has been 
determined, everything in (13) is known except n, the number of formula 
weights in a unit cell. This number can be readily calculated, therefore, 
by simply rearranging the terms in (13). In doing this, note that the unit 


cell volume is usually measured in Angstroms cubed (1 A = 10-8 em), 
so that 


(13) 


P (g/cm?) x V (A+). x 10-* (om3/A2) m 
” = A (AMU) X L860 X I0 ™ @/AMU) (14) 


According to the concepts of geometrical crystallography, the number of 
formula weights in a unit cell must be an integer. Usually n differs from 
an integer by a few per cent because of errors in the measured value of the 
density. The integer value of n determined by (14) must, of course, be 
compatible with the ranks of the equipoints of the corresponding space 
group, as discussed below. 

Determination of atomic arrangement. In addition to being 
able to determine the lattice of a crystal, diffraction experiments also 
disclose the symmetry of the crystal. It is possible, therefore, to deter- 


Knowing the number of formula 


P of a crystal is P4 and that 
it contains two molecules in a unit cell, By consulting Table 2 it can be 
Seen that the two molecules can occupy the special Position 2¢ or they can 
occupy special positions la and 1b. It is obvious that they cannot have 
the general coordinates of 4d because the symmetry would require that 
Such Teasoning, supple- 
r physical Properties, is 
tructures, 


, if the configuration and s: 
cules are known from 


tIn Practice, a direct determina 
because the nature of x-ray diffracti 
is added to whatever s 
centrosymmetric and 


ess. In order to distinguish the 
whether a structure is 


Groups, it is usually necessary to determine 


centrosymmetrie or not by some other means. 
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and 1b can be eliminated, depending on whether the known symmetry of 
the molecule is 2-fold or 4-fold. 

As a further example, assume that the space group is P4m2 and that 
the unit cell contains one formula weight, A(BCs)2. It can be seen from 
Table 3 that the A atom can occupy any one of the four special positions 
la, 1b, 1c, or 1d, but no others. It should be noted that this choice is 
arbitrary in that these four positions are simply alternative choices for 
the origin of coordinates in the unit cell. For simplicity, therefore, the 
A atom can be placed in la at 000. This choice, however, then fixes the 
relative positions of the B and C atoms. The B atoms can occupy any 
of the positions of rank 2 or any pair of unoccupied positions of rank 1. 
The C atoms, in turn, can occupy the positions 8/, or any pair of positions 
of rank 4, or any position of rank 4 and any pair of unoccupied positions 
of rank 2, ete. 

It can be seen, even in the above relatively simple example, that a 
choice must be made between a large number of permutations. More- 
over, to determine the actual crystal structure, the unspecified values of 
the xyz coordinates must be determined. Although it may appear from 


equations (9) and (10) that this is a straightforward procedure, in practice 


this is not normally the case. The reason for this is that, in measuring 
the intensity of a reflection, the magnitude, |r|’, is determined but not 
the phase of the reflection relative to the incident beam. Consequently, 
it is not possible to combine the intensities of several reflections by a sim- 
ple procedure in order to deduce the atomic arrangement. The problem 
can be solved by trial-and-error procedures, based on a knowledge of the 
atomic distribution among the available equipoints, if the number of 
atoms in the unit cell is not very large. For more complicated structures, 
however, more elaborate procedures are required. This is known as the 
phase problem in crystallography, and a whole new science of erystal- 
structure analysis has evolved in the twentieth century to cope with it. 


Spheres in closest packings 


A close packing is & Way of arranging 


What ey 
midade et oe the available space 1s filled very 


equidimensional objects in space 50 that illed ver 
efficiently. Such an arrangement is achieved when each object is in 
actual contact with the maximum number of like objects. A honeycomb 
isan example of a close packing found in nature. Unwittingly, bees Ea 
hexagonal cells to store their honey in order to utilize space most eff- 
ciently. Similarly, squirre:s mound nuts in close packing for the same 
reason. As man’s understanding of the structure of matter matured, 
therefore, it was natural for him tò assume that the spherical atoms 
believed to comprise solids are arranged in close packings also. 
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the circle, of course, is rR?. Hence, the effi- 
ciency with which i Occupied is given by the ratio of 
Area of circle _ TR? 


Area of square ~ 4R? 7 4 
Efficiency = 78.5 per cent, 


1 1 
R))(—)r} = (1 _ R?. 
e [a l (s z) 
The area of the hexagon is equal to twelve 
2V/3R% The efficiency with which the 


tIn the Past, the terms closest 


and close-packed have been 
used interchangeably. 


guish close-packed arrangements of like 
sphereg satisfying the conditi g, the terms closest packing, 
for a three-dimensional and closest-packed layer, for a two-dimensional array, 
are adopted in thig book. 
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utilized is given by 


Area of circle _ rR? _ m 
Area of hexagon 24⁄3 R? 24⁄3 
Efficiency = 90.7 per cent. (16) 


It should be obvious that a more efficient occupation of space in two 
dimensions is not possible, since more than six circles cannot be placed in 
contact with one circle of the same size. It is concluded, therefore, that 
the arrangement of spheres shown in Fig. 9B is the only closest packing 
possible in two dimensions. Since the symmetry of this layer is 6mm, 
such a layer is called a hexagonal closest-packed layer. 

The number of closest packings possible in three dimensions is infinite. 
The various closest packings of spheres of equal size differ in the way 
that the hexagonal closest-packed layers comprising them are arranged. 
The different closest packings have one thing in common, however; each 
sphere in a closest packing is in intimate contact with twelve other 
spheres. Similarly to the two-dimensional case described above, it is 
not possible to place more than twelve spheres about any one sphere and 
still have all spheres touch the central one. It is, of course, possible to 
place less than twelve spheres around a single sphere. Such arrange- 
ments are not closest packings, however. The proof that a closest pack- 
ing is the most efficient way to utilize space in three dimensions is left 
to the reader. (See Exercises 10, 11, and 12 at the end of this chapter.) 

It has been shown above that the only closest packing possible in two 
dimensions is the hexagonal closest-packed layer. This layer has several 


interesting properties. 


1. Each sphere is surrounded by six spheres. 

2. Each sphere is surrounded by six voids. 

3. Each void is surrounded by three spheres. 

4. The symmetry of the layer about each sphere is 6mm. 
5. The symmetry of the layer about each void is 3m. 


The significance of the first three properties is that, on an average, 
6 X } = 2 voids belong to each sphere. This statement is illustrated in 
Vig. 104, which shows that the hexagonal unit cell in this layer contains 
These two triangular voids differ in that one 


triangular void has its apex pointing up and the other one has its apex 
pointing down. To distinguish the two kinds of voids, they are labeled 
B and C, respectively, in Fig. 10B and in Fig. 11. 

It is readily seen in Fig. 11 that, if the spheres in a hexagonal closest- 


packed layer are all moved from their original sites A to new sites B, 


another hexagonal closest-packed layer results. Similarly, if all the c 
sites are occupied by equal spheres. a hexagonal closest-packed layer is 


one sphere and two voids. 
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again obtained. It should also be obvious that, in the stacking of layers 
to form a closest packing, a hexagonal closest-packed layer can occupy 
only the sites A or B or Ç, 

The above discussion has a very real importance when the stacking of 
hexagonal closest-packed layers above each other is considered. If a 
layer is named A, B, or C, accordingly as the spheres in that layer occupy 


4, B, or sites, then a twofold choice exists in Placing one hexagonal 
closest-packed layer above another. Let the first layer be an A layer. 
The next layer can ts either a B layer or a C layer. Say that it is a B 
layer. The next layer above can now be either an 4 layer or a C layer, 
and so forth. From this discnesion it follows that the stacking sequence 
of hexagonal closest-packed layers can be designated by representing the 
layers in a sequence by the letters A, B, C. 
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The symmetry of a single layer is 6mm. The symmetry of two super- 
imposed layers is lower because the spheres of one layer lie above the 
voids of the other. The lowest possible symmetry for any sequence of 
layers, however, is 3m, the symmetry of a void. (Note that 3m is a 
subgroup of 6mm.) It follows from the above that the lowest symmetry 
that a three-dimensional closest packing can have is uniquely described 
by the space group P3m. In fact, this is the space group of a closest 
packing comprised of a completely arbitrary periodic stacking sequence 
of hexagonal closest-packed layers, provided only that no two identical 
layers are adjacent. If the arbitrariness in stacking successive layers is 
limited by requiring a finite translation period normal to the layers, then 
the symmetry of the closest packing may þe higher. In all cases, how- 
ever, this symmetry must be a supergroup of P3m, with the additional 
condition that the maximum number of mirrors normal to the layers not 


exceed the three vertical mirror planes in P3m. Thus, P6mm, P £ mm, 


P43m, and other supergroups are excluded. In fact, the only space 
groups to which closest packings can belong are as follows: 


P3m P KA m2 
m 
sited hig u7) 
P3m Pme 
m 
R3m  Fm3m 


Of the eight possible space groups in (17), the space group Fm3m is 
the only one that is not hexagonal. Actually, there is only one closest 
packing that belongs to this space group, the so-called cubic closest 
packing consisting of three different layers stacked in the sequence 
... ABCABC... shown in Fig. 12. The other seven space groups are 
represented by an innumerable number of closest packings. Of these, 
P os mc is of interest because it contains the simple two-layer sequence 
... ABAB... or the so-called hexagonal closest packing shown in Fig. 13. 
The way that a stacking of hexagonal closest-packed layers in the 
sequence ... ABC... must be reoriented to show the cubic symmetry 
Fm3m is indicated by the sequence of illustrations in Fig. 14. Figure 
14A shows three layers in such a stack with the stacking direction vertical. 
Figure 14B shows the stack tipped over, and Fig. 14C shows the same 
view with several spheres added to layers B and C. Finally, Fig. 14D 
shows the face-centered cubic cell that results if the four uppermost 
spheres in Fig. 14C are deleted from the illustration. 
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Classification of closest packings, In addition to differences in 
their space groups, closest packings are distinguished by the number of 
hexagonal closest-packed layers required to complete the stacking 
sequence. This number of layers, n, is called the identity period of & 
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closest packing and can be used as a basis for classification. Thus, the 
smallest value that n can have in a closest packing is 2, which is the 
identity period of the hexagonal closest packing. Similarly, the cubic 
closest packing is the only one possible for a stacking period n = 3. 
Next, ... ABAC... is the only closest packing possible when n = 4 and is 


EEE 
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sometimes called the topaz closest packing because it occurs in the 
mineral topaz. It can be shown that, when n = 5, there is only one 
closest packing possible, namely, ...ABCAB..., but when n = 6, there 
are two possible closest packings, namely, .. .ABCACB... and 
... ABABAC..., and so forth. Ellipses (three successive dots) are used 
to indicate that the sequence of letters, or stacking formula, is periodically 
repeated. For example, .- AB... =... ABAB... =... ABABAB..., 
ete. It follows from the above discussion that, as the identity period 
becomes longer, that is, as 7 increases, an ever larger number of closest 
packings can occur for each value of n. 

In discussing the symmetries of individual closest packings having & 
relatively large identity period, it is convenient to use an alternative 
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method of designating these layers, suggested by Pauling. Instead of 
designating a layer by A, B, or C, let h represent a layer surrounded by 
two identical layers (for instance, any layer in a hexagonal closest pack- 
ing) and c a layer surrounded by two different layers (for instance, any 
layer in a cubic closest packing). In terms of this nomenclature, the 
two-layer hexagonal closest packing ...4B... becomes ...hh.... 
Similarly, the three-layer cubic closest packing ...ABC... becomes 
++-ccc..., and the four-layer closest packing ... ABAC... becomes 
.+-chch.... In extending the stacking formula it is important to 
remember that the first letter on the left of a sequence becomes the first 
letter in the continuation. For example, ...hchc... = ...hehche... but 


Fig. 15 


-.-hchch... = hehchhchch.... Note, therefore, that a sequence of 
letters in a stacking formula cannot be terminated arbitrarily but must 
end with the last letter of a periodic sequence. 

The designation of different hexagonal closest-packed layers by the 
letters A, B, or C is quite arbitrary. The letters h and c cannot be 
assigned arbitrarily, however, because they denote not only a specific 
layer but also the relative orientations of the two layers adjacent to it. 
Consequently, the environments of a sphere in an h layer and in ac layer 
are different. If the voids surrounding a sphere are represented by ' 
smaller spheres whose volumes equal the volumes of the voids, then the 
environment of a sphere in an h layer is as shown in Fig. 15, and of a 
sphere in ac layer as shown in Fig. 16. 

The stacking formula of a closest packing consists of the proper 
sequence of the letters h and c. Compared with the ABC nomenclature, 
jt has the disadvantage that the identity period is not immediately 
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obvious. For example, in the simple hexagonal closest packing ...hh... 
or the cubic closest packing ...ccc... the true identity period is not the 
same as the period of the letters themselves. It is, of course, possible to 
return to the ABC designation and obtain the period directly. Consider 
the stacking formula 

..hechec.... (18) 


In order to convert (18) to the ABC designation, let the first layer be a 
C layer. The next layer can be either an A ora B layer. Let it bean A 
layer. Then, since this A layer is a c-type layer, the layer following it 
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must be different from the layer preceding it; that is, the next layer must 
beaB layer. Similarly, this B layer is a c-type layer which requires that 
the next layer must be a C layer. This C layer, however, is an h-type 
layer which requires that two identical layers be adjacent to it. Since 
it was preceded by a B layer, it must be followed by & B layer. The last 
two layers in (18) are c-type and require different layers surrounding 
them. The systematic conversion of (18) to the ABC designation, there- 


Tore, follows the scheme 
. -hechec. 


wae 
1 CA 
.. CAB 
~. .CABC 
. .CABCB 
. .CABCBA... 
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from which it can be seen that the correct identity period consists of six 
layers, whereas the minimum period of letters in the stacking formula (18) 
is three. 


Voids in closest packings 


Significance of voids. Although the possible varieties of closest 
packings are infinite, a very small number actually occur in nature. In 
fact, most actual closest packings encountered are either the hexagonal 
closest packing or the cubic closest packing of metals. Similarly, a large 
part of all known inorganic compounds have structures that are either 
slightly distorted closest packings or are related to closest packings in 
another way. Frequently, one kind of atoms present in a crystal are in a 
closest packing while the other atoms present occupy the voids between 
the closest-packed atoms. For example, many oxides consist of oxygen 
atoms arranged in a hexagonal or cubic closest packing with the smaller 
metal atoms distributed among the voids. Another familiar example is 
found in steels whose many practical properties depend entirely on the 
way small numbers of “foreign” atoms are distributed in the voids of a 
body-centered cubic packing of iron atoms. These and many other 
examples of related structures are further discussed in later chapters. 

The voids between atoms in closest packings are of interest for other 
reasons also. For example, many of the properties of matter are pro- 
foundly influenced not only by the structural arrangement of the atoms 
but also by imperfections occurring in their arrangement. A very 
important kind of imperfection is the so-called interstitial atom. An 
interstitial atom may be an impurity, either intentionally or accidentally 
added to the normal complement of atoms, or it may be an atom that has 
been accidentally displaced from its correct position in the structure to 
an interstitial position. Recently developed techniques, such as para- 
magnetic resonance, for example, are capable of detecting and charac- 
terizing these interstitial atoms very precisely. The interpretation of 
these Measurements, however, relies on knowing what the environments 
of the interstitial atoms are. Whether one thinks of the distribution of 
metal atoms among the voids in a closest packing or of the interstitial 
atoms occasionally found in such voids, it should be recognized that not 
all the voids can be occupied. In most inorganic structures based on 
closest packings only certain voids related by symmetry are occupied. 
In this chapter the different kinds of voids that occur in closest packings 
are described in detail. Voids differing from these are possible in other 
kinds of close-packed structures, and the discussion given below should be 
useful in analyzing such other voids also. 
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Classification of voids. There are two kinds of voids that occur in 
all closest packings. If the triangular void in a closest-packed layer has 
a sphere directly over it, there results a void with four spheres around it, 
as shown in Fig. 17A. The four spheres are arranged on the corners of a 
tetrahedron (Fig. 17B), and such a void is called a tetrahedral void. On 
the other hand, if a triangular void pointing up in one closest-packed 
layer is covered by a triangular void pointing down in an adjacent layer, 


then a void surrounded by six spheres results (Fig. 18A). These six 
spheres are arranged on the corners of an octahedron (Fig. 18B), and 
such a void is called an octahedral void. It can be shown, by examining 
Fig. 11 carefully, that these are the only kinds of voids that can occur in 
a closest packing despite the fact that the number of different closest 
packings possible is infinite. 

The number of voids surrounding any sphere in a closest packing is 
readily determined. A sphere in a hexagonal closest-packed layer A is 
surrounded by six triangular voids of two kinds, B and C. When the 
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next closest-packed layer above is added, say that it is a B layer, then the 
three B voids become tetrahedral voids and the three C voids become 
octahedral voids. If the added layer is a C layer, the C voids become 
tetrahedral voids and the B voids become octahedral voids. Similarly, 
the closest-packed layer below the A layer gives rise to three tetrahedral 
and three octahedral voids. Furthermore, the particular sphere in 
layer A being considered itself covers a triangular void in the closest- 
packed layer above and in the layer below the sphere. Thus, two more 
tetrahedral voids surround the sphere. This results in 2 X 3 = 6 
octahedral voids and 2 X 3+ 1 + 1 = 8 tetrahedral voids surrounding 
the sphere. Since the total number of spheres and voids in a closest 
packing is very large, it is possible to determine only the average number 
of voids of each kind belonging to a sphere. Each octahedral void is 
surrounded by six spheres and each sphere is surrounded by six octa- 
hedral voids. The number of octahedral voids belonging to one sphere 
is given by the ratio 


Number of octahedral voids around sphere _ 6 _ 1 (20) 
Number of spheres around void D a 

Each tetrahedral void is surrounded by four spheres and each sphere is 

surrounded by eight voids. The number of tetrahedral voids belorging 

to one sphere is given by the ratio 


Number of tetrahedral voids around sphere _8 
Number of spheres around void 4 


= 2. (21) 


The number of octahedral voids in a closest packing, therefore, is equal to 

the number of spheres. Similarly, the number of tetrahedral voids in & 
closest packing is twice the number of 
spheres, or twice the number of octahe- 
dral voids present. 

Coordination of voids. The voids 
in a closest packing can be described 
in terms of the spheres that are arranged 

_ about each void. Thenumber of spheres 
surrounding a void is called the coordi- 
nation number of that void. If the void 
is also represented by a sphere, then 
the collection of spheres coordinating 
the sphere representing the void is 

ENA called a coordination polyhedron. Ac- 

cordingly, a tetrahedral void has a 

coordination number of 4. The resulting coordination polyhedron is the 
tetrahedron shown in Fig. 19. Only those parts of the four spheres that 
belong to @ tetrahedral void are shown in Fig. 19. As can be seen in this 
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figure, one-eighth of the volume of four spheres, or one-half of a sphere, 
belongs to a tetrahedral void. 

The tetrahedron in Fig. 19 can be used to determine the radius of the 
sphere representing the tetrahedral void. Figure 20A shows the tetra- 
hedron inscribed inside a cube. The shaded diagonal plane of the cube 
in Fig. 20A is shown enlarged in Fig. 20B. It is easy to see in this figure 
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that the right triangle LMN is similar to the right triangle LPO. It 
follows, therefore, that 
IM _LP_ [72 R 
IN “07 ve (a) 


Let r be the radius of the sphere representing the void and R the radius 
of the spheres in a closest packing. Then, 


IM_ R _ f2 

IN RF i 8) 
The radius of the sphere representing the tetrahedral void is obtained by 
rearranging the terms in (23). 


= 0.225R. (24) 


An octahedral void is surrounded by six spheres, and its coordination 
number, therefore, is 6." If the octahedral void is represented | by a 
sphere, the resulting polyhedron is an octahedron, as shown in Fig. 21. 
As before, only that part of each coordinating sphere that belongs to the 
octahedral void is shown in Fig. 214. Since six spheres, each contribut- 
ing one-sixth of its volume, coordinate the octahedral void, one sphere in a 
closest packing belongs to the octahedral void. This octahedron can be 
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Representation of closest packings 


As might be expected from the above discussion, a closest packing can 
be represented by the packing of coordination polyhedra of voids instead 


2 Yi 
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of by the packing of the spheres 
themselves. In fact, such a repre- 
sentation may have certain advan- 
tages. For example, to display 
properly the cubic symmetry, the 
correct orientation of a cubic closest 
packing may not be immediately 
obvious. On the other hand, the 
correct packing of octahedra and 
tetrahedra, each of which visibly 
displays cubic symmetry, simplifies 
the visualization considerably. 
This is so because the two different 
kinds of polyhedra form interpene- 
trating layers along the 4-fold axis, 
whereas the spheres first must be 
packed along a 3-fold axis and 
then reoriented according to the 
scheme shown in Fig. 14. 

The sequence of polyhedral lay- 
ers in a cubic closest packing is 
shown in an exploded view in Fig. 
25. For convenience in visualiza- 
tion, this view shows successive 
layers normal to [100], not [111], 
which is the actual stacking direc- 
tion of the closest-packed layers- 
The layers of tetrahedra lie within 
one-half of the interpenetrating 
octahedral layers above and below- 
When the layers are collapsed, only 
the octahedra can be seen. Figure 
26 shows such a representation of 
the cubic closest packing. For 
comparison purposes, an exploded 
view of a hexagonal closest packing 


is shown in Fig. 27. There are two tetrahedral layers that fit inside tw 
adjacent octahedral layers; the two similar layers in each case are relate 
by a mirror plane lying between the layers. 
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‘T'he representation of closest packings by coordination polyhedra is 
also physically more meaningful. As stated earlier in this chapter, many 
inorganic compounds have structures in which the nonmetai atoms are 
arranged in closest packings and the metal atoms occupy specific voids. 
The coordination polyhedra of the metal atoms can be used, in a manner 
analogous to the packing schemes shown above, to represent the structure 
of the compound. This kind of representation was first employed by 
Pauling, who showed that definite rules governed the packing of such 
polyhedra, These rules are called Pauling’s rules and are discussed in 
the next chapter. 
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Exercises 


1. Derive the equipoints of the following plane groups: 


(a) p2 and p6. 
(b) pmm and pgg. 
(c) cg and p4m. 


2. Derive the equipoints of the following space groups: 


(a) P3m1. 
(b) P31m. 
(c) P4bm. 


3. Using the absolute coordinates of the example structure given in (1) in the text? 
calculate the two different kinds of interatomic distances that exist between the B 
atoms in this structure. What would the relative lengths of a, b, and c have to be 
if the B — B distances are to be equal? Is this compatible with space group 
P4m2? Qualify your answer. r 

4. Calculate the interatomic distances between zinc atoms in a crystal of zinc. 
The crystal structure of zinc is a slightly distorted hexagonal closest packing with 
c = 4.945 A and a = 2.664 A. (There are two atoms in the hexagonal unit cell at 
000 and $ § 4.) 

5. Making use of the Bragg law, determine the angles at which the (111), (200), 
and (220) planes of a nickel crystal will diffract x-rays of wavelength \ = 1.54 A+ 
Nickel has a face-centered cubic lattice with a = 3.52 A. 

6. Calculate the structure factors for reflections from the (100), (110), (111), (200); 
and (311) planes of a cubic crystal, assuming that one atom occupies each lattice 


point of 
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(a) A primitive cubic cell. 
(b) A body-centered cubic cell. 
(c) A face-centered cubic cell. 


As can be seen, certain reflections are zero in (b) and (c). These so-called systematic 
absences serve as an indication of the lattice type and aid in the determination of the 
space group of a crystal. 

7. The density of SrC1-6H:0 is 1.93 g/cm’. SrCl-6H,0 is hexagonal, a = 7.91 4, 
c= 4,07 Å. How many formula weights does one unit cell contain? 

8. Carbon crystallizes in two modifications, as diamond (isometric, a = 3.568 A) 
and graphite (hexagonal, a = 2.461 Å, c = 6.701 A). Ii the density of diamond is 
3.51 g/cm? and of graphite 2.25 g/cm’, how many atoms of carbon does each of the 


two kinds of cells contain? i ie 
9. Cuprite, Cu:0, is isometric, a = 4.26 A, and its density is 6.0 g/cm. The 
symmetry determined from x-ray diffraction studies is consistent with the following 
possible space groups: Pn3, P4:3, Pn3m. 
(a) How many formula weights does one uni 
(b) Determine the correct space group and, 
attempting to distribute the atoms among 
space groups. (Look up the equipoints of each space 
tables for x-ray crystallography.) 
10. Compute the packing efficiency of spheres of the same size arranged on the 
Points of a simple cubic lattice, & body-centered cubic lattice, and a face-centered 
cubic lattice. z 
11. Compute the packing efficiency of spheres of the same size arranged on the 
Points of a simple hexagonal lattice and a rhombohedral lattice. Compare these 
efficiencies with that of a hexagonal closest packing. wee 
12. How does the packing efficiency of spheres of the same size in a hexagonal 
Closest packing compare with that of a cubic closest packing? A four-layer closest 


Packing? i n 
13. Determine the identity period n from the following stacking formulas 


(a) .. hechhhcce. . « 
(b) .. he.. 
(c) .. hhee... 


by converti ulas to the ABC designation. s i 
14. Usines sean similar to that outlined by the relations (22) to (24), deter- 


mine the maximum radius that & sphere representing an 8-fold coordinated void can 


have, int: the coordination polyhedron.) s i 

15. e b apaa Ril to Exercise 14, determine the maximum radius of & 
Sphere at the an of a coordination polyhedron having the shape of a trigonal 
prism. 

16. Show that the maximum T 
nue can have is 0.1542, where 
cubic packin, ‘ N 

E î here representing & void inside the 

17. Sh simum radius that @ SP r ; 
irregular she ol ae hole sored cubic packing A Ea is 0.291R, where R is 

e radi A body-centered cubic packing. À 

in ae ee mie e zyz of a tetrahedral void in a cubic closest packing and 
a e E Oe cacitial he equipoint ranks of these positions? 


t cell of Cu:0 contain? 

hence, the structure of Cu,0 by 
the equipoints of each of the possible 
group in the International 


adius that a sphere located at} 40ina body-centered 
R is the radius of the spheres in the body-centered 


tl 
as d in the two kinds of closest: 


19. What are the coordinates zyz of an 0c 
Packings? What are their equipolm 


tahedral voi 
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Atomic theory 


Early discoveries. Men have speculated about the structure of 
matter for thousands of years, yet modern concepts did not start to 
develop until the beginning of the nineteenth century. In the years 
1803 to 1809 Dalton argued that matter was comprised of a large 
number of very small particles, called atoms, which were held 
together by mutually attractive forces. He next showed empirically 
that the proportions in which elements combined to form compounds 
could be expressed by ratios of small whole numbers. In 1833, Faraday 
discovered that a dissolved compound can be dissociated by passing an 
electric current through the solution. He further observed that the 
material deposited at the two electrodes has masses that are proportional 
to the combining weights of the dissolved compound. If different solu- 
tions are used, certain elements always collect at the positive electrode, 
whereas others always collect at the negative electrode. This suggests 
that the atoms are electrically charged and can be classified into positive 
or negative ions accordingly as their electrical charge is positive or 
negative. Following the convention for designating electric currents, 
the positive ions are attracted by the negative electrode, or cathode, and 
are called cations; the negative ions are attracted by the positive electrode, 
or anode, and are called anions. 

J. J. Thomson’s discovery of negatively charged electrons, around 1897, 
suggested that the electrical charges in atoms are due to the coexistence 
of positively and negatively charged particles in their makeup. Although 
the detailed structure of an atom is not fully understood as yet, Sir 
Ernest Rutherford showed as early as 1911 that the structure of an atom 
consisted of a positively charged nucleus, having very nearly the mass 
of the entire atom, surrounded by negatively charged electrons each 

74 


Atomic packings in crystals 15 


having a mass approximately equal to voss Of the mass of the lightest 
atom, hydrogen. Rutherford pictured the nucleus at the center of a 


miniature solar system, with the electrons traveling around it as planets 


travel around the sun. 
Concurrently, a wealth of spectroscopic data was accumulating that 


clearly showed that the radiation emanating from specific atoms always 
has the same specific energy- Now, according to the laws of classical 
electrodynamics, an electron in an atom can radiate energy only while 


its velocity is changing. Since there is no reason, according to classical 


mechanics, why such @ velocity change should not be continuous, it was 


not possible to reconcile experimental observations of only & limited 
number of energy values with classical theory. A way out of this 
dilemma was suggested by Niels Bohr, who in 1913 postulated two condi- 
tions concerning the structure of an atom: 

1. For each atom, a discrete set of energy states exists in which the 


electrons can move without radiating energy- These states can be 
identified by a set of integers, the so-called quantum numbers. Although 
d to obey the laws of classical 


the motion of the electrons js suppose! s 
mechanics, the absence of radiation contravenes the laws of classical 


electrodynamics. 
2. Under suitable conditions, 2 electron can pass from one such state 


to another. Since the energy of each state is different, such a transition 
requires that the atom either absorb or emit energy in order to satisfy the 
fundamental law of conservation of energy: _ 

According to the first condition, the energy states have discrete values; 
that is, they are quantized. Consequently, the energy that 1s absorbed 
or emitted must be quantized also. If the frequency of the emitted 
radiation is designed ¥ then according tO Planck s radiation Lael this 
energy is hv, where his Planck’s constant and is equal to 6.63 X 10-*7 erg- 


sec. This condition can be written 
hy = E2 — By @) 

where Æ, is the energy of the new state and 1 is the energy of the previous 
ae of the electron. fh restriction © 
’ sga r S e > . 

ohr’s first condition expresse Although his calculations have 


energ m can have. > Š 
been Pin that an ato cent, but more intricate, calculations based 
pplanted by more * 0 ibed in Chapter 9, they are so 


on so-called quantum mechanics deser e etana oe 
Simple that it is worth considering t prki having the mass of the 
can be represented by 2 thin cylindrical ring wes Bom 
electron m. If the ring’s radius isr then moment 0 ine ia is] = mr 
and the aie 1 erme wmi r?w. Quantitatively, Bohr found 
gular momen u 


f the energy values or 


a fo = m 
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that an electron can travel in any orbit provided that the electron’s 
angular momentum is equal to an integral multiple of h/2r. 


nh 


Tis > arte oe 5 E N (2) 


It follows from (2) that the angular velocity w is given by 
nh 
ahe 3 
sa 2rmr? 8) 


The electron is maintained in its orbit of radius r by a balance between 
the electrostatic attractive force of the nucleus Ze?/r? (Ze is the nuclear 
charge, —e is the electronic charge, and r their separation) and the 
centrifugal force mw?r. This requires that 


mtr = ZE (4) 
r 
from which it follows that 
Ze} 
wo = (22 V. (5) 
mr? 


By equating the squares of equations (3) and (5), 


g = 7h? Ze? 
Se SO 
4r?m?rt mrs 


` 
and it is possible to determine the radius of the nth orbit: 


nh? 
t= ee (©) 


Similarly, it is possible to calculate the energy corresponding to the 
nth orbit. The potential energy V for an electrostatic force field is 


Fas 
r 
ot oe 4n?mZe4 (7) 


nthe”? 


assuming that V goes to zero when the electron is at infinity. The 
kinetic energy is 
KE = km? 
= 4mw?r? 
2r?mZ%e4 
= A. (8) 
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Finally, the total energy of an electron in the nth orbit is 
V + KE 


2r°mZ?e* 
oe (9) 


E, 


Sphericalatoms. According to modern theories discussed in Chapter 
9, there is an inherent uncertainty about the whereabouts of a specific 
electron. It is nevertheless possible to give a statistically accurate 
picture of the structure of an atom. The nucleus of an atom is a small 
positively charged sphere whose diameter is of the order of magnitude 
of 10-13 em and whose mass is of the order of magnitude of 10-* g. 
The charge of the nucleus is Z times the charge of one electron, 
e = 4.80 X 10-0 esu, and Z is the atomic number used to classify the 
elements.t In an electrically neutral atom, therefore, Z electrons 
surround the nucleus. Although, as already noted, the exact location 
of an electron cannot be specified, their most probable locations form 
concentric spherical shells having the nucleus at their common center. 
The shells are frequently designated by the letters K, L, M, N, etc., in 
order of increasing radius. According to the Bohr postulates, the energies 
of the electrons occupying different shells differ by discrete amounts. 
According to quantum mechanics, developed later, only a specified 
number of electrons can populate any given shell. 

The above arrangement is only slightly affected if the atom is not elec- 
trically neutral. Ñor example, an atom can lose one or more electrons, 
ecoming positively charged. The electrons that are most easily removed , 
ie in the outermost shell of the atom. Such electrons are called outer 
electrons or, more usually, valence electrons. The energy required to 
remove one valence electron from a neutral atom is called its first oniza- 
tion potential: the energy required to remove the second valence electron 
is Called the ‘sean ionization potential, and so on. The resulting positive 
ion has a higher energy than the neutral atom and is said to have a valence 


of 
Ri ei ee d, one or more electrons can attach themselves to an 
atom. In this case the atom becomes negatively charged, and the result- 
ing ion is said to have valence of — 1, -2 ete. Whereas most positive 
ions are stable, unless brought in the vicinity of oas electrons with the 
aid of which they can neutralize their electrical charge, most negative 
È nd on its atomic number, not on its 
wa s econ ene ree ig ie atomic number differ in their 
atomic weights, Such atoms ar ith = opens noel 
hydrogen, have very similar properties. Although man” Feats aaa alanine 
their similarity to the regular elements allows one to disregar 


of the structure of solids. 
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lons are unstable, the negatively charged ion tending to repel the nega- 
tively charged electron. There are some exceptions to this, however, 
notably the halogens, oxygen, and sulfur. These elements actually lose 
energy on becoming negatively charged. The energy difference between 
the energy state of a neutral atom and the energy state of a negative ion 
is called electron affinity and is used as a measure of the electronegativity 
of anatom. Similarly, the ease with which an atom gives up its valence 
electrons determines how electropusitive it is. 

The loss or gain of one or more electrons does not greatly affect the 
spherical shape of an atom. To be sure, if an atom loses electrons, the 
positively charged nucleus tends to draw in the remaining electrons more 


a 
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tightly. Conversely, if an atom adds on electrons, the repulsive forces 
tend to push the outer electrons farther away. This, however, generally 
affects the size and not the shape of an atom. Experimental proof that 
atoms are nearly spherical is given by the results of x-ray diffraction 
investigations of crystal structures. Because x-rays are scattered by 
the electrons in each atom, it is possible to synthesize a picture of the 
electron distribution or electron density directly from the experimentally 
determined intensities, after their relative phases have been determined. 
Such a synthesis is shown in Fig. 1, which is a plot of the electron density 
of cubanite, Cu:FeS;, projected on the zy'plane. The contours in rig. | 
join points having the same electron-density values. Such structure 
studies are obviously useful in determining the effective radii of the spheri- 
calatoms. These radii are deduced from distances separating two atoms 
and may vary from structure to structure according to the variation in 
the coordination number of the atoms and other factors discussed helow- 
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Atomic radii. When two oppositely charged ions are brought 
together they are at first attracted by electrostatic or Coulomb attraction. 
As the atoms come closer, however, their respective electrons, being 
negatively charged, repel each other. At some interatomic distance, 
therefore, one can expect an equilibrium to occur between the forces 
attracting the two ions and the forces repelling them. When more 
atoms are added other considerations enter. Since the ions are spherical, 
the distribution of their charge is spherically symmetrical also. As more 
ions are added, therefore, an ion tends to neutralize its charge by sur- 
rounding itself with the maximum nümber of oppesitely charged ions 
possible. The surrounding atoms, however, have the same charge and 
tend to repel each other. Again, an equilibrium between opposing forces 
must occur when the different ions are separated by distances at which 
the attractive and repulsive forces just cancel. It follows from the 
above discussion that the effective size of an ion will depend on the 
number and kinds of atoms surrounding it. 

It has been assumed above that the structure of matter consists of 
oppositely charged iọns held together by electrostatic forces. Actually 
this is true of compounds composed of atoms that are strongly electro- 
negative and electropositive. It is possible, however, to form com- 
pounds from other kinds of atoms also. The cohesion of these com- 
pounds is not based on simple electrostatic forces alone, however, and 
their detailed discussion is postponed until later. Those compounds 
whose atoms are joined primarily by electrostatic forces are said to be 
ionic in character. 

The methods of x-ray diffraction, and more recently electron and neu- 
tron diffraction, are capable of disclosing the actual positions of atoms 
in crystals. The interatomic distances in such crystals can, therefore, 
be determined with fairly high precision. On the other hand, the assigna- 
tion of specific radii to each of the atoms is more difficult. The procedure 
usually used consists of first determining the radius of a particular atom 
and then using this radius to deduce the radii of adjoining atoms. Several 
procedures have been employed for deducing the radius of the first kind 
of atom. Bragg started by halving the 0-0 distance in silicates. Simi- 
larly, Landé assumed that the halogen atoms in lithium halides were in 
contact with each other and deduced their radii by halving the inter- 
halogen separations. Using still another procedure, Wasastjerna divided 
the interionic distances in alkaline-earth halides according to their respec- 
tive molar refractivities. The radii thus deduced are fairly accurate for 
the atoms within a single compound. When use is made of an atomic 
radius determined in one compound to deduce the radii of different atoms 
in other compounds, certain difficulties occur. The size of an atom is 
affected by its coordination number. It is also affected by the type of 


80 Chapier 4 


forces existing between the atoms, and these forces may differ in unlike 
compounds or even different structural arrangements of the same com- 
pound. It is important, therefore, to realize that absolute values of 
atomic radii are only approximately known. Furthermore, the same 
atom can have several different radii according to its coordination number 
and the type of compound in which it occurs. Tables of atomic radii 
are given in Appendix 3. 7 

-Pauling has proposed a set of ionic radii that can be used, after making 
simple corrections, to yield interatomic distances directly by addition. 
These radii are based on semi-empirical calculations using experimental 
values of interionic distances in NaF, KCl, RbBr, CsI, and Li.O. The 
radii of the cations, Li+!, Natı, K+, Rbt!, and Cs*!, are first deduced 
by assuming that the anion-cation packing is such that all the ions are 
in contact with each other. The radius of an atom, 7, depends on the 
most probable distance for the outer, valence, electrons and is given by 

1 


rog (10) 


where Zen is the effective charge of the nucleus. This effective nuclear 
charge is equal to the actual charge Ze minus the screening effect Se 
of the electrons in the inner shells. Equation (10) can, therefore, be 
written 

k 


=z (11) 


where k is a constant determined by the number of valence electrons 
present. Pauling determined the value of S for the five ions listed above 
and used equation (11) to calculate the radii of other ions having the 
same inner electron structure. These radii, therefore, are referred to an 
ion having unit valence and are called univalent radii. To convert 
these radii to crystal radii whose sums yield interatomic distances directly, 
it is necessary to multiply them by a readily determinable factor which 
depends on the particular crystal structure and its physical properties. 
It should be remembered that this procedure can be used only for ions 
having identical inner electron structures. Such ions are said to form 
an isoelectronic series. 

More recently, Ahrens has shown that ionic radii are related to their 
ionization potentials. This is not surprising because an ionization 
potential is related to the force binding a valence electron to the nucleus. 
Since this force is affected by the screening constant S, it follows that 
ionization potentials can be used similarly to the procedures described 
above to determine ionic radii. In fact, Ahrens has shown that it is 
possible to deduce ionic radii hitherto unknown by such a procedure. 


Atomic packings in crystals 81 


Rules governing the packing of atoms 


Effect of the radius ratio. Having established above that atoms 
have spherical shapes, it is natural to apply the rules governing the pack- 
ing of spheres to the packing of spherical atoms. According to the dis- 
cussion in Chapter 3, the coordination number of an atom, frequently 
abbreviated to CN, depends on the relation of its size to that of the 
: This statement can equally well be inverted: The 
size of the central atom is limited by the size and number of the coordinating 
atoms. The ratio of the size of the central atom to the size of the coordi- 
nating atoms can be expressed by the ratio of their respective radii. 
This is the so-called radius ratio. 

_ The coordination numbers of cat- 
lons most frequently encountered 
in actual structures are 3, 4, 6, 8, and 
12. Of these, 4 and 6 are most com- 
Mon in structures having anions in 
closest packing, and either 4, 6, or 8 
occurs in almost all close-packed 
structures, Three is the coordina- 
tion number of atoms forming planar 
complexes, and 12 is the coordination 
number of like atoms in closest 


coordinating atoms. 


Packings. With the exception of tra? 
N = 3, the radius ratios for these 
derived in Chapter 3. The 


Jready been 
shown in Fig. 2. Let r be the radius 


jus of the coordinating spheres. From 


Coordination numbers have ® 
3-fold coordination of an atom is 
of the central sphere and R the rad 
the construction in Fig. 2, 


LM _ _R_ = cos 30°. (12) 
Lo k+T 
Rearranging the terms in (12), 
eee see 
T = cos 30° 
= 0.1552. (13) 


ously imposes & limitation on 
sizes of atoms present in a 
ns that they can have in 
to determine the limiting 
number is possible. For 
d of equal amounts of A 


The coordination number of an atom obvi 


a radius ratio. Conversely, the relative § 
r ystal impose limitations 0? the coordinatio 
E Structures. Consequently, it 18 possible 
ee under which a give? coordination 
mple, consider the compound AB compose 
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atoms and B atoms whose sizes are given by ra and rs, respectively. 
Since the number of each type of atom present is the same, the coordina- 
tions that the two kinds of atoms can have must be the same also, 
namely, 1:1, 2:2, 3:3, 4:4, ete. The coordinations 1:1 and 2:2 impose 
no limitations since the atoms can have any relative size whatever and 
still have 1-fold or 2-fold coordination. The case 3:3 is no longer trivial, 
however. According to equation (13), ra4/rs must be at least 0.155 if 
the A atom is to touch the three B atoms coordinating it. Similarly, 
rs/ra > 0.155 if atom B is to touch the three 4 atoms coordinating it. 
Thus the value that the radius ratio can have lies in the range 0.155 to 
1/0.155. Identical arguments apply to the other coordination numbers 


o = 1 EE OE S a e PON a oe oe ee 
0.2 0.3 04 06 08 1.0 2.0 30 40 6.0 80 
Radius ratio 
Fic. 3 


also. The permissible ranges of the radius ratio in AB compounds for 
coordination numbers most frequently encountered are given in Table 1- 
A graphical representation of these ranges is given in Fig. 3. 

The possible coordination numbers are directly related to the chemical 
formula of the compound. Consider a compound composed of only two 


Table 1 


A’s requirements | B’s requirements | B’s requirements 


Coordina- fi As pei ge Eaa 
on rom 8 point from B s point from A s point 
PASARE of view of view of view 
(ra/rB) (re/ra) (ra/rB) 


La 
1:1 Q-« o-0 0-2-0 
2:2 0-0 a-f 0- 2-0 
3:3 0.155- % 0.155- % -0.155 0.155-1/0.155 
4:4 0.225- © 0.225- © 20.225 0.225-1/0.225 
6:6 0.414% 0.414- o-0.414 0.414-1/0.414 
8:8 0.732- © 0.732- © %-0.732 0.732-1/0.732 
12:12 1.0 1.0 1.0 1.0 
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kinds of atoms, A and B. Let A be surrounded by a atoms B, and let B 
be surrounded by b atoms A. Then, for every atom A in this compound 
there must be a atoms B. Similarly, for every B atom present, there 
must bebatoms A. The chemical composition, therefore, is ABa. This 
is an example of the rule for ratios of coordination numbers. 


CN of A 


a 
CNofB Ob (14) 
According to this rule, the coordinations possible for AB, compounds are 
2:1, 4:2, 6:3, ..., and for AB, compounds 3:2, 6:4, . . . , and so on. 
Pauling’s rules. The above described relations between ionic sizes 
and the coordination numbers of ions are actually found to hold in struc- 
tures of many compounds oceurring in nature. Thus certain cation- 
anion combinations always form similar arrangements which persist 
with little change from one compound to another. It is meaningful, 
therefore, to think of many such compounds as being composed of 
coordination polyhedra of anions surrounding a cation at their center. 
For example, the largest single group of naturally occurring compounds, 
namely, silicates, have structures that are based on packing arrangements 
of SiO, tetrahedra, as described in Chapter 15. Based on the observation 
of such packing arrangements, Pauling postulated a set of rules that 
determine the nature of possible arrangements. Although these rules 
apply strictly only to ionic compounds, to a large extent they are appli- 
cable to other compounds also with very little modification. Notable 
exceptions are pure metals and organic compounds. Pauling’s rules 


are as follows: 


on of anions is formed about each 
determined by the sum of the 
ber is determined by the 


Rule 1, A coordination polyhedr 
cation. The cation-anion distance is 
respective radii, and the coordination num 
radius ratio. 

Rule 2. Ina stable structure, 
that reach an anion in & coordination 
cations, is equal to the total charge of th 

Rule 3. The polyhedra in & structure 
particular not faces, common to two polyhedra. 
g 
oe doi, ents decreases the stability 


Rule 4. Since sharing of polyhedron elem ses t ? 
of a structure, cations with high valency and small coordination numbers 


tend not to share polyhedron elements with each other. f 
Rule 5. The number of essentially different kinds of atoms in a struc- 


ture tends to be small. This is the so-called rule of parsimony. 


the total strength of the valency bonds 
polyhedron, from all neighboring 
e anion. 

tend not to share edges, and in 
If edges are shared, the 
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Applications of Pauling’s rules to actual structures. The mean- 
ing of the above rules can be best understood by considering their applica- 
tion to ionic structures. In fact, it is possible to gauge the ionic nature 
of a structure by the extent to which Pauling’s rules are satisfied. Rule 1 
is simply a concise statement of the radius-ratio effect already discussed. 
Rule 2 can be paraphrased as follows: In a stable structure, local charge 
neutrality must be maintained. Thus, if an anion forms & common 
corner for two or more polyhedra, the sum of the electrostatic bonds 
connecting it to the surrounding cations must be equal to the charge of 
the anion. 

Let z be the valence and ze the charge of a cation in a polyhedron. 
Then, the electrostatic bond that it forms with each anion in its coordina- 
tion polyhedron is 

e ze 5 
Se = GN (15) 
where S is defined as the strength of the electrostatic bond, 


i aye as 16 
S=ay (16) 


Now, if an anion is surrounded by j cations and if the strength of the 
bond joining it to the ith cation is S;, then the sum of the strengths of the 


bonds reaching it is 
i X Si (17) 


In order to preserve charge neutrality, —fe must be equal to the electric 
charge of the anion. 

As an illustration, consider the compound MgAl.O«. Each magnesium 
atom hasz = +2 and is tetrahedrally coordinated by four oxygen atoms. 


+ 
Ned p 
uM 
` +47 "*7 X +3 
pl ` A, 
2 tp 
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T2 
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According to equation (16) it forms four electrostatic bonds of strength 
+2 1 

Su, = K =. Spas (18) 


Each aluminum atom, z = +3, is octahedrally coordinated. The 
strength of each of the six bonds it forms is 


1 
Sa = t? =+ z (19) 


Since each oxygen ion, 2 = —2, receives four bonds like (18) or (19), 


pegtagtatia te (20) 
and charge neutrality is preserved. This analysis is diagrammatically 
represented in Fig. 4. 

Rules 3 and 4 can be 
not to share polyhedron elements can be seen in Fig. 5, 


considered jointly. The reason that cations tend 
which shows two 


Fie. 5 


Units cubes sharing a corner, an edge, and a face. The distance separat- 
ing the two positively charged cations at the centers of the cubes suc- 
cessively decreases from 4/3 to v2 to L Since the two positively 
charged cations repel each other, they naturally tend to be as far apart 
as possible. The higher the charge on the cation and the smaller its 
coordination number, the greater this tendency becomes. Generally, 
tetrahedra can share only corners; octahedra can share corners and 
edges; and cubes can share corners, edges, and faces, although the number 
of structures in which cubes share faces is small, because the cubic coor- 
dination is not very stable in itself. The sharing of corners by tetrahedra 


and edges by octahedra has already been encountered in Figs. 24, 25, 
and 26 of Chapter 3. 
It logically follows from the above that, if an edge is shared, the mutual 
repulsion of the two cations will shorten the shared edge. This is dia- 
&Tammatically illustrated in Fig. 6 for two octahedra sharing an ee 
i ture oi 


typical example of such sharing in nature 18 given by the structure 
octahedra coordinating 


pale a stable modification of TiO:- The oxygen 
i* form rows in which opposite edges are shared, and the shared edges 
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are shortened. An alternative arrangement of TiO. octahedra results 
in the modification called anatase. In this structure the octahedra share 
two adjacent edges, and this structure is, therefore, less stable than the 
rutile structure. 

Complex ions. Sometimes the same coordination polyhedra are 
found to occur in different structures. The example of silica tetrahedra 
has already been mentioned. If the forces that join the ions within such 
a polyhedron are greater than the forces joining the polyhedra to each 
other or to other atoms, such polyhedra are called complex tons. Another 
way of defining a complex ion is as a group of atoms joined by forces 
greater than those tending to pull the group apart. The complex-forming 
forces may be ionic or one of the other types of forces discussed in a later 
chapter. The distinguishing characteristic of complex ions is that their 


packing in structures is entirely analogous to the packing of ordinary 
ions. Some of the more common complex ions and their configurations 
are given in Table 2. 
Table 2 
Possible polyhedra of complex ions 


Polyhedron CN Examples 
Triangle 3 | BO;?, cos NOF 
Tetrahedron 4 | AlOzS, SiOz‘, POr, SOT, clo;" 
Square 4 | Ni(GN)z?, PdOz?, PtCly* 
Octahedron 6 | Naor’, MgOz‘, AlOs’, TiO’ 


Variations in atomic packings 


General considerations. Having discussed some of the rules for 
packing atoms in crystals, it is reasonable to inquire at this time: What 
are the ways in which a collection of atoms can combine in an actual 
structure? To get an insight into the answer to this question, consider 
a simple compound composed of equal amounts of two kinds of atoms, 
sey NaCl. The coordination numbers of the two kinds of atoms are 
determined by their radius ratio. According to the radii listed iD 
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Appendix 3, rx./Ter = 0.525, so that according to Table 1 the coordination 
numbers of the ions are 6:6; that is, each sodium ion is octahedrally 
coordinated by six chlorine ions and each chlorine is similarly coordinated 
by six sodium ions. In considering the possible ways of packing these 
octahedra it is convenient to consider 
octahedra like Fig. 21 in Chapter 3 
with sodium at their centers. It is 
fairly easy to show that the only way 
that such octahedra can be packed is 
according to the cubic closest packing 
shown in Fig. 25 of the previous chapter. 
An attempt to form the hexagonal 
closest packing leads to the sharing of 
faces by adjacent octahedra, in direct 
violation of Pauling’s rules. Thus, 
unless the coordination numbers of Na 
and Cl are changed by some means, Fic. 7, Halte; NaCl. 
the only stable structure that NaCl can 


assume is that of a cubic closest packing of the larger chlorine ions with 


the sodium ions occupying all the octahedral voids. This structure is 

shown in Fig. 7- 
As another example of the possible ways of packing an AB compound, 

consider zinc sulfide. The radius ratio of zinc and sulfur, from Appendix 

3, is r2,/rs = 0.402 which, according to Table 1, means that zine and 

sulfur are tetrahedrally coordinated, 4:4. Now, the question becomes: _ 


Fie. 8 
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How can these tetrahedra be arranged in space, remembering that Paul- 
ing’s rules require that corners only be shared? 

i A single layer of tetrahedra is shown in Fig. 8. Let this be a representa- 
tion of zinc tetrahedra; that is, picture the zinc atoms at the centers and 
sulfur atoms at the corners of tetrahedra like the one shown in Fig. 19 
of Chapter 3. Then, at each corner where three tetrahedra meet, a 
sulfur atom has three tetrahedrally dis- 
posed zinc neighbors. The above ques- 
tion, therefore, now becomes: How can 
such layers be stacked so that four 
tetrahedra share each corner and each 
corner atom has tetrahedral coordination? 
The two simplest ways that this can be 
done are shown in Figs. 9 and 10. It is 
easy to see that Fig. 9 shows the stacking 
of three tetrahedral layers in a cubic 
closest packing, and Fig. 10 shows the 
two-layer or hexagonal closest packing. 
This analysis could have been carried out 
equally well by starting with a cubic or 
hexagonal closest packing of the larger 
sulfur atoms. In order to satisfy the 
rule for ratios of coordination numbers, 
4:4, only one-half of the tetrahedral voids 
between two closest-packed layers can be occupied. The stacking of 
such layers then obeys the rules developed in Chapter 3. The cubic 
closest packing is shown in Fig. 11. The reason that these two different 
kinds of structures are possible is that the larger atoms can pack in 
either of two closest packings. Thus, any AB compound having tetra- 
hedral coordination can, in principle, assume either of these two forms, 
accordingly as to which closest packing the larger spheres assume. Such 
different structural arrangements of the same kind and number of atoms 
are called polymorphs or polymorphic modifications of a compound. 

Polymorphism. The two possible polymorphs of ZnS shown in 
Figs. 9 and 10 are actually found in nature. The hexagonal polymorph 
is the mineral wurtzite, and the cubic one is called sphalerite or zine 
blende. According to the rules of forming closest packings described in 
Chapter 3, other polymorphous modifications of ZnS should be possible 
also. Although some synthetic polymorphs of ZnS having larger stack- 
ing periods have been reported, none has been found to occur in nature. 
This does not mean that other polymorphic modifications do not, oF 
cannot, occur but only that these other polymorphs are not as stable at 


Fie, 9 
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ordinary pressures and temperatures. Any attempt to determine the 
most stable polymorphic form by direct calculation is futile because the 
errors introduced in such calculations are of the same order of magnitude 


as the differences sought. It is thus not possible to predict what the 
polymorphism of & particular compound will be. The relative thermo- 
dynamic stabilities of polymorphs are discussed in Chapter 8. 


Fria, 11. Sphalerite or zine blende form of ZnS. 
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Isomorphism. It is possible that two or more compounds can 
assume the same structural arrangement. If two compounds have the 
same crystal structure but different chemical compositions, they are 
said to be isostructural or isotypic. If their structures are the same and 
their chemical compositions are similar, but not identical, so that they 
can form composite crystals called solid solutions, then they are said to be 
isomorphous.+ For example, NiO, CoO, and PbS all have the structural 
arrangement shown in Fig. 7. The two oxides form solid solutions with 
each other but not with lead sulfide. Therefore NiO and CoO are iso- 
morphous with each other but both are isotypic with PbS. 

In forming solid solutions, the metal atoms of the two isomorphs usually 
distribute themselves randomly among the specified voids in the anion 
close packing. The replacement of the ions of one crystal by correspond- 
ing ions of the other can be likened to the solution of one crystal in the 
other, hence the name solid solution. If the two vicarious cations ure 
dimensionally alike and have similar properties, then they are completely 
miscible; for example, NiO and CoO can be combined in any ratio of Ni to 
Co. On the other hand, KCl and NaCl are isomorphous, but the differ- 
ence in the atomic size of K and Na prevents more than a small fraction 
of potassium atoms from entering the NaCl structure. 

Solid solutions. Although it was not intended to apply to solid solu- 
tions, it can be said that solid solutions violate Dalton’s law of sub- 
scripts of small whole numbers in chemical formulas. Nevertheless, 
solid solutions are very common among structurally related compounds. 
Minerals are notable examples because their structures usually consist 
of closest-packed anions containing cations in their interstices. Since 
the melts from which some minerals form contain a large variety of metal 
constituents, it is quite common to find nonstoichiometric ratios of metal 
ions in mineral crystals. The similarity between the structures and the 
properties of metals accounts for the ease of formation of metallic solid 
solutions. In fact, most metals used in industry are solid solutions. 


There are several ways in which solid solutions can form. Accordingly, 
they are classified into the foliowing: 


1. Substitutional solid solution in which vicarious replacement of 
one atom for another takes place. Goldschmidt observed that sub- 
stitutional solid solutions can occur only if the radius of the larger atom 
does not exceed the radius of the smaller atom by more than 15 per cent. 


Some of the other criteria for this type of solid solution are discussed for 
metals in Chapter 11. 


t Strictly speaking, the term isomorphous means similar crystal forms (morphology). 
When two elements can substitute for each other in a crystal structure, they are best 
called vicarious elements. 
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2, Interstitial solid solution in which limited amounts of solute atoms 
occupy interstitial positions in the solvent crystal. For example, 
sphalerite can accommodate relatively large amounts of interstitial atoms 
because of its “open” structure. Similarly, certain metals can accom- 
modate carbon atoms interstitially to form carbides, or nitrogen to form 
nitrides, and so on. 

3. Omission solid solution in which the number of anions (or cations) 
is slightly less than that required by stoichiometry. This type of solid 
solution can occur only if the remaining cations can adjust their valencies 
to preserve charge neutrality. For example, transition-metal oxides 
can lose oxygen in small amounts without altering their structures. The 
name defect structures has been proposed to describe such crystals. 


The three types of solid solutions can be readily distinguished if their 
composition and unit cell size are known. The density of a crystal can 
be computed for a given composition and cell size. It is possible, there- 
fore, to prepare a graph showing the variation in density with change in 
composition, as shown in Fig. 12. Curve I illustrates what happens in 


the case of interstitial solid solution; 
as more atoms fill the interstices the 
density increases, SO that the curve 
has a positive slope. The density 
change in a substitutional solid solu- 
tion is shown by the other straight 
line (Curve II) having a positive 
slope, for the case in which the solute 
atom is heavier than the atom for 
which it substitutes. Finally, Curve 
IT, calculated for an omission solid ° variation in composition( % defects) 
solution, has a negative slope because Fie, 12 
atoms are being removed from the f R 
crystal. Having prepared such a graph, ìt 1s possible to determine which 
type of solid solution exists in & erystal by measuring its density and 
noting on which of the three curves the measured density value falls. i 
erivative structures. When a transition from one polymorphic 
modification to another takes place, the two polymorphic modifications 
have certain s try operations in common. Similarly, when two 1so- 
morphs per see! symmetry of the resulting structure 1s 
phs form a solid solution, the symmetry ¢ 
related to that of either isomorph. The relationships between one crystal 
structure and another derived from it have been discussed by Buerger 
who proposed that the latter be called a derivative structure. The origina 
structure is then called the baste structure. A derivative structure can 
be obtained by suppressing one or more symmetry operations 1n the basic, 


92 : Chapter 4 


structure or by suppressing a translation in the basic structure. Com- 
binations of these two cases are possible also. 

There are basically two mechanisms whereby a derivative structure 
can occur in nature. In one, the structure is distorted during a poly- 
morphic transformation, as discussed further in Chapter 8. In the other, 
one or more different kinds of atoms are substituted for a specific kind 
of atom in the basic structure. These so-called substitution structures 
include the solid solutions already discussed and are frequently encount- 
ered in nature. As an example of a substitution structure that is not a 
solid solution, consider the basic structure of sphalerite (Fig. 11) and two 
of its possible derivative structures, chalcopyrite and stannite. 


Basic structure, sphalerite | Zn | S (Fm3m). 
Substitution structure, chalcopyrite ag S (142d). (21) 
i 
| Cu; | 
Substitution structure, stannite Fe, | S (142m). 
Sn; 


The two derivative structures in (21) are compared with two unit cells 
of the basic structure, sphalerite, in Fig. 13. 


Cu,FeSns, 
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Exercises 


1. Calculate the radii of circular electron orbits in the ground state (n = 1) and the 
first excited state (n = 2) of hydrogen. 

2. The relation between linear velocity and angular velocity isv = wr. Calculate 
the lincar velocity of an electron in the ground state of hydrogen, assuming circular 


orbits. 
3. Calculate the potential energies of the ground state an 


states of hydrogen. 
4. Suggest possible reasons why fluorine is more electronegative than chlorine. 
5. Suggest possible reasons why fluorine is more electronegative than oxygen. 
6. What is the coordination number of manganese in MnO if rua = 0.80 A and 


ro = 1.40 A? 
7. What is the coordination number of iron in Fe203ifrre = 0.64A andro = 1.4047 
8. What are the permissible ranges of the radius ratio in AB: compounds? Prepare 


a table similar to Table 1 in the text. 
9. Prepare a graph like Fig. 3, showing the permissible ranges of the radius ratio 


for AB, compounds. . 
10. Illustrate, by means of a drawing like Fig. 4, the ionic bond strengths between 


all the atoms in the following compounds: 


(a) MgSiO; (Mg*? has 6-coordination, Si** has 4-coordination). 
(b) Na;AlFs (Nat! and Al** have 6-coordination). 
(c) ZnFe,0, (Zn*? has 4-coordination, Fe** has 6-coordination). 


11. Can CsCl and NaCl form solid solutions? Explain. 
12. The most stable manganese ion is Mn*?. Would you expect to be able to 


dissolve any manganese in PbO? In PbO,? Explain. i ‘ 

13. Zine oxide is hexagonal, = 3.243 A, c = 5.195 A, and it contains two formula 
weights in a unit cell. If the measured densities of two ZnO crystals are 5.470 and 
5.606 g /em!, determine which type of solid solution has occurred in each case. 

14. Consider the plane group p4m. Show the derivative structures that can be 
obtained by suppression of the symmetry elements present, one at atime. (Hint: 


Start by replacing the 4 by # 2, ete.) 


d the first two excited 
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Types of imperfections 


Discovery of imperfections. Laue’s discovery of the diffraction of 
x-rays by crystals and the consequent elucidation of the structures of 
many solids greatly advanced man’s understanding of. the properties of 
solids. It soon became apparent, however, that certain observed 
properties such as plasticity, electrolytic conductivity, crystal strength, 
and others could not be explained on the basis of differences in structure 
alone. Consequently, it became necessary to postulate departures from 
the ideally perfect crystal in which the lattice arrays of atoms persist 
without flaws in all directions in the crystal. In fact, in order to explain 
certain aspects of the diffraction of x-rays by crystals, in 1914, C. G. 
Darwin was forced to postulate that the lattice arrays of atoms in real 
crystals are not continuous throughout the crystals but are broken up 
into blocks by discontinuities at the block boundaries. Such an ideally 
imperfect crystal was thought to be like a mosaic in which each part is 
perfect but tipped slightly, relative to its neighbors; hence the name 
mosaic .crystal which has been more recently introduced. Although 
Darwin’s postulate was purely imaginary, it was seized by later investi- 
gators to explain many solid-state phenomena, However, only a few of 
these explanations have survived the test of time. The reason that they 
failed has been that, even though actual crystals are not perfect, Darwin’s 
ideally imperfect crystal is not an accurate representation of crystals 
existing in nature. 

The present understanding of the nature of the deviations from perfect 
crystals really began in 1928-1929 when L. Prandtl and U. Dehlinger 
independently suggested that the mechanical properties of crystals were 
related to the presence of linear imperfections in such crystals. By 1934, 
three scientists, G. I. Taylor, E. Orowan, and M. Polanyi, working 
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independently, proposed that linear deviations from true periodicity, 
now called dislocations, were responsible for the relative ease with which 
most crystals could be deformed by an externally applied stress. Soon 
thereafter, J. M. Burgers extended these notions, and within a few years 
a large body of evidence had been gathefed, by many investigators, 
firmly establishing the existence of dislocations in crystals. At about 
the same time, A. Smekal pointed out that the explanation of such 
properties as electrolytic conductivity and diffusion required imperfec- 
tions of a different kind. Although obviously dependent on the actual 
crystal structure, the motion of atoms through crystals cannot be 
explained without requiring an atom to leave its normal position in the 
structure. Such a displacement, therefore, produces an imperfection 
onan atomic scale as distinct from dislocations which affect large groups 
of atoms collectively. For example, diffusion experiments carried out at 
room temperature indicate that Jess than one atom out of a billion is 
actually displaced from its proper site at any instant of time. 
Classification of imperfections. Before proceeding with the 


description of the various kinds of imperfections that are believed to 


exist in crystals, it is worthwhile to consider briefly just what an imper- 
fection is. Ideally, a crystal consists of a perfectly periodic array of 
atoms whose arrangement conforms to the symmetry of one of the 230 
space groups discussed in Chapter 2. The term imperfection or defect 
is generally used to describe any deviation from such an orderly array. 
If the deviation from 2 periodic arrangement is localized to the vicinity 
s, it is called a point imperfection or & point defect. . 


of only several ators, 
On the other hand, if the deviation extends through microscopic regions 
in the crystal, it is called a lattice imperfection because it produces a dis- 


continuity in the lattice used to describe the actual periodicity of an 
atomic array in & crystal. There are essentially two types of lattice 
imperfections that can exist in crystals: line defects, so called because 
they propagate as lines in a crystal, and plane defects which have an areal 
extent. In addition to these defects, which are produced by atomic 
displacements in crystals, it is possible that imperfections can occur on & 


subatomic scale also. These so-called electroni 


c imperfections are pri- 
marily necessary to explain electrical conductivity and related phe- 
nomena in solids. 


Solid solutions provide exam 
already described. The inters 
solutions and the anion vacancies 
solutions are two types of imper 
diffusion and electrolytic conductivity i 
called Schottky defects, after their discoverer, 
generated so that there are normally equal num 


ples of point imperfections that have been 
titial atoms present in interstitial solid 
or cation vacancies in omission solid 
fections usually invoked to explain 
n solids. Ion vacancies are also 
and are presumed to be 
bers of anion and cation 
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Fic. 1. Point imperfections in crystals. 
A. Schottky defects. 

B. Frenkel defects. 

C. Interstitials. 


vacancies in a crystal. It is also possible that an interstitial ion and a 
consequent ion vacancy are produced. In fact, theoretical calculations 
indicate that these so-called Frenkel defects are more easily formed in 
certain crystals. Several different kinds of point defects are pictured in 
Fig. 1. Note in this figure that the three types of defects shown occur 
at a point in the crystal and produce strains nearby but do not affect the 
perfection of more distant parts of the crystal. Such imperfections are 
usually called point defects for this reason. When the density of point 
defects present in a crystal is relatively large, it is possible that the 
defects cluster together forming one large imperfection. For example, 
a cluster of vacancies in one part of a crystal can form a large void. It 
is usually convenient in such a case to think of the larger imperfection as 
a single entity rather than as a collection of individual point defects. 
Another type of imperfection, namely, a dislocation, occurs when the 
periodicity of the atomic lattice array is interrupted along certain direc- 
tions in a crystal. For reasons that are discussed in a later section of 
this chapter, such dislocations occur along rows of the crystal structure 
and are commonly called line defects. When such line defects cluster 
together in a plane, they can form a plane unit which is variously described 
as a grain boundary, mosaic boundary, or lineage boundary. Similarly to 
the case of point-defect clusters, it is more convenient to think of these 


in closest packings in still another way. It is possible for “mistakes” 
to occur in the stacking sequence of hexagonal closest-packed layers. 
The plane separating two incorrectly juxtaposed layers is called a stack- 
ing fault. The above listing is summarized in Table 1. 
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Table 1 
. Possible imperfections in crystals 
Type of imperfection Description of imperfection. 
Point defects: Interstitial Extra atom in an interstitial site 


Schottky defect Atom missing from correct site 
Frenkel defect Atom displaced to interstitial site creating nearby 


vacancy 


Line defects: Edge dislocation Row of atoms marking edge of a crystallographic 
plane extending only part way in crystal 
Screw dislocation Row of atoms about which a normal crystallo- 
graphic plane appears to spiral 


Boundary between two adjacent perfect regions in 
the same crystal that are slightly tilted with 
respect to each other 

Boundary between two crystals in a polycrystalline 
solid 

Boundary between two parts of a closest packing 
having alternate stacking sequences, 


Plane defects: Lineage boundary 


Grain boundary 


Stacking fault 


At all temperatures above absolute zero, the atoms in a crystal are 
temporarily displaced from their ideal positions in the structure by the 
absorption of thermal energy. These displacements are relatively small, 
and interatomic forces obeying Hooke’s law tend to restore the atoms 
to their proper positions. The resulting motion of each atom, therefore, 
consists of a vibration about a mean position which is the correct position 
of the atom in the ideal structure. It is most convenient to describe the 
elastic vibrations of atoms in a crystal by waves having specific wave- 
lengths, frequencies, and velocities of propagation. Using this descrip- 
tion, the vibrations of individual atoms can be likened to harmonic 
oscillators having three normal modes of vibration which, in the simplest 
case, correspond to one longitudinal mode and two mutually perpendicu- 
lar transverse modes. n 

According to quantum mechanics, the energies that such oscillators can 
have are quantized. Specifically, the discrete energy values that are 


allowed are given by 
En = (n + 3)hy (1) 
where n = any positive integer including zero 
h = Planck’s constant bel 
ny v = mechanical frequency of vibration 
The energy change accompanying & transition from one energy state 
described by the quantum number nı to the next highest energy state 
‘described by nz can then be written 
En — En = (na + hr — (nı + d)hv 
E = (nz — mihy. (2) 
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Since nı and n: can be any two integers differing by unity, the above 
transition is accompanied by the absorption of one quantum of thermal 
energy, hv. If the transition takes place in the reverse order, that is, 
from a higher energy state to one of lower energy, a quantum of thermal 
energy is emitted. This is entirely analogous to transitions involving 
the absorption or emission of photons (quanta of electromagnetic energy). 
Owing to this analogy, the name phonon has been proposed for quanta 
of thermal energy absorbed or emitted by a crystal. The use of this 
somewhat artificial description has the great advantage that the results 
of the studies of interactions of electromagnetic radiation with solids can 
be transposed directly to yield results concerning the elastic vibrations 
in solids. 

The absorption of phonons by a crystal produces atomic displacements 
in the crystal. Hence, phonons can be classified as imperfections. 
Unlike point and line defects, however, phonons produce atomic displace- 
ments that vary with time, giving them a transientlike character. If 
the temperature of the crystal’s environment is increased, phonons flow 
into the crystal until the increased atomic vibrations produced thereby 
raise the crystal’s temperature and equilibrium is again attained. Con- 
versely, decreasing the temperature of the crystal’s environment causes 
the crystal to emit phonons. As the phonons flow through the crystal 
they collide with atoms and with each other and are scattered in different 
directions. Energy and momentum are conserved in the scattering 
process; however, the deviations from the original propagation directions 
caused by the scattering produce a resistance to thermal conductivity. 
The effect of these and other imperfections on the conductivity in crystals 
is considered further in later chapters. 

In addition to phonon-phonon and phonon-atom interactions, it is 
also possible for a phonon to interact with the electrons in a crystal. 
Although the total energy of a phonon is usually much smaller than that 
of the electron, the energy gained by an electron in such a collision may 
be sufficient to raise the electron’s energy to a higher energy state. This 
produces an empty energy state in the crystal w. 
me nee and the oe are called electronic imperfections. 
act with each prs or = Er ; n imperfections Sananta 
For example, it is ibl 2 aa Soe es eee 

: ) possible for an excited electron and a hole to interact 
with each other, without completely losing their identity, to form an 
exciton. Although this type of imperfection is not specifically discussed 
anywhere in this book, other interactions between electrons and holes 


are further described in chapters dealing with the electrical properties 
of solids. 


hich is usually called a 
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Point defects 


Schottky defects. Consider a perfect crystal composed of equal 
numbers of positively and negatively charged ions. In order for 2, cation 
vacancy to occur, a positive ion must somehow migrate out of its proper 
Position in the structure to the crystal’s exterior. If only positive ions 
migrate out of the crystal and collect on its surface, the surface will 
become positively charged. This positive surface charge opposes the 
migration of additional positive ions out of the crystal’s interior. Simul- 
taneously, the excess negative charge created inside the crystal is con- 
ducive to the formation of negative vacancies. In the absence of 
external forces, therefore, the number of oppositely charged vacancies 


inside a crystal tends to be equal. 
Suppose that the crystal contains a total of N atoms and that n 
Schottky defects are produced by removing 7 cations and n anions from 
hich each kind of ion can 


the crystal’s interior. The different ways in w 

be removed is given by m 
iN — agers West). |. 

NIN — DN B TEDA SA (3) 

chn Schottky defects can be formed is then 


expression in (3), since the number of cation 


The different ways in whi 
creation of n Schottky defects 


obtained by squaring the 


and anion vacancies are equal. 10: c 
increases the crystal’s entropy, according to the Boltzmann relation, by 
an amount 


N! z 
S=kln ena (4) 
This in turn produces a change in the Helmholtz free energy t 


F= E- TS a 
Ne (5) 
= nEp — kT In| Gy = min! 


of atoms from the crys- 
s internal energy. 


where E, is the energy required to remove 7 ae 
be simplified by 


tal’s interi or so that nEs represents the total cheng m T 
e logarithmic term in (5) ogntainng factoria 


f — 2, so that 
using Stirling’s formula, ar 
ln [ NI 2 Von NI- 
N-n) mil cala 
= ANN- + 
—nlnn] (6) 
y-n —*) i 
= 2[N In «og will find & brief desoription of the 
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n-W- n) mN yL amn JA 


niate reader not familiar wit 
tions between energy and entropy 1 
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When equilibrium is attained at a given temperature T, the Helmholtz 
free energy is constaut and its first derivative is, therefore, equal to zero. 


I 
ty 
Y 


or 
E, IR 


1 
z 
| 


2kT{(In (N — n) — lnn] 


N-—n 


2bP i= (7) 


where the partial differentiation is with respect to n since the total 
number of atomic positions in the crystal N is not altered. 


Rearranging the terms in (7), 


n 


EB, = 2kT In L y (8) 


and 


cErKT, (9) 


The number of Schottky defects in a crystal is much smaller than the 


number of atoms; that is, n & N and N — n =N. 
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Fig. 2 


is one Schottky defect for each 10:6 jo: 


It is possible, there- 
fore, to use equation (9) to de- 
termine the approximate num- 
ber of defects present at any 
temperature. 


n œ NeWFvl2kT, 


(10) 


For example, the energy to remove 
a pair of oppositely charged ions 
from a sodium chloride crystal is 
approximately 2 eV so that the 
number of Schottky defects pres- 
ent in NaCl at room temperature 
is approximately 10° defects/cm?. 
The number of Na+! and Cl-! ions 
in 1 cm? of salt is approximately 
10” so that, on an average, there 


ns. Thus the neglect of n as com- 


pared with N in going from equation (9) to (10) is fully justified. 


After a vacancy is created, it takes rela 


tively little energy for an ion 


neighboring a vacancy to shift from its proper position to the vacant 
site. For example, such ionic movement can be produced by interactions 


with phonons. 


The resulting migration of ions through the crystal is 


called diffusion and is further discussed in Chapter 12. As shown there, 
two or more vacancies of opposite sign may come together to form a 
cluster. Figure 2 shows two kinds of Schottky defects most commonly 
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found in crystals, namely, the individual positive and negative vacancy, 
presumed to form near each other, and a coupled pair. 

Frenkel defects. Ina perfect crystal, the energy required to displace 
an atom from its proper position to an interstitial position is Z;. Then, 
if there are N atoms in the crystal and N; interstitial positions ın its 
Structure, there are a 

N! Nal 
WV nini (Wi — n) inl (11) 
s can be formed. The change in the 
the creation of n Frenkel defects is 


Ways in which n Frenkel defect 
Helmholtz free energy produced by 


N! N;! 
F = nE; - kT n nini W nni (12) 


Proceeding as before, the factorial terms are simplified by using Stirling’s 


formula. 
ln — N! G N:! 

(N — n)! qan (N; — n)!n! 

—- (N-an) hn (N - n) — Ni- n 
Substituting (13) into (12) and differentiating with respect to 7, 
Sy ANONG = 
(£) omin me w, a4) 
x 


an 


~NinN + Nin; 
) In (Ni — n) — 2n lnn. (13) 


At equilibrium (a /ðn)r = 0 and since N >” and N: >”, 
; Ni 
ee œln = 
= In (NN) — 2lnn 
Which, after rearranging terms, becomes E 
Inn = $ ln (NN) — ET 


So the 

hat n = (NN)? gR ee 
ental evidence and theoretical calculations, 
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with one another to form atom clusters in the same way that vacancies 
can combine to form voids. The size of the atom clusters, however, is 
more severely limited. In certain halides, the metal atoms may cluster 
together by occupying both the interstitial sites and vacancies to form 
clusters of colloidal proportions. Such a process is believed to take place 
in silver bromide grains after they have been exposed to electromagnetic 
radiation, The latent image formed in a grain of AgBr, contained in a 
photographic emulsion, consists of clusters of silver ions which are later 
reduced to metallic silver by the chemical action of the developer. When 
the suitably processed negative is viewed with visible light, the opaque 
image seen by the observer is formed by the free silver in the grains. 

Disordered crystals. In the lowest energy state of a crystal, the 
atoms are arranged on the correct equipoints of the ideal structure. This 
is the atomic array, therefore, adopted by all crystals at very low tempera- 
tures. As the temperature increases, however, the Helmholtz free energy 
may be actually decreased if the atoms are displaced from their proper 
sites. The higher internal energy state of the crystal is stabilized by an 
increase in the entropy according to relation (9) and the crystal structure 
becomes disordered. Although the details of order-disorder transforma- 
tions are discussed further in Chapter 8, it is appropriate to consider the 
mechanisms of disordering at this time. 

Five basically different mechanisms of disordering can be distinguished 
in a stoichiometrically pure AB compound. 


1. Displacement of A atoms to interstitial sites, leaving an equal 
number of A-type vacancies in the structure 

2. Displacement of B atoms to interstitial sites, accompanied by the 
formation of an equal number of B-type vacancies 

3. Creation of equal numbers of A- and B-type vacancies by the migra- 
tion of the atoms to the crystal’s surface 

4, Creation of equal numbers of interstitial A and B atoms and A- 
and B-type vacancies 

°5, Interchange of A and B atoms in the structure so that some of the 

A atoms occupy B sites and an equal number of B atoms occupy A sites 


The first two mechanisms lead to the formation of Frenkel defects 
whereas the third mechanism produces Schottky defects. The fourth 
mechanism probably never occurs as stated but can occur in combination 
with either of the first three. The name antistructure disorder has been 
suggested for the fifth mechanism, This type of disorder is rare in ionic 
crystals because it would bring ions of like charge next to each other in 
the structure. On the other hand, it occurs quite frequently in alloys at 
elevated temperatures. 

Next, consider what happens when a nonstoichiometric crystal or & 
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so-called solid solution is formed. Suppose that a small amount of 
CdBrs is added to a silver bromide crystal. The Cd+? ions are known 
to enter the structure substitutionally for Agt! ions. The energy 
required to stuff the two relatively large Br-! ions accompanying each 
cadmium ion into the interstices of the AgBr structure is quite large. 
The bromine ions can be pictured, therefore, as remaining on the crystal’s 
surface occupying their appropriate equipoints in the AgBr structure. 
This situation is clearly unstable because the cadmium ions each have 
one more positive charge than the Ag+’ ions for which they are substituted 
whereas the added bromine ions produce an excess negative charge on 
the surface. It will be recalled, however, that AgBr crystals normally 
contain Frenkel defects, that is, interstitial Ag+? ions and cation vacan- 
cies. It is believed that the interstitial silver ions diffuse to the surface 
where they neutralize the bromine ions while the cation vacancies that 
they leave behind balance the excess positive charge of the Cd+? ions. 
At a given temperature, however, the number of Frenkel defects present 
in a crystal is constant and given by equation (15). This requires that, 
at equilibrium, new Frenkel defects be formed in order to replace the 
silver ions that diffused to the surface. Thus the result of adding CdBrz 
to silver bromide can be summarized as follows: The Cd*? ions replace 
Ag+! ions substitutionally- Charge neutrality is retained by the forma- 
tion of cation vacancies in the AgBr structure. Consequently, a solid 
solution of cadmium bromide in silver bromide contains Schottky defects 


in addition to the Frenkel defects normally present. 


Line defects 


Originally, dislocations were introduced in order 
formation of solids, notably metals. Since then 
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A 
Fic. 3. Portion of platinum phthalocyanine crystal showing two edge dislocations. 
(Photograph by J. W. Menter.) 
A. Electron micrograph magnified about 1,500,000 times, 
B. Guide to finding the edge dislocations. 


kind consists of a straight line of atoms, each of which has one less atom 
coordinating it than is required by the crystal structure. Such a disloca- 
tion is indicated by the symbol L in Fig. 4 in which the dislocation line 
is normal to the pictured cross section of a hypothetical structure con- 
sisting of atoms in a simple cubic array. As can be seen in this figure, 
the dislocation line appears to mark the edge of a plane of atoms that has 
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been inserted part way into the crystal. 
called edge dislocations, also sometimes 
Orowan dislocations, after their discoverers. 
tion was introduced by Burgers in 1939 and 
or Burgers dislocation. It consists of a line 
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polyhedron is distorted. The genesis of a screw dislocation is most 
clearly seen in a three-dimensional view of the crystal. F igure 5 shows 
what happens when one part of the crystal is displaced relative to the 
rest of the crystal and the displacement terminates within the crystal. 
The row of atoms marking the termination of the displacement is the 
Burgers dislocation. Note that in the region surrounding the dislocation 
the atoms are in their correct array, as can be seen, for example, on any 
of the vertical faces in Fig. 5. Along the dislocation line, however, the 
coordination polyhedra of the atoms have become distorted by the dis- 
placement. The nature of the distortion can be seen in Fig. 6 which 


Screw 
dislocation 


Fic. 5 


shows a side view of the dislocation and the two sets of atom rows lying 


in the planes just above and below the plane along which the displacement. 
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the amount of distortion gradually disappears with increasing distance 
from the dislocation line. 

A dislocation can be described alternatively by means of a closed loop 
surrounding the dislocation line. This loop, or Burgers circuit, is fermed 
by proceeding through the undisturbed region surrounding a dislocation 
in steps which are integral multiples of a lattice translation. The loop 
is completed by going an equal number of translations in a positive sense 
and negative sense in a plane normal to the dislocation line. Such a loop 


t Screw 


dislocation 


must either close upon itself (if it does not enclose a dislocation) or fail 
to do so by an amount called a Burgers vector 


s = naa + mb + ne (16) 


where na, ne, ne are equal to integers or zero and a, b, c are the three 
primitive lattice translations. The Burgers circuit for a screw dislocation 
is shown in Fig. 7. Starting at some lattice point at the front of the 
crystal, the loop fails to close on itself by one unit translation parallel 
to the dislocation line. This is the Burgers vector s which always points 
in a direction parallel to the screw dislocation. Note that, if the loop 
is continued, it will describe a spiral path around the Burgers dislocation 
similar to the thread of a screw. 

A Burgers circuit surrounding an edge dislocation is shown in Fig. 8. 
Note that in this case the Burgers vector is perpendicular to the edge 
dislocation. It is thus possible to distinguish the two kinds of disloca- 
tions according to the direction of their respective Burgers vectors. 
Also note in Fig. 8 that the atoms in the upper half of the crystal, that is, 
above the plane containing the edge dislocation, are in a state of com- 
pression which is largest at the edge dislocation itself. Conversely, 
directly below the dislocation, the atoms have larger than normal separa- 
tions. In general, a dislocation may be a curved line. Such a disloca- 
tion can always be analvzed i: terms of how much edge character and 
serew character it has hy drawing a Burgers circuit around it. 
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Dislocation theory. The simplest wa; i 
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stable, since it can be shown that such displacements actually consist 
of several dislocations, each of unit length or less. ne 
Figure 10 shows the dislocation line enclosing a displaced region in @ 
crystal (stippled area). The relative motion of the atoms in this region 
is described by the Burgers vector s, which indicates the amount and 
direction of displacement of the atoms lying above the plane containing 
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the dislocation line relative to the undisplaced atoms lying below this 
plane. The atoms lying in the region outside the dislocation line have 
not been displaced. The plane containing the dislocation line is called 
the slip plane. The Burgers vector is the same for all parts of the disloca- 
tion line so that those parts for which the Burgers vector is perpendicular 
to the dislocation line are edge dis- 
locations, whereas those parts for 
which the Burgers vector is parallel 
to the dislocation are screw disloca- 
tions. All other parts of the disloca- 
tion line are mired dislocations. 
These mixed dislocations can be 
resolved into two components, one 
perpendicular and one parallel to the 
dislocation line, as shown in Fig. 10. 
Fia. 10 The relative magnitudes and direc- 

tions of these components can vary aS 

long as their vector sum equals the vector s which connects the two equilib- 
rium positions in a crystal. It should also be noted that the atomic dis- 
placements pictured in Fig. 10 can be described either as a motion of the 
upper part of the crystal to the right (+s) while the bottom part 
remains unmoved or as a motion of the lower part to the left (—s) while 
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the upper part is motionless. These two types of motion are equivalent 
and can be described by the two schemes A and A’ indicated below. 


Displacement scheme A A’ B B’ 


Upper part moves by +s 0 —s 0 (17) 

Lower part moves by 0 -s 0 +s 
Relative motions in the opposite direction are indicated in scheme B 
and B’ of (17), and these motions are said to produce a dislocation having 
an opposite sign. Although this distinction is not important when only 


one dislocation is considered, it takes on & real significance if two or more 
he same crystal. In this connection it is 


dislocations are present in t 5 
usual to speak of a dislocation density p = l/V, where lis the total length 
of all dislocations present in a crystal and V is the total crystal volume. 


If a crystal is presumed to contain a number of parallel dislocation lines 
extending from one face of the crystal to the other, then the dislocation 
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density is given by the number of such dislocations crossing a unit area 
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one more atom than the bottom row. The relative displacements of 
the atoms before the dislocation has moved are shown in Fig. 11A (also 
by open circles in Fig. 11B). After the dislocation has moved, the atoms 
on one side of the dislocation have moved nearer to their correct equilib- 
rium sites (shown by the dashed lines), whereas the atoms lying to the 
right of the dislocation have moved farther away from their equilibrium 
positions. Toa first approximation, the increase in the attractive forces 
for the atoms on the left just equals the increase in the repulsive forces 
for the atoms on the right, so that the forces just balance, and the disloca- 
tion can move without encountering resistance to its motion. 

Because the coordination of the atoms in an edge dislocation is differ- 
ent from other parallel atom rows in the crystal, an edge dislocation is 
free to move only in its slip plane (Fig. 9). By comparison, a screw dis- 
location can move in any plane parallel to itself. This is so because the 
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motion of a screw dislocation consists of producing a slight distortion 
along successive parallel atom rows while the previously distorted regions 
return to their correct configuration. When an edge dislocation moves 
out of its slip plane, a process called climb, such motion must be accom- 
panied by the creation of interstitials (or vacancies). That this is so 
can be seen in Fig. 12 which shows the original dislocation in Fig. 12A 
and its position after it has moved in Fig. 12B. The row of atoms 
removed from the edge of the extra half-plane is shown by the black 
circle in an interstitial position. Actually, this situation is not very 
stable, and such motion of dislocations is usually accompanied by the 
diffusion of the interstitial atoms to other parts of the crystal. 

When dislocations move in a crystal, it is quite likely that they will 
intersect. One possible consequence of such an intersection is shown in 
Fig. 13. When the two mutually perpendicular screw dislocations, 
denoted by their Burgers vectors sı and s» in Fig. 13A, intersect, each 
produces a kink or jog in the other, as shown in Fig. 13B. The jogs pro- 
duced in this case are edge dislocations because their Burgers vectors 
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(equal in magnitude and direction to the Burgers vectors of the disloca- 
tions producing the jog) are at right angles to the original dislocation line. 
Any further movement of the screw dislocations along the dashed line in 
Fig. 13 means that these newly formed edge dislocations must move out 
of their slip planes so that such motion is accompanied by the formation 
of interstitials or vacancies. Another type of jog is shown in Fig. 14, in 
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this case at the edge of the extra half-plane forming an edge dislocation 
in a crystal, The atom at the corner of the jog has only two ~~? 
neighbors whereas all the other atoms along the edge dislocation have 
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stitial position. This is another way in which the motion of a dislocation 
can produce other kinds of imperfections in a crystal, since either of the 
above two mechanisms acts to displace the dislocation by one interatomic 
separation. 


Plane defects 


Large-angle boundaries. The imperfections discussed above can 
exist inside individual crystals. Most common materials consist of 
many small interlocking crystals or grains having random orientations. 
The boundary between two adjacent grains, therefore, must have a 
structure that somehow conforms to the structures and orientations of 
both grains. It is obvious from this that the grain boundary forms a 
discontinuity in the periodicity of the lattice of either crystallite or grain 
and is, therefore, a type of lattice imperfection. The nature of the atomic 
arrangement in the boundary can be deduced from the following reason- 
ing. The forces exerted by individual atoms can extend to other atoms 
over distances that are comparable to atomic dimensions. If two grains 
are separated by a fairly thick noncrystalline layer, each grain should 
continue to grow in size by forcing the atoms at its surface to assume 
positions consistent with its crystal structure, thereby lowering the energy 
of the assembly. This process continues until two grains are separated 
by only a few atoms. At this distance each competing grain pulls on the 
boundary-layer atoms with comparable forces, making the atoms assume 
positions that are some kind of compromise between the requirements of 
the structures of either grain. 

This view is supported by experimental observations. The energies 
of grain boundaries have been measured for several metals. It is possible 
to compute what the energies of the grain boundaries are by assuming 
that the boundary structure corresponds to a series of regularly spaced 
dislocations. When this is done, it turns out that the experimental and 
theoretical values are in very good agreement for misorientations of 
identical planes in two adjacent crystals by as much as 30°. For such 
oS ee ame i sae oe ram structure more nearly approxi- 
of grain i i TEA a “a ree E e vepe 
i ec are gon Sco para le to that of liquid aluminum 

h ary is assumed to be 4 A thick. This is additional proof that 
grain boundaries are only a few atoms in thickness. 

The shapes of grains generally bear no relation to the crystal structures 
of the individual crystallites. Similarly, the shapes of grains formed 
during the solidification process are not appreciably affected by the 
properties of the grain boundaries. When the solid is heated. however, 
the increased mobility of all atoms, and particularly those near the sur- 
face of each grain, is influenced by the surface tension at the grain 
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boundaries. Cyril S. Smith has shown that, because of the surface 
tension, large-angle grain boundaries prefer to form common corners 
between three grains so that the interboundary angles equal 120°. Now, 
although it is possible to form such ideal boundaries in two dimensions, 
it is not possible to fill space completely with polyhedra whose terminal 
planes form 120° angles with each other. Consequently, the effect of 
surface tension is to make the interboundary angles tend toward 120° 
with the result that the individual grains have somewhat irregular forms. 
The properties of grain boundaries also have a pronounced influence 
on the mechanical, electrical, and other properties of polycrystalline 
solids. A polycrystalline solid forms by the simultaneous formation of a 
large number of randomly oriented crystallites. This has several impor- 
tant consequences. As the individual grains grow in size, they tend to 
expel all foreign atoms, interstitials, etc., which, therefore, must collect 
at the boundaries. This means that the grain boundaries may contain 
a variety of imperfections, so that it is very difficult properly to evaluate 
their influence on the mechanical and physical properties of materials. 
As discussed in the next section, it is possible to construct an accurate 
model of a grain boundary only when the misorientation between adjacent 
grains is limited to a small number of degrees. The random orientation 
of the initial grains, however, means that the grain boundaries in most 
solids are large-angle boundaries. Since most materials of practical 
importance are polycrystalline aggregates rather than single crystals, 
the difficulties attendant on the analysis of grain-boundary effects handi- 
cap the understanding of what actually happens in polycrystalline solids. 
Thus many properties deduced from the study of single crystals show 
marked differences when polycrystalline materials are examined. i 
Small-angle boundaries. Two similar models of grain boundaries 
based on two-dimensional arrays of dislocations were independently 
proposed by Bragg and by Burgers in 1940. Suppose that the structures 
of two adjacent grains are tilted by a few degrees relative to each other, 


as shown in Fi _ Provided that the angle of tilt ẹ is not too large, 
babes ae d as shown in Fig. 15B. The result is that a 


these two grains can be joine 
Series of kane edge dislocations is formed along the boundary. The 
Spacing D between adjacent dislocations is readily deduced from Fig. 15. 


Consider th he angle of tilt ¥ in a circle whose radius is D. 

e arc defined by the ang aoe : 
If the translation normal to the boundary b X D, then it 1s very nearly 
equal in length to such an are length. It is possible to write, therefore, 
that 


b= Dy (19) 


where b and D are measured in the same units of length and y is 


expressed in radians. 
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When a small-angle boundary intersects the surface of the material, 
the presence of edge dislocations in this boundary can be observed by 
etching a thin layer of the surface in such a way as to produce small pits 
at the sites of emergence of dislocation lines. The appearance of a row 
of such etch pits along a grain boundary is shown in Fig. 16. Itis possible 
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to confirm (19) experimentally, therefore, by first measuring the spacing D 
between the etch pits. Next, the relative angles at which the two grains 
on each side of the boundary diffract x-rays are determined. The relative 
difference between the two diffraction angles is a direct measure of the 
angle y by which the two grains are tilted with respect to each other: 
Since the translation normal to the grain boundary can be similarly 
determined by means of x-ray diffraction, it can be shown that the spacing 
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calculated from the ratio b/y just equals the value of D determined from 
the distance between adjacent etch pits. 

The misfit between the two grains meeting at the boundary is partially 
relieved by an elastic deformation extending over an area several inter- 
atomic spacings wide. It is possible to calculate the,elastic energy of a 
small-angle boundary, that is, a two-dimensional array of dislocations, 
from the known elastic stress field surrounding a single dislocation. It 


ry in a germanium crystal. 


Fic. 16, tch pits along a small-angle bounda: 
5 Aray oi Sio D (Photographed by 


The tilt between the two regions is slightly more than 1 of arc. 
F. Lineoln Vogel; shown magnified approximately 750 times.) 


has been shown by several investigators that the energy E per unit area 
of boundary depends on the tilt or misfit y according to 


E = Ey(A — ln 4) (20) 


where E> is the elastic strain energy of the dislocation and A is a constant 
that expresses the energy of the misfit. A plot of EW against Inypisa 
straight line. According to (20), the slope of the line is —Zo, and the 
value of A can be determined from the intercept of the line on the E/y 
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many edge dislocations is lowered when the dislocations stack above each 
other in a plane. Such a plane of dislocations is sometimes called a 
dislocation wall and is very similar to the small-angle boundary depicted 
in Fig. 15B. These walls are frequently found to form when a plastically 
deformed crystal is annealed. Phonons interact with the edge disloca- 
tions and provide the dislocation lines with the energy necessary to 
migrate through the crystal and to collect in walls, forming subboundaries 
frequently called polygonization boundaries. When this polygonization 
process occurs, it usually can be observed by x-ray diffraction methods. 


Stacking faults. Suppose that the nth layer in a closest packing is 
an A layer and the (n + 1)th layer is supposed to be a B layer but because 
of a “mistake” in the stacking sequence it is a C layer instead. It is said 
that a stacking fault has been introduced between the nth and (n + 1)th 
layer in that case. For example, consider the stacking sequences 


... ABABABCBCBC... ...- ABCABCBCABCA... 1 
- Ahhhhchhhhh... sem@iccechhececic... @}) 


In the first case, a stacking fault has occurred on one side of the c layer: 
(The choice of the side is based on which sequence is deemed to be the 
correct one.) In the second case, the stacking fault clearly lies betwee? 
the two h layers. Note that the two parts of the closest. packings in (21) 
are centrosymmetric. In the first case, the symmetry centers lie in the ¢ 
layer, whereas in the second case they lie between the two h layers. 
Because the stacking fault marks a plane separating two identical struc- 
tures, it is, in fact, a twin plane. 
The stacking fault can be produced by at least two distinct mechanisms 
As discussed in Chapter 7, when a closest packing of atoms forms in 2 
crystal during its growth, it is possible for a new layer to start incorrectly; 


Imperfections in alomic packings 117 


that is, a C layer can start to grow instead of the B layer required by the 
preceding stacking sequence. If the crystal grows sufficiently rapidly 
this so-called growth fault is incorporated in the final crystal. Similarly, 
it is possible to displace the atoms in, say, a B layer to the sites of a c 
layer during plastic deformation of the crystal. (This actually takes 
place by the relative motion of the two parts of the crystal.) After 
the forces producing the displacement are removed, the so-called deforma- 
tion fault can persist in the crystal because the immediate coordination 
of each atom is not changed (the CN remains at 12 regardless of the 
stacking sequence). Thus only the forces between next-nearest' neighbors 


favor the return of the atoms to 
their original sites. The energy ofa 
stacking fault, therefore, can be 
calculated by taking into account 
interactions between next-nearest ` 
neighbors only. (The contribution 
due to next-next-nearest neighbors is . 
small so that it can be neglected.) 
The measured values of this energy are 
19 ergs/em? in copper and between Fra. 18 
100 to 200 ergs/em? in aluminum. 
It is also possible to describe the production of deformation faults in 
terms of dislocations. Consider the hexagonal closest-packed layer, 
say the A layer shown in Tig. 18. Suppose that the next layer above is a 
Blayer. It can be displaced along the Burgers vector s to produce a unit 
dislocation. Actually, it is much easier to displace the layer to the 
neighboring C sites. (Remember, the nearest-neighbor forces acting on 
each atom are not affected by this change.) When such a partial disloca- 
tion is formed in a closest packing, & stacking fault is produced. For 
example, in cubic closest packings of metals, the slip planes are the 
hexagonal closest-packed planes ((111)). The observed slip directions 
in these crystals are [{110]], the directions along rows of closest-packed 


atoms. From the foregoing discussion (Fig. 18), it is evident that the 
atoms probably move in a zigzag path so that it is not surprising that 
Stacking faults have been found to exist in plastically deformed face- 
Centered cubic metals. A further discussion of plastic deformation is 


Elven in the next chapter. 
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Exercises 


1. Derive the equation relating the number of vacancies n found in a monoatomic 
crystal to the energy Ea required to remove one atom to the crystal’s exterior. 

2. The relation to be derived in Exercise 1 is n = Ne~Fe/*T, If 1 eV is required to 
move an atom from the crystal’s interior to the surface, what is the proportion of 
vacancies present in the crystal at 1000°K? At 300°K? 

3. Starting with an ideally perfect crystal, make a plot of the density (specific 
gravity) of the crystal as a function of the number of defects present for the case of 


(a) Frenkel defects. 
(b) Schottky defects. 


(Such a plot can be prepared without knowing the actual numbers involved by indi- 
cating what the curves would look like and what their probable slopes are.) g 

4. On the basis of a plot like the one described in Exercise 3, do you think it is 
possible to distinguish the two kinds of point defects that may be present in a crystal? 
If densities of crystals can be measured to four decimal places, what is the smallest 
ratio of defects that can be detected by such methods 


(a) In a simple metal? 
(b) In an alkali halide? 


5. Using the five types of mechanisms for defect formation, explain the formation 
of the three types of solid solutions described in the previous chapter. List the defects 
present in cach. 

6. A common method for observing edge dislocations in crystals is to expose the 
crystal to a solvent or etchant. The resulting etch pits are believed to form at places 
where an edge dislocation intersects the crystal’s surface. List some possible reasons 
for this belief. 

7. What combinations of dislocations can you postulate around which the Burgers 
circuit closes upon itself, that is, the Burgers vector is zero? Use sketches to illustrate 

your answer. 

8. Four schemes for producing an edge dislocation are listed in (17). By means of 
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drawings, show that the schemes A and A‘ are equivalent and opposite in sense to the 
dislocations described by schemes B and B’. Use arrows to indicate the direction 
of slip of the displaced region. 

9. Draw a primitive cubic lattice array containing one positive and two negative 
edge dislocations. (Assume that the three dislocations are parallel.) 

10. Show the structure of the (110) plane of NaCl containing an edge dislocation 
purallel to [110] by inserting an extra (110) plane halfway into the crystal. How can 
such a dislocation be created without placing like atoms next to each other? What 
would happen if like ions were placed next to each other? 

11. Consider a crystal containing two parallel edge dislocations which move in two 
parallel slip planes. Assume that the lattice of the crystal is primitive cubic and 
each unit cell contains one atom. If the edge dislocations lying, respectively, above 
and below their associated slip planes move toward each other, what will happen 


when they meet if 


(a) The slip planes are separated by one vertical translation? 
(b) The slip planes are separated by two vertical translations? 
(c) The extra half-planes of each dislocation overlap by one vertical translation? 


Hint: This is an example of the relation between edge dislocations and the generation 


of point defects. S , , 
12. Plot the energy of a grain boundary determined by relation (20) by 


(a) Plotting E/y versus In y. 

(b) Plotting Æ versus y. 
The plot in (b) is a curve which reaches a maximum energy Em at a specific value of the 
tilt angle Ym. 

13. The parameters Eo, Em, and Ym in Exercise 12 are related by Em = Eom. If 
typical values of Em and Ym are 600 ergs/cm? and 0.5 radian, respectively, what are 


the corresponding values of Ho and A in relation (20)? f i 
14. Draw a side view of a stacking fault in a cubic closest packing. Do this by 


showing two layers of atoms (use circles and dots to distinguish them) in planes 


normal to [111]. $ 
15. Using a drawing like the one in Exercise 14, show that there are three ways to 


produce a stacking fault: 


(a) Let slip occur in the [1120] directio 


packed layers. b 
(b) Remove H hexagonal closest-packed layer from the mae and close the gap by 
bringing together the layer above and below the missing layer. s 
(c) Insert a kd closest-packed layer between any two layers in the stack. 
Show that this is equal to a combination of two slips like that in part (a) on twe 
adjacent slip planes. 


n between two parallel hexagonal closest- 
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Mechanical properties of crystals 


Classification of properties 


The largest utilization of crystalline solids is in the construction of 
various objects used by men in their daily lives. These may range in 
size from pins to skyscrapers and differ in their complexity from simple 
articles, formed of one kind of material only, to complex machines con- 
sisting of many different intermeshed components. The suitability of a 
given material to construction purposes is determined by theso-called 
mechanical properties of the solid. On the other hand, components for 
electric circuits, optical systems, or similar devices are selected on the 
basis of their physical properties, for example, conductivity, opacity, 
magnetism, and so forth. A more meaningful classification for the 
purposes of this book is to distinguish between those properties that are 
determined by the actual crystal structure, the so-called structure-sensitive 
properties, and those that are independent of the crystal structure, 
namely, the structure-insensitire properties. The distinction between 
these two categories is usually not clear-cut and is primarily one of 
degree of importance. For example, consider some of the physical 
properties discussed in Chapter 10. It can be shown that electrical 
conductivity in most metals is completely explained by the so-called 
free-electron theory that does not take the crystal structure into account. 
On the other hand, it is not possible to explain the electrical properties 
of nonmetals without considering their crystal structures, Similarly, 
paramagnetism is a structure-insensitive property, but ferromagnetism 
is strongly structure-dependent. Finally, as indicated in the previous 
chapter, the movement of atoms through a crystal, called diffusion, 
depends on the type of imperfections present in the crystal rather than 
on its structure. Yet it should be obvious that the same number of the 
same type of imperfections leads to different diffusivities if two totally 
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different kinds of crystals are considered. As might be expected, the 
sume types of imperfections do not account for the diffusion process 
in all different crystals, so that the very need to invoke different types 
of imperfections implies that diffusion is also structure-sensitive in this 
sense. 

Usually, the physical and mechanical properties of crystals must 
exhibit the same symmetry as that of the crystal structure itself. This 
is so because they depend on the types of forces that exist between atoms, 
which are also responsible for the particular crystal structure adopted. 
It is not surprising, therefore, that most properties of interest to engi- 
neers are structure-sensitive. In this connection, it should be noted 
that the word structure is sometimes used in two different ways: One is 
the meaning employed in this book, that is, the crystal structure; the 
other is used to describe the nature of a polycrystalline specimen as seen 
with the aid of a microscope, that is, whether it is coarse-grained or fine- 
grained, ete. It is probably better to use the term microstructure to 
describe the second case. The important properties for engineers include 
most of the mechanical and physical properties of usual interest. The 
fact that such properties are structure-sensitive does not mean that once a 
crystal’s structure is known its properties can be uniquely determined. 
Unfortunately, this is so because the theoretical treatment of this prob- 
lem is not as yet sufficiently far advanced. On the other hand, enough 
is known to allow certain predictions to be made whenever the crystal 


structure is known. 


Properties of engineering importance. Because of the present 


theoretical limitations in accounting for the many: different properties 
that solids can have, t is usual practice to determine the properties ofa 
solid experimentally. As long as the results are reproducible, such 
experimental values can then be used to determine the design specifica- 
tions for a particular purpose. This leads one to wonder why it is neces- 
sary to seek a theoretical understanding at all, when most of the neces- 
sary data are readily available in handbooks and ein pry pe 
The reason is, simply, that materials presently available = e na 
utilized, but new materials possessing aS yet ae see eat 
z be developed only following te 3 sork pe > Apa a 
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Virtually i r some deformation mM mo ate 
of the criteria for selecting construction materials, i e r 
ability to withstand such deformation. Two ats Ech: a 
tion can be distinguished, depending on whether : e EE 
duced is permanent or not. If the deformation produced Dy 
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stress disappears after the force has been removed, the material is said to 
have deformed elastically. Such elastic defurmation is caused by strains 
which obey Hooke’s law; that is, the atomie displacements are propor- 
tional to the applied force. On the other hand, when the elastic limit of a 
solid is exceeded, permanent or plastic deformation sets in. In practice, 
the elastic limit is very hard to determine. In most experiments either 
it is not reached or else it is exceeded. as evidenced by the occurrence of 
plastic deformation. Furthermore, most actual tests are performed on 
polycrystalline materials so that it is tacitly assumed in such experiments 
that the material tested is homogeneous and isotropic. As shown in 
subsequent sections, this is not usually the case, so that the measurements 
are subject to a number of experimental errors that cannot be exactly 
evaluated. It should also be noted that it is possible to deform a solid, 
below its elastic limit, in such a way that deviations from Hooke’s law 
may be observed. For example, when a wire is suddenly twisted, it does 
not immediately reach its full distortion but approaches the final state 
asymptotically. Nor does the wire immediately regain its original 
form upon removal of the deforming torque. This is called anelastic 
deformation. 

Hardness is another property of common importance that is difficult to 
define on an absolute basis. Mineralogists usually use the so-called 
Mohs scale in which diamond has a hardness of 10, corundum of 9, all 
the way down to talc, which has a hardness of 1. The hardness of any 
other mineral is then determined by a scratch test, that is, by establishing 
which of the minerals in the Mohs scale can scratch the unknown or which 
in turn can be scratched by the unknown. Metallurgical and other 
engineers more commonly use penetration tests such as the Brinell hard- 
ness test or the Rockwell hardness test. In these tests, a suitably 
weighted plunger bears down on the specimen which deforms first 
elastically and then plastically. The depth or diameter of the indenta- 
tion produced by a known load is then used as an indication of the hard- 
ness of the material. Although it is not possible to calculate what the 
hardness of a particular crystal should be on purely theoretical grounds, 
it is generally possible to predict its relative hardness, This is so because 
hardness is a measure of the resistance to deformation, which is directly 
related to the forces that exist between atoms in the solid. Since these 
forces are determined by the type of atoms 


present and their array or 
crystal structure, 


it is possible to predict not only the relative hardness 
of a solid but also related properties suck as ductility, melting point, 
and others whenever the structure is known. 

Anisotropy in crystals. When the properties of a solid do not 
depend on the direction in the solid along which they are measured, the 
solid is said to be isotropic. Thus, anisotropy is defined as the variation 
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of a particular property with direction. Whether a solid is isotropic or 
not, therefore, depends on the property being observed and on the struc- 
ture of the solid. For example, all single crystals belonging to the cubic 
system transmit light isotropically; that is, the velocity of the light is 
independent of direction in the crystal. On the other hand, the elastic 
bic crystals are anisotropic. When such cubic crystals 
crystalline solid, however, the solid can be elastically 
isotropic provided that the orientation of the individual crystallites is 
completely random so that their individual anisotropies cancel out for 
each direction. Conversely, when their orientations are not random, 
the polycrystalline solid is anisotropic, as discussed in the next section. 
Noncubic crystals are anisotropic in all their properties, and the degree 
of their anisotropy is directly related to their crystal structure. As an 
example of extreme anisotropy, consider the micas whose layer structures 
are responsible for their pronounced cleavage parallel to these layers. 
The directional dependence of properties in single crystals suggests 
that these properties can be best expressed in terms of vectors having 
certain components along the three crystallographic axes. The coeffi- 


cients of each component then specify the magnitude of the prope y 


while their vector sum describes the direction. The specification of 
many properties of crystals, however, requires more than three coeffi- 


cients. When the response of the crystal to the conditions imposed on 
it is a linear function of these conditions (for example, when Hooke’s law 
is obeyed in elastic deformation), it is most convenient to express this 
relation by means of a tensor. Electrical conductivity obeying Ohm’s 
law also can be used to illustrate this usage. Suppose that the electric 
field at a given point in the crystal is E. The current produced by this 
field is, in general, not the same for all directions in the crystal. If one 
chooses a cartesian (mutually orthogonal) coordinate system, the current 
components, Ij, Iz, Is, along the three reference axes can be related to the 
three components of the field, Ex, E», Es, by 

I, = Auk + kE: + kE; 

I; = kos + kaÆ2 + kzEs (1) 

I; = ksiE1 + kaÆE: + kssEs 
d collectively by ki; are called the 


properties of cu 
make up a poly 


where the nine coefficients represente à b 
conductivity tensor, Unless certain relations exist between these nine 


coefficients, all nine must be known in order to specify the current. 
Because of the inherent symmetry of crystals, however, it usually turns 


out that some of the coefficients are equal to each other or to zero, 80 


that a much smailer number of coefficients is actually required to describe 
a particular property. For example, it can be shown that the tensor in 
equations (1) is a symmetric tensor, that is, ky = ky In fact, it turns 
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out that, if the three reference axes are properly chosen, only three 
independent coefficients are required to describe the current in any 
crystal. Denoting these coefficients o1, cz, and o3, the current can be 
expressed by the relation 


I 


L+h+1; 
oE, + oÆ + oE; 
3 


x oE;. (2) 


i=l 


The electrical properties of any crystal, therefore, can be expressed in 
terms of its three conductivities ø; or its three resistivities pi, since 
c =1/p. Consequently, it is a vector property rather than a tensor 
property. (A vector is sometimes referred to as a first-order tensor, 
since the order of a tensor n is determined by the maximum number of 
coefficients 3", required to specify the tensor.) 

Preferred orientation in polycrystalline aggregates. Because 
many materials, notably metals, are formed under anisotropic conditions, 


Fic. 1 


the grains composing them tend to orient themselves’ in a nonrandom 
fashion. The resulting preferred orientation or texture is, of course, due 
to the anisotropies of the individual crystallites, 
metal wire is drawn through a die, the de 
the crystallites to align in such a way 
direction in each grain is par 


For example, when 2 
formation of the metal causes 
that a particular crystallographic 


allel to the drawing direction. The resulting 
fiber texture of the wire then consists of one common direction in each 


grain parallel to the wire axis and a random orientation of the grains 
about this common direction. Figure 1 illustrates the case of preferred 
orientation of cubic crystallites in Which the wire axis is parallel to their 
({100]] directions. (The cross-sectional view in Fig. 1 shows the random- 
ness of their orientation around the wire axis.) When a metal is deformed 
biaxially, say in the rolling of a sheet, the crystallites align preferentially 
along two directions. In the resulting sheet texture, one direction is 
normal to the plane of the sheet, that is, certain crystallographic planes 
tend to lie in the plane of the sheet, and the other direction is parallel to 
the rolling direction. Preferred orientation can be produced in other 
waysalso. For example, certain substances tend to form crystals having 
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needlelike or platelike habits. When such crystallites are compacted 
or sintered in order to produce a larger solid, they tend to have certain 
directions in common. 

The presence of preferred orientation can produce undesirable con- 
sequences. The strength and related properties of devices formed from 
such materials reflect the anisotropy of the individual crystallites com- 
prising them. For example, when circular cups are stamped from metal 
sheets having preferred orientation, the sides of the cups produced are 
an effect called “earing.” In many applications, therefore, 
be avoided whenever possible. Sometimes it 
ls by proper annealing following the working 
of the metal. Conversely, it is possible that certain applications require 
the presence of preferred orientation. As discussed in a later chapter, 
ystal depends on the crystallographic 


the ease of magnetization of a cr 
direction that is parallel to the magnetic field. Depending on the desired 


end result, it may be required to have an easy or u hard direction of 
magnetization parallel to a particular direction in the final device. 


not even, 
preferred orientation is to 
can be removed from meta 


Elastic deformation 


The application of an external stress to a single 
a temporary deformation which disappears when the 
Whether a stressed crystal deforms elastically or 
ically depends on the magnitude of the stress 
and the nature of the interatomic bonds in the crystal. Under normal 
loads, metal crystals rarely deform elastically without some plastic 
deformation also taking place. On the other hand, many nonmetallic 
crystals can be deformed elastically quite easily. 

When a crystal is stressed, it exerts equal and opposite forces that 
resist further deformation S0 that, at equilibrium, the two sets of forces 

he crystal is considered, 


are balanced and equal. Ifa particular plane in t 
it is possible to resolve the external stress into three mutually orthogonal 


components, The one that is normal to the plane is called the normal 
stress e while the two lying in the plane are called the shear stresses 7. It 
is always possible to select three mutually perpendicular planes such that 
the shear stress for these planes is zero. These three planes are called 
the three principal planes, and the normal stresses acting on each plane 
are called the three principal stresses of the crystal. For example, con- 
sider a cylindrical crystal that is being compressed along the cylinder 
axis. The plane normal to the compressive stress and any two mutually 
orthogonal planes that are parallel to the compression direction can be 
selected as the principal planes. In this simple example, the principal 
stresses on the last two planes are Zero, while the principal stress on the 


Single crystals. 
crystal can produce 
stress is removed. 
whether it deforms plast 
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plane normal to the compression direction is equal to the applied force 
divided by the area of the plane. If any other plane in this crystal is 
selected, both the normal and the shear stresses have nonzero values. 
Consider a plane inclined at 90° — ¢ to the compression direction, as 
shown in Fig. 2. The normal stress on this plane is determined by 
dividing the force component normal to the face, F cos ¢, by the area of 
the plane A/cos ¢, where A is the cross-sectional area of the crystal. 


Fic. 2 


Similarly, the shear stress is obtained by dividing the force component 
parallel to the plane by its area so that 


7 


c= _ cos? (3) ; 
and T= F sin $ cos ¢. 


The normal strain in the crystal, €, is defined as the ratio of the change 
in its length Al to the original length J, 
Al 


=F (4) 


According to Hooke’s law, the normal strain produced by an applied 
stress ¢ = F/A is 


e= 


A (5) 


where E is Young’s modulus. The shear strain y is similarly given by 


TF: ©) 


where G is the shear modulus of el 


asticity, also called the torsion modulus. 
Consider the infinitesimal cu 


bic element of volume within a crystal 
shown in Fig. 3. The equilibrium normal stresses acting on each cube 
face can be denoted Tz, €y, and o,, Tespectively. In order to describe the 
shear stresses, two subscripts are used. The first subscript denotes the 
plane within which the stress lies by naming the axis which the plane 
intersects, and the second subscript denotes the shear-stress direction 


Mechanical properties of crystals 127 
An inspection of Fig. 3 shows that if the sh 
spe . ear stresses i ilibri 
that is, if the cube does not rotate, then oa 
Tys = Try Tiz = Tzs Try = Tyz (7) 


Six stress components, oz, Gy; Cz, Tzy, Tyzy T2zy therefore, are sufficient to 
describe the state of stress at any point in the crystal. If these stresses 
are the same at every point in the crystal, it is said to be homogeneously 


Tag 


i 
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Stressed. For such a crystal, the relations between stress and strain are 
given by the generalized form of Hooke’s law (5). The six strains are 


Es = Sys + S120y F S139: + SiTy F Sistez + S167 zy 
S210 + 8220y + S230: H S2eTye F S267 22 + saotzy 


& = 

E, = 83102 + 8329y + 83302 + S34Tyr + Sastsx F S36Tzy (8) 
Yue = Suz + S42dy F 8439s + Saatys F 845Tiz F Saetey 

Yer = 85102 H 8520y + 85302 + 8547y: + SssTsz + Ssersy 


Yay = 86102 + 8620y bE Soage + Soatys + Soste2 F SoTa 


and the six stresses are 

+ cy€y + Cra: + cis: + Cis Y22 F C16Yzv 

+ con€y + Cos€s + CAYve + CosYsz + C26Yzv 

+ CayEz + Carve F CasYee + Cse¥zv (9) 
+ CE: + ChY: + CasYez + CasYzv 


Oz = CEs 
Oy = CEs 
O, = C31E2 + Ca2€y 


Tus = CayEz + Ca2by 
Tex = Cg1Ez + C52Ey F C538: A Cs4Yys + Cs8Yex F Css Yzv 
Tay = Co1Er F Corey + Coaes F Corus + cosyez + CooYev 


ants and the c;’s are called elastic 
e constants equal each other or are 
re symmetric tensors; 
tal number of elastic 


boat the si's are the elastic const 
ieee pe ortunately, many of thes 
that, _ Also, in crystals, the tensors 1n (8) and (9) a 

is, sy = s; and cy = ci Thiè reduces the to 
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constants from thirty-six to twenty-one in the triclinic system. If the 
crystal has additional symmetry, the total number is decreased still 
further, to five in the hexagonal system and to three in the cubic. In 
the cubic system, the elasticity tensor in (8) is 


Siu S12 Si2 0 0 
S12 Su S12 0 0 
S12 S12 Sir 0 0 (10) 


ogo oo 


0 0 0 0 S44 
0 0 0 0 0 S44. 


The value of the three elastic constants, S1, S19, S44, must be determined 
experimentally for a cubic crystal. Once these constants have been 
determined, it is possible to calculate the strains produced by any set 
of applied stresses. 

The principal stresses o1, o2, 03 in an isotropic body are related to the 
principal strains by 


& = ile — vee + o:)] 


o 


= Flee — vos +o] oD 


m 


1 
a= los — v(o1 + o2)] 


where v is Poissun’s ratio, 
ram Í: (12) 


- In an isotropic body (usually noncrystalline) s4 = 2(s1ı — s12), and there 
are only two independent elastic constants so that E = 1/sy,@ = 1/sss; 
and v = —s\2/su. Because most practical materi: 
the above relations for isotropic bodies can be ap 
provided only that the crystallite size is very sma 
is completely random. 

Polycrystalline aggregates. 
deformed elastically, the above rel 


als are polycrystalline, 
plied to such materials 
ll and their orientation 


When a polycrystalline material is 

ations are obeyed onl imately- 
The reason for this is that the elastic ee of Ae? 
aggregate are the averages of the individual properties of the crystallites 
comprising it. One of the principal factors that complicates the situation 
is that the crystallites usually are not oriented completely at random. 
An example of the anisotropy produced by preferred orientation is given 
in Fig. 4 which shows the variation of Young’s modulus for a rolled sheet- 
As might be expected, the variation is symmetrical about the rolling 
direction. Another factor that affects the elastic properties of poly- 
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crystalline aggregates is that the grain boundaries have different moduli 
than the crystallites. The large concentration of imperfections at grain 
boundaries also means that some plastic deformation invariably occurs 
under an applied stress. The consequence of this is that the only mean- 
ingful calculations possible are based on averaging processes which take 
the various factors into account in an approximate way. Finally, it’ 


{ Rolling 
i direction 


ú 
Transverse 


m 
Transverse 
direction 


direction 
Fig. 4. Anisotropy in a polycrystalline sheet. The arrows indicate the direction 
along which Young’s modulus has the value shown by the curved line. 


should be noted that the preferred orientation and crystallite size usually 
change during the annealing of a metal so that the elastic moduli before 


and after annealing may be different. 


Plastic deformation 


Slip in single crystals. Plastic deformation of a crystal takes place 
through a relative motion of the constituent atoms under an applied 
stress. It can be shown by direct calculation, based on the interatomic 
forces between the atoms in a crystal, that the stress needed to produce 
this motion in an ideal crystal is several orders of magnitude greater than 
that actually applied. Thus the assumption of a perfect crystal struc- 
ture leads to an erroneous result indicating that some deviations from 
perfection must be present in real crystals. The imperfections that have 
been postulated to explain this anomaly are either dislocations already 
present in the crystal or else new dislocations generated by the applied 
stress. Alternatively, one can postulate that internal flaws such as tiny 
cracks or intracrystalline boundaries may help to “weaken” the crystal. 
In any case, if the plastic deformation can be pictured as a displacement 
of atoms lying in one plane relative to the atoms lying in an adjacent 
parallel plane, the process can be best described in terms of the movement 
of dislocations separating the displaced region from the undisplaced one. 
The relative atomic displacement involved can be thought of as a slip or 
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gliding of certain atomic planes past each other. The planes along which 
the resulting displacement occurs are usually called slip planes by 
metallurgists and glide planes by mineralogists.t The direction within 
the slip plane along which the atoms move is called the slip direction. 
The most frequently occurring slip planes and slip directions in simple 
metals are given below. Note that generally the slip planes are among 
the densest planes in these close-packed structures. 


Hexagonal 
closest § Face-centered Body-centered 
packing cubic cubic 
Slip planes (0001) ((111)) ((112)),((110)),((123)) (13) 
Slip directions [[2110]] [[110]] [111]] 


When a crystal deforms elastically, the individual atomic displacements 
must be small so that the elastic restoring forces between the atoms are 
not disrupted. Conversely, in the case of plastic deformation, the atoms 
must move from one equilibrium position to another. Since a motion 
of all the atoms lying in the slip plane is involved, the displacement of 
the atoms must equal an integral number of translations in the slip 
direction. Normally, slip does not occur on all the parallel planes 2 
the crystal but rather along those planes on which the resistance tO 
deformation is decreased by the presence of structural irregularities 
(dislocations). Thus the deformation can be pictured as a relative 
displacement of thin undeformed layers called glide packets. The thick- 
ness of these packets varies from crystal to crystal but is usually of the 
order of 10-* to 10-5 cm. The presence of undeformed regions in the 
crystal is attested to by the appearance of slip striae on the surface of the 
crystal marking the intersections of the slip planes with the erystal’s 
surface. The slip striae appear only on faces that are nonparallel to the 
slip direction. Suppose that a crystal is deformed as shown in Fig. 5A. 
The protrusions of each glide packet are equal to only one or two transla- 
tions in the slip direction, so that they cannot be directly observed, #2 
only the slip striae are visible, as shown in Fig. 5B. Since the slip striae 
are manifest on all the planes of one zone, it is not possible to determine 
the actual slip direction for such a crystal, only the slip plane. On the 
other hand, consider a crystal deformed as shown in Fig. 6A. Since 
the atoms move from one translation-equivalent position to another 
parallel to a crystal face, the crystal faces parallel to the slip ‘direction 
[uw] do not show slip striae and the crystal appears as shown in Fig. 68- 


t The term glide plane has another meaning in c i ' in the 
8 f rystallography, introduced im 
discussion of symmetry elements in Chapter 2. For this reason, the term slip plané 


ig used in this book in the discussion of plastic deformation. 
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- It is possible to determine the slip direction, therefore, by finding unstri- 
ated faces parallel to the slip direction. In the absence of natural faces, 
it is still possible to make the observations by artificially grinding such 
faces. In the cubic system, [hkl] is normal to (hkl) so that slipping can 
occur along several planes simultaneously. When such multiple slipping 
occurs, all the crystal faces will exhibit slip bands except when the 
so-called active slip systems have parallel slip directions. 


gE 
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Multiple slip occurs in sodium chloride, for example. The slip plane 
in NaCl is (110), and two adjacent (110) planes are shown in Fig. 7. 
Note that the (110) planes consist of alternating parallel rows of sodium 
and chlorine atoms. If slip were to occur in any direction but [1 10], like 
atoms in adjacent sheets would pass over each other so that the repulsive 
forces between them oppose such movement. This does not occur for 
slip along [110], which is believed 


to be the reason why the slip sys- 
tem in NaCl and other alkali = 
halides is (110) - [110]. „Similarly, 
it is possible for slip to occur along 
any of the [[110]] directions in the ø 
((001)) planes of other crystals ras 
having this structure. Again, the f 
explanation of the slip system is Z 
that unlike atoms pass over each 

A B 


other and it isnot necessary to break 

all the first coordination bonds Fia. 6 

formed by each atom. As the 

bonds on one side of the moving atoms are broken, identical bonds are 
formed on the other side of each atom. By comparison, the bonding in 
metal crystals is due to an electrostatic attraction between the valence 
electrons, which are not localized at the sites of their parent atoms but 
are free to permeate the crystals as a whole, and the positive ion cores 
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_— 
[10] 


tic 7 


of each atom. The electrous, therefore, act as a sort of “Jubricant” 
during deformation. Consequently, metal crystals are highly plasti¢ 
and slip is likely to occur along any densely packed plane. For example 
net planes in body-centered cubic æ iron are ((110)), ((112)), 2” 
Mechanism of deformation. Before considering the detailed 
mechanisms responsible for the deformation of crystals, it is of interest 
to determine the value of the stress necessary to produce deformatio?- 
Slip occurs when the shear-stress component parallel to a favorab 
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oriented plane (in the slip direction) reaches a critical value. (The 
actual magnitude of this shear stress depends on the temperature.) 
As discussed later, it is possible that a weaker stress can also produce 
plastic or permanent deformation; in that case, however, the deformation 
proceeds very sluggishly, and the process is called creep. Regardless of 
the direction of the applied force, slip occurs on the potential slip plane 
in a crystal at the same critical resolved shear-stress value. Consider the 
cylinder-shaped crystal with a cross-sectional area A as shown in Fig. 8. 
The slip plane is shaded in this figure, and since it is inclined by an 
amount ¢ to the cross section of the crystal, its area is A/cos ¢. If the 


Normal to 


ie slip plane 


-| —> Force 
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slip direction forms the angle à with the direction of the applied force, 
the force component in the slip direction is F cos). The critical resolved 
shear stress then becomes 

force 

area 

F cos à 

A /cos $ 


= £ cos ¢ cos À. (14) 


T= 


l crystals is 10 to 100 g/mm*. Numerous 
t this is the only stress component that 
affects slip in most metal crystals.. The stress component normal to the 
slip planes has no observable effect, as has been demonstrated by loading 
ifferent crystals hydrostatically- The importance of equation (14) was 
first pointed out by E. Schmid, and it is often called Schmid’s law. 
When an external force is applied to a crystal, the type of deformation 
Produced also depends on the way in which the force is applied. The 
Simplest way to produce deformation is to apply & shear couple parallel 
to a slip direction. Deformation then proceeds by the slipping of parallel. 


The value of 7 for most meta 
experiments have shown tha 
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Fig. 9 


glide packets by one or more translations parallel to the slip direction, 
and the process is culled translation gliding. If the amount of slip is lepa 
than a translation, a deformation twin results, as discussed in a later 
chapter. Alternatively, if a force couple is applied so as to bend the 
crystal, shear can take place between adjacent glide packets to pradu 
bend gliding. Suppose that the forces acting on a rectangular crysta 
are as shown in Fig. 94. The bottoms of each glide packet are then 
stressed in compression and the tops in tension, as shown in Fig. 9B. 
The final appearance of the crystal is as shown in Fig. 9C. Usually the 
two ends of the crystal show the slip bands. f 

The stresses in the individua! glide packets can be relieved by inserting 
extra planes, as shown in lig. 10. This produces a number of equally 
spaced edge dislocations of the same sign. It is possible to calculate 
the number of such dislocations needed to produce a curvature of radius 7. 
If the thickness of the glide packet 
is T, the circumferential strain at 
each surface is +7/2r, Between 
two adjacent packets, the total 
length of the misfit produced per 
unit length in the slip direction is 
T/r. If the Burgers vector of the 
dislocations producing this misfit is s, then there are T/rs dislocations 
present per unit length. Finally, the dislocation density, p, in the entire 
erystal can be determined by noting that 


number of dislocations 
in glide packet 

T/rs X 1/T 

1 


number of glide packets 
in unit thickness 


ay (15) 


When a crystal is stressed in one of the ways described above it if 
doubtful that slip occurs by a simultaneous displacement of all the atoms 
in the slip plane. It is far more likely that the atomic displacements 
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proceed consecutively so that at any instant of time some of the atoms 
in the slip plane are displaced while others are not. The boundar 

between the slipped and unslipped regions is called a slip dislocation pe 
the dislocation line must be either a closed loop within the Pastal or 
else terminate on one or two of its faces. Slip can proceed, therefore, by 
the movement of the slip dislocation along the slip plane and in the AnS 
direction. In order for the deformation process to continue, many new 
dislocations are produced in a region where the stress concentration is 
exceptionally high. Such a region may be produced around an inclusion 
in the crystal or at an internal crack or intracrystalline boundary. When 
a unit dislocation moves through & crystal, it produces a unit of slip. 
To account for the observed slip in crystals, therefore, it is necessary tc 


postulate the existence of a source 
that continuously produces new 4 
dislocations. Similar mechanisms i 


for doing this were independently 
conceived by Frank and Read. If 
a dislocation is anchored at two 
imperfections in the crystal, it is 
driven by the applied stress through 
the slip plane by forming an ever- 
increasing loop, as shown by the 
stages 1 to 4 in Fig. 11. As can be 
Seen in this figure, at stage 4, the 
dislocation loop has closed in on 
itself. Further motion then results Fie. 11 


in a growth of the external part of : 
the loop while the inner portion returns to stage 1, ready to 


resume the process. The existence of such sources in actual crystals 
was recently dem onstrated by w. C. Dash. Figure 12 shows a photo- 
graph of a Frank-Read source obtained by Dash by diffusing Cu into 
a silicon crystal. The copper has precipitated along the discontinuities 
Produced by several dislocation loops emanating from-azcommon, source 
, and renders them visible wh s viewed with infrared light. 


: en the crystal is viewer A 
a also possible to produce dislocations by & similar mechanism when 
ie) a . 

Y one end of a dislocation } 


s anchored within the oy er at a 
Screw di ; : -> plane. In this case, the islocation 
moving ge a neg ae he of a spiral continuously winding 
around the Polat oe it is anchored. Other mechanisms for generating 
dislocations ma io bë possible; however; theoretical calculation of the 
Propagation of Seas is so complicated that a a8 currently possible 
to present only a semiquantitati ture of the slip mechanism. 


ve pic A Saige 
F. C. Frank has shown that the strain energy of a dislocation is propor- 
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Fic. 12. Photograph of a Frank-Read source in a silicon crystal. The dislocation 
loops are rendered visible hy the precipitation of copper atoms along the dislocations. 
(Photograph taken with infrared by W. C. Dash.) 


tional to the square of the length of its Burgers vector. Thus the energy 
of a dislocation whose Burgers vector is two translations long can be 
reduced by half by dissociating ‘the dislocation into two separated unit 
dislocations. In a crystal, the unit dislocations of lowest energy are 
determined by its structure. A unit dislocation has a low energy when 
its Burgers vector is parallel to a direction of closest packing in the struct- 
ture. Since the Burgers vector is also parallel to the slip direction, this 
is the reason why slip usually occurs along directions of closest packing 
in crystals. In case the crystal structure is a closest packing, therefore, 
it is possible for a unit dislocation lying in a closest-packed plane, but not 
parallel to a closest-packed direction, to dissociate iuto two half-disloca- 
tions that are parallel to two closest-packed directions. This occurs, for 
example, when one closest-packed layer glides past another. Instead 
of moving directly from one equivalent position to another, the layer slips 
first to an adjacent nonequivalent position and then slips to the transla- 
tion-equivalent site. If slip is arrested before the translation-equivalent 
site is reached, a stacking fault is produced, as shown in the previous 
chapter. 

Continued working or deformation of a solid produces large numbers 
of dislocations in the various slip planes that are active. As the disloca- 
tions move under an applied stress, they intersect each other, producing 
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jogs, and otherwise interfere with each other’s motion. Continued 
working of a solid, therefore, ultimately decreases its plasticity by 
increasing the dislocation density, leading to what is commonly called 
work-hardening. It can be shown that this effect becomes important 
when the forces between dislocations are, on an average, of the same order 
as the forces due to the applied stress. This is the case when the density 
of dislocations becomes fairly large. Calculations of the distances 
between two dislocations when this stage is reached show that work- 
hardening occurs when the dislocation density is of the order of 10° dis- 
locations/em?. The motion of dislocations is also impeded by the 
presence of other kinds of imperfections in the crystal, say foreign atoms 
included substitutionally or interstitially, so that additional energy is 
required for a dislocation to move past such an obstruction. Neverthe- 
less it is possible for plastic deformation to occur even when the applied 
stress is less than the critical resolved shear-stress value (14). This type 
of deformation is called creep and is explained by postulating that the 
additional energy required to move a dislocation is supplied by the 
phonons present in a crystal. Because the number of cooperative 
phonon-dislocation interactions needed to move a dislocation through 
the crystal is, of necessity, a large one, creep proceeds relatively slowly at 
ordinary temperatures. In most commercial alloys, after a slight initial 
deformation, creep due to & static load becomes So small as to be negligible 
for most purposes. (This is not true of very pure metals or of elements 
like lead.) On the other hand, creep can become a serious problem at 
elevated temperatures. In polycrystalline materials, creep can occur 
by a relative movement of two neighboring grains along their boundary 
or by the diffusion of vacancies from one side of a grain to the other. 
Several specific models employing dislocations also have been proposed to 
explain creep and are described in some of,the references given at the 
end of thi 
etane. has the stress normal to a crystallographic plane exceeds 
a critical value, the planes part and the erystal breaks. In single crystals, 
this is called cleavage when it occurs along well-defined planes so that the 
two halves of the fractured erystal are bounded by flat faces. The 
cleavage planes are usually planes separated by large interplanar spacings 
such as th + NaCl or a-Fe. On the other hand, the 
ane e ((100)) planes n © dify this generalization 
ure of the interatomic forces mM crystals can mo ify g ' 


For example, crystals having layered structures cleave along planes 


parallel forces between layers are frequently 
fo the layers becats me tals tend to cleave 


weaker than th “hi layer. Because crys 
ose within a laye 
along certain planes only, the critical stress necessary to produce 


cleavage depends on the crystal’s orientation relative to the stress 


direction. 
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Similarly, the radius of covalently bonded nickel depends on the orbitals used, as 
follows: 


1.21 A if octahedral d?sp? orbitals are used 
1.22 A if square dsp? orbitals are used 
1.23 A if tetrahedral sp? orbitals are used 


As can be seen from the above, it is not possible to assign a single radius to cover all 
cases of covalent bonding. Moreover, it should be remembered that most atoms do 


Table 1 à 
Crystal radii of Pauling} (in Angstroms) 


} Linus Pauling, The nature of the chemica 
Ithaca, N.Y., 1948), p. 346. 
t Univalent radii. 


l bond, 2d ed. (Cornell University Press, 


not form purely covalent bonds in crystals. 
appear to have very nearly the same radii in a 
believed to be covalently bonded. Table 3 list: 
These radii are appropriate, strictly speaking, 
coordination. 

Metallic radii, Probably the simplest radii to determine are those of metal ele- 
ments. These can be determined by halving the known Me-Me distances in the metal 
crystals. Nevertheless, two problems arise in this connection. First of all, the 
interatomic separations are usually not the same for different allotropic modifications. 
Secondarily, in the case of noncubic metals, there are two or more interatomic dis- 


Nevertheless, a number of elements 
number of crystals in which they are 
s such radii for a number of elements: 
only when the atoms have tetrahedral 
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Exercises 
1. In the Mohs «cale, the hardness of a fingernail is ~2, of a pocketknife ~ 5, of 


ordinary glass 5%, and of a steel file 6}. Using these implements, determine the 
relative hardness of three kinds of metals. 
2. List some possible reasons why coarse-grained polycrystalline solids should have 


a lower tensile strength than fine-grained solids of the same material. 

3. Make a sketch of the sheet texture found to occur most commonly in face- 
centered cubic metals. In this texture, the crystallographic planes parallel to the 
sheet are ((110)) with {{112]] parallel to the rolling direction. 

4. What are the principal planes in a square prism being stressed in tension along 
the prism axis? Ina rectangular prism being compressed along the shortest axis? 

5. Calculate the three principal stresses in an aluminum crystal, assuming that 
relation (11) applies. For aluminum, Æ = 7700 kg/mm’, G = 2900 kg/mm’, sıı = 
1.59 X 10-12 em2/dyne, $12 = —0.58 X 107!? cm?/dyne, su = 3.52 X 107? cm?/dyne. 

6. It can be shown that a dislocation starts to move in its slip plane when the 
applied stress 7 ~ Gs/L, where G is the average shear modulus, s is the Burgers vector 
of the dislocations, and L is the diameter of the dislocation loop. If L can be used 
as a measure of the length of & Frank-Read source (Fig. 11), what is the minimum 
value that L can have for slip to occur in the [110] direction of a copper crystal under 
an applied atress of 5.00 kg/mm? (@ = 2900 kg/mm? a = £615 

7. Consider the slip system of NaCl (110) - [110]. Show how it is possible for slip 


according to the above scheme to initiate slip in the slip system (170) - [110]. (Do this 
by considering an edge dislocation parallel to [001] in a unit cube.) If slip occurs on 
bet slip systems, it is called double slip- 
this re iron plate is bent to a radius of 10 cm. 
aie ate after bending if the dimensions of the 

emt parallel to the curvature is 2.5 2 

9. Although the shortest unit translation in & body 
ai nm, an edge dislocation having & uni 

issociate into two dislocations whose Burger 

versely, if two dislocations with Burgers vectors parallel to 
can dissociate into two [111] dislocations. Prove the above two state! 
energy considerations. 


What is the dislocation density in 
late are 0.4 X 3.0 X 12 cm and the 


„centered cubic crystal is parallel 
-ector parallel to [100] does not 
s vectors are parallel to [111]. Con- 
[100] and [010] cross, they 
ments by using 


1 


Formation of crystals 


Crystal growth 


The beauty and sparkle of many-faceted crystals found all over the 
earth’s crust have attracted man’s interest since the beginning of recorded 
history. During most of this history, crystals have been treasured 
primarily because of their ornamental value. More recently, however, 
new applications for single crystals have been discovered in what are 
loosely called solid-state devices. Because many properties of solids 
are best studied with single crystals, the increasing interest in the nature 
of solids also has required that crystals be grown under controlled condi- 
tions for a variety of investigations. To date, almost all naturally 
occurring crystals of interest have been synthesized successfully in the 
laboratory. In the course of such syntheses, a great deal has been 
learned about the growth process itself. Some of the highlights of the 
growth of single crystals are reviewed below. It often happens that 
what appears to be a single crystal is actually a twin composed of two or 
more single entities bearing specific orientations to each other. Some of 
the processes whereby twins are produced, therefore, are also discussed 
in this chapter. 

Velocity of growth. The world of minerals provides many examples 
of crystals bounded by well-developed plane faces which exhibit the 
point-group symmetry of the crystal structure. It was the observation 
of the regularity of these faces that led R. J. Haity to declare in 1772 that 
similar faces on different crystals of the same mineral form identical angles. 
This so-called law of Haüy further states that these angles are charac- 
teristic of each different kind of crystal. In fact, this law may be con- 
sidered to have laid the foundation of the science of crystallography. It 
was not until the beginning of the twentieth century, however, that the 
first accurate experiments were conducted to determine the process by 
which these faces were developed by crystals. In a rather ingenious 
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experiment, G. Wulff immersed a transparent crystal seed in a liquid 
containing an isomorphous salt in solution. As the crystal grew by 
addition of the isomorphous salt, he measured the thicknesses of the new 
layers deposited on different faces of the crystal and established thereby 
the relative growth velocities of the different faces. From that experi- 
ment through to the present time, a great deal of research has gone into 
the study of the various factors that affect the growth rate of crystal faces. 

If the velocity of growth of a number of crystal faces is known, it is 
a simple geometrical construction to predict the faces 
s the crystal continues growing. Draw two 
int O normal to any two crystal faces so that 


possible to use 
that will predominate a 


vectors from a common pol 


Q 


o 
B 


rtional to thë relative growth velocities of these 
faces. Then draw the faces and connect their intersection to the origin, 
as shown in Fig. 14. Finally, draw a line intersecting = growth- 
velocity vectors normal to this construction line. The following relations 
now can be deduced from an analysis of similar right triangles in Fig. lA. 


From the similar right triangles OPQ and Ogp 


their lengths are propo 


OP:0q = OQ:0P (1) 
and from the similar right triangles ORQ and Oqr 
OR:0q = 00:0". (2) 
Relations (1) and (2) can be alternatively written 
Op = oP (0Q - 09) 
(3) 
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As can be seen in (3), the lines Op and Or are respectively proportional to 
the reciprocals of the growth-velocity vectors. These lines are called 
index vectors because they can be used to indicate when a particular face 
is present on the crystal. 

, Consider Fig. 1B which shows the same two faces of F: ig. 1A except that 
a virtual third face has been added at S. It follows from the analysis 
leading to (3) that the index vector of the new face is related to its growth- 

velocity vector by 


Sex D5 (0Q - 04). (4) 


Now it is easy to see that, if the index 
vector of this face, Os, lies inside the tri- 
angle Opr, the new face does not intersect 
the two faces already present; that is, the 
new face does not appear on the crystal. 
Conversely, if Os lies outside the triangle 
Opr, the new face intersects the other two 
faces and it does appear on the crystal. 
When Ọs terminates on the line pr, then the 
new face just appears (or disappears): 
Since the index vector is inversely proportional to the growth velocity, 
it follows that fast-growing faces are eliminated whereas slow-growing faces 
persist in a crystal. 

The relationship between the faces present on a crystal, called its 
form or habit, and the index vectors can be readily seen by extending the 
above construction to include other possible faces of the crystal. Figure 2 
shows a cross section of an actual crystal and the index vectors of its faces 
The polygon defined by the index vectors is called the index polygon and, 
as can be seen in Fig. 2, it is reciprocal to the crystal’s form. The above 
tend to eliminate themselves can be 


Fic. 2 


ces are rapidly replaced by a few 
larger ones. The successive development of faces seen on the sphere }§ 
diagrammatically shown by a cross-sectional view in Fig. 3. 

The tendency of certain faces to grow more slowly and, hence, tO 
predominate in the crystal’s habit is related in a simple way to its strut- 
ture. Certain planes in the crystal contain more atoms per unit are 
than do others. It is reasonable that these denser planes should take 
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longer to complete a new layer than the less dense ones, so that it is 
possible to make a generalization that the growth velocity of a face is 
inversely proportional to its atomic density. This rule was first postulated 
by A. Bravais who based it on the assumption that the lattice planes 
having the largest reticular density are parallel to the slowest-growing 
crystal faces. Since the densest lattice planes have the largest inter- 
planar spacings, the so-called law of Bravais states that the relative 
importance of the faces of a crystal is directly proportional to the interplanar 
spacing of the parallel lattice planes. Here, 
the term “importance” refers to both the 
frequency of occurrence and the size or 
area of the faces. 

The examination of the crystal habits of 
a large number of crystals shows that the 
law of Bravais is not always obeyed so that 
it is probably better to call it the rule of 
Bravais instead. Donnay and Harker have 
shown that a much larger number of crys- 
tals can be made to conform to this rule if ar 


the term interplanar spacing is interpreted i 
to include subtranslations of the crystal such as are introduced by sym- 


metry operations containing translation components, for example, screw 
axes. The combined Bravais-Donnay-Harker rule is a good generaliza- 
tion of the trend in form development for most crystals. It is only a 
generalization, however, because other factors, such as the conditions 
of crystallization, also iafluence the development of crystal faces. 

Theories of growth. At the start of the twentieth century, the 
attention of many investigators turned to formulating the mechanism 
by which crystals actually grow in size. Early studies of crystal growth 
from saturated solutions indicated that a thin but rather dense layer 
adheres to the external surfaces of the crystal during growth. It was 
postulated that atoms or clusters of atoms can move laterally in the 
adsorbed layer until they become permanently fixed on the surface. 
The loss of atoms from this layer is then instantaneously replaced by 
other atoms from the surrounding solution. This leads to growth of 
crystals by diffusion through the relatively dense adsorbed layer, and 
the actual conditions of growth can be deduced directly from the laws 
of thermodynamics, It is interesting to note here that H. A. Miers 
discovered, in the dours of his studies of the adsorbed layer, that the 
apparently plane low-index faces of a crystal actually can ia of 
several plane faces inclined by & few minutes of arc to the low-index plane. 
These so-ealled vicinal faces can be indexed on 


ly if very large indices are 
used. For example, the octahedral ((111)) faces of alum often consist 


144 Chapler 7 


of three planes whose respective indices are (251 251 250) and the neces- 
sary permutations. 

Following the determination of crystal structures by means of x-ray 
diffraction procedures, it has become possible to study the atomistic 
nature of crystal growth. This approach differs from the earlier thermo- 
dynamic ones because it takes into account the forces existing between 
atoms on the crystal’s surface and the atoms in the surrounding medium. 
Kossel and Stranski independently developed parallel theories in which 
it is assumed that the energy due to the unsaturated atomic bonds at the 
crystal’s surface is lowered when an atom attaches itself to the surface. 


Fig. 4 


The amount of energy released by such attachments is different in differ- 
ent parts of the crystal, being largest at a “step” on the surface. Con- 
sider such a step pictured in Fig. 4. The total energy released, ¢, can 
then be resolved along three mutually orthogonal directions, as show? 
in Fig. 4, so that 

= oi + h: + Qz. (5) 


When a particle settles on the top face to begin a new layer it release* 
energy of amount $3. If it lands next to an atomice row on this surface 
it releases energy of amount $: + $s, and if it attaches to a step on this 
surface the energy released is that given in (5). It is thus possible tO 
compute the energy released at different parts of the crystal in terms of 
these three components. The calculations differ depending on the type 
of bonding that is assumed to exist in the crystal. It turns out that in an 
lonic crystal bounded by completed faces the energy of attachment iS 
greatest at the corners, decreasing at its edges, and is least at the cente! 
ofa face. Qualitatively this can be justified by realizing that the electro- 
static attraction is greatest and the repulsion due to oppositely charged 
neighbors is least in the above sequence. Exactly the reverse is true for 
crystals in which the bonds are directed along lines joining adjacent 
atoms. In such cases, the energy of attachment decreases in the orde! 
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midface > edge > corner. Although metallic crystals were not c 
sidered by Kossel or Stranski, it is reasonable to expect that the ahaa 
ment energies are intermediate between these two but more similar to 
those of ionic crystals. This is so because the bonding in metal crystals 
does not have a strong directional tendency. The greater dirat om of 
atoms to the corners of ionic and metallic crystals often leads to more 
rapid growth along these directions, with the result that the crystal 
grows with many branches called dendrites radiating from a common core 
If the intervening regions are incompletely filled, the resulting EN 
consists of large numbers of such dendrites, somewhat similar in appear- 
ance to a tree with many intermeshed branches. Dendritic growth is 
usually the result of very rapid growth such as occurs in highly saturated 
solutions. A common example of a den- 
dritic ice crystal is a snowflake such as the —/ 
one shown in Fig. 1 of Chapter 1. It T 
should be emphasized, however, that 
under more normal growth conditions, 
once a new layer has begun to form, the 
affinity for an atom in the surrounding 
medium is greatest at a step in the new 
layer such as the one shown in Fig. 4. 

M. J. Buerger has shown how the above 
theories can be related to the Bravais- 
Donnay-Harker rule by considering the 
growth of a nonionically bonded crystal 
as an accretion of chunks of atoms which 
for the sake of simplicity are assumed to be Fia. 5 


in the form of the unit cell of the crystal’s 
lattice. The chunks of atoms can be pictured, therefore, as pinacoidal 


blocks which attach themselves to completed pinacoid faces by sharing 
faces of the block, as shown in Fig. 5. It follows that the frequency of 
attachment is proportional to the area of the contact face. Once a new 
face has started, all faces grow at nearly the same rate because the total 
contact surface becomes the same as Soon as a step (Tig. 4) in the new 
layer develops. The growth’ rate of the different faves depends, how- 
ever, on the frequency of attachment of the blocks. This leads to the 
empirically established relation that crystals having acicular unit cells 
develop platy habits whereas crystals having tabular unit cells grow 
with a needlelike habit (Fig. 64 and B). The above statements can be 
rephrased by observing that wher available to an atomic 
cluster it prefers the one that pro ase in its surface 
energy. 

Consider a crystal compose 


n several sites are 
duces the largest decre 


d of parallelepipedon cells as shown in 
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Fig. 7. When a new unit (the stippled unit a) attaches itself to the sur- 
face it projects above the level of the plane by an amount equal to the 
= Janar spacing d» of that plane. The amount of this excrescence 
oe ls proportional to the residual energy of the unit starting the new 
is ro 


a 
a 


layer. As can be seen in Fig. 7, the excrescence is le 
high-index planes so that the planes havin 
grow more rapidly and are not “important” 
lar arguments are used by Buerger to show 
growing face does not change. Although t 
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by side tends to alter the slope of a growing face, it also doubles the 
excrescence, as shown by units b and c in Fig. 7, so that such additions 
increase the surface energy. Thus a plane, once started, tends to avoid 
any changes in its slope because of the opposition to an increase in the 
surface energy. This dependence of the stability of a crystal face on its 
surface energy means that, if a crystal can be grown in a medium having 
the same surface tension as the crystal, no real faces can develop. This 
is actually the case for many metal crystals which do not normally 


exhibit prominent face developments. 


: m al YG 4 TE 
ations of Stranski and Kossel have another otea 
sodium chloride, for example, they show 


that only (100) faces are physically possible. This means that faces 
parallel to other crystallographic planes are never quite completed, in 
the sense that they consist of steps formed by mutually brthogonn 
((100)) faces. These steps necd be only a few atoms large, as shown for 
the (110) plane of NaCl in Fig. 8, s0 that they are not visible even with 
the aid of the most powerful microscopes. Recently, much = cee 
have been observed by B. Chalmers and his students on the surfaces © 


metal crystals extracted from the melt in which they were growing. 
Careful iiyestigation has shown that the crystallographic planes forming 


f The energy calcul 
ing consequence. In the case of 
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these steps are parallel to the closest-packed planes in the structures r 
the metals investigated. It was also found that the size of the pon 
related to the speed of advance of the crystal-melt interface. 1 

a ant angles formed by these steps, in turn, constitute favored rie 
EES attachment of atoms from the melt. The speed ban 
Shieh metal crystals grow from the melt depends on the way the ma 

liberated by the crystallization (heat of fusion) is dissipated. If 4 e 
heat must be conducted away through the solid, growth proceeds te 
©» the other hand, if the crystal grows in a supercooled melt, that T 
the temperature of the melt is much lower than the true melting po re 
of the metal, then the heat of crystallization can be absorbed by A 
melt and growth proceeds much more rapidly. When growth uate 
slowly and several crystal nuclei start to grow at once, ion he S oral 
favorably oriented attain an appreciable size. Pa y, or 
columnar crystals grow side by side separated by liqui rr 
between them. This is the reason, for example, why re eos! 
consist of columnar crystals growing inward from the sides of the 

ini he melt. , 

j pe en of growth. The influence of surface tension on een 
growth was first recognized by Gibbs who showed that below Soi 
crystal dimensions the surface tension dominates the crystal ne 
process. These ideas were extended by Balarey who assume ae 
surface tension was important in limiting the size of a crystal e al 
large crystals actually are composed of intimate accretions of collo: ad 
size crystallites. Using a somewhat different approach, Zwicky argu š 
that a large crystal cannot grow as a perfect continuum because such d 
arrangement is thermodynamically unstable. He therefore gen 
that crystals consist of blocks, 100 to 10,000 Å on a side, which ai 
Separated from each other by cracks, with the result that a regula 

Secondary structure exists in a crystal. These hypotheses have bee? 
largely discredited in recent years because they are not necessary tO 
explain the growth of crystals. A more satisfactory description of the 
ideally imperfect crystals known to exist in nature has been given by 
Buerger who has based his conclusions on the direct observation of 2 
large number of crystals. According to Buerger, a crystal starts from 


an ideally perfect seed which may be limited in size by the surface ten- 


sion, as suggested by Gibbs, The crystal grows by developing lineages 


which are branchlike extensions of the structure of the seed. The array 
in such a crystal is diagrammatically represented in Fig. 9. It can be 
seen that the lattices of each lineage are basically the same as that of the 
seed at the center; however, they have become slightly tilted with respect 
to each other. The picture shown in Fig. 9 can be considered to be # 
cross-sectional view of a three-dimensional crystal although the structure 
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of actual crystals may be further complicated by having each lineage 
split into two or more sublineages. Figure 10 shows a photograph of a 
CdS crystal specially illuminated to show the lineages terminating on the 
surface. The existence of such crystal lineages also can be seen in 
crystals by examining successive sections of the same crystal. 

The above mechanism describes how a crystal grows but does not 
explain why it grows; that is, it simply shows that imperfections occurring 
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in the initial seed produce lineages in the growing crystal. Implicit in 
this is the assumption that the crystal grows because the solid or crystal- 
line state is thermodynamically more stable than the liquid state under 
the conditions at which growth occurs, for example, when a liquid is 
supersaturated or when a melt is supercooled. Recently it has been 
shown, however, that a crystal can grow even when these favorable 
growth conditions are not fulfilled. As described in the next paragraph, 
it is believed that growth proceeds in such a case because of the presence 
of screw dislocations in the crystal. It is reasonable to conclude, there- 
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fore, that the imperfections presumed to produce lincages actually cause 
screw dislocations to form in the seed crystal. The axes, or Burgers 
vectors, of the screw dislocations need not be parallel to each other so 
that neighboring regions in the crystal are caused tu grow along slightly 
different directions. This is probably the way that lineages developed 
in the CdS crystal shown in Fig. 10, since this crystal grew by deposition 
from the cadmium and sulfur vapors contained in a sealed tube. 
Recently, a mechanism of crystal growth has been proposed by Frank 
who postulated that crystals grow by means of dislocations that produce 


Fic. 10. Lineages in a crystal of cadmium sulfide. (Photographed by D. R. Boyd 
and Y. T. Sihvonen.) i 


steps in the crystal’s surface. His views have been extended by others 
who have gathered large amounts of observational evidence to support 
them. A typical growth step resulting from a screw dislocation is shown 
in Fig. 11. As already discussed, the atoms or chunks of atoms prefer 
to attach themselves to this step in order to decrease their surface energy: 
Growth proceeds, therefore, by a continuous growth of the same layer 
in the form of a continuous spiral. The formation of these so-called 
growth spirals is shown in Fig. 12. The higher region a grows with a 
uniform speed along its entire front. Since it is anchored at one end at 
the screw dislocation, the angular velocity is greatest near the dislocation 
line and decreases outward from it. As the layer grows. therefore, it 
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develops a curvature near the dislocation line as shown in steps b, c, d, 
and e until finally it reaches an equilibrium with the solution and assumes 


the form of a perfect spiral in step f. 
This spiral then continues to sweep 
around the crystal’s surface. A 
growth spiral can also form in 
another way. If an advancing 
layer encounters an obstacle, say a 
dirt particle embedded on the 
crystal’s surface, it tends to grow 
around it. Before the layer can 
close upon itself, the strains pro- 
duced in the vicinity of the occlu- 
sion may raise one side of the layer 
relative to the other. Growth then 
proceeds by the forming of a spiral 
layer, as shown in Fig. 13. 

It is possible that more than one 
screw dislocation intersectsa crystal 


Fig. 12 


surface. If the sense of the two resulting growth spirals is the same, 
they are said to have the same sign, whereas if they are not the same 


Advancing 
layer 


“~ 


Impurity on 
if surface 


Fia. 13 


152 Chapter 7 


they are said to be of opposite sign. When two parallel growth spirals 
have the same sign they tend to reinforce each other. Consequently, 
when two parallel growth spirals have opposite signs, they tend to 
annihilate each other whenever they are very close together. On the 
other hand, when the separation 
between two dislocations of opposite 
sign is large compared with the size 
of the atomic chunks by means of 
which growth proceeds, an irregular 
ledge arises between the two disloca- 
tion lines, as shown in Fig. 14. This 
ledge provides energetically attractive 
sites for atomic deposition so that 
growth proceeds by the formation of 
an ever-increasing loop which is 
anchored at the two dislocation lines. 
Figure 15 shows several such loops as 
they appear on a crystal’s surface. 
The actual growth directions are indi- 
cated by arrows in Fig. 15. Note that the outermost loop has closed 
upon itself and proceeds to grow as a plane layer whereas the ledge join- 
ing the two dislocation lines returns to its initial stage ready to repeat 
the entire cycle of growth. 
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The occurrence of a screw dislocation in a crystal can come about in 
different ways. When a crystal seed lies at the bottom of a vessel con- 
taining a somewhat supersaturated solution, the convection currents 
produced in the liquid favor growth along a plane parallel to the vessel’s 
bottom. The crystal grows in the form of a flat platelet whose area 
increases much more rapidly than its thickness. It has been shown that 
when such a platelet is slightly raised or “tickled” by a sharp needle the 
induced strains produce a screw dislocation, as indicated diagrammati- 
cally in Fig. 164. Since the bottom of the platelet lies on the bottom 
of the containing vessel, growth proceeds on the top face by the formation 
of a continuing growth spiral, as shown in Fig. 16B, After growth ceases, 
the unequally supported weight on the two sides of the growth step may 
cause the crystal to “collapse” along this step so that the final appearance 
of the crystal is as indicated in Fig. 16C. If growth is again resumed, the 
individual layers can continue to spread until all the layers have the 
same area. Thus it is possible for a crystal to grow by means of a growth 
spiral while not showing the presence of the screw dislocation in its final 
development. 

The dislocation theory of crystal growth is supported by a very large 
number of direct observations of some of the growth features discussed 
above. A question frequently raised in this connection is how does one 
actually observe the minute steps produced by unit dislocations? One 
of the most powerful instruments for direct observation of these growth 
features is the electron microscope which has receritly been developed 
to the point where it is possible to resolve separations of only a few tens 
of Angstroms. Since the molecules of many organic compounds exceed 
these dimensions, it is possible to observe directly such molecules and 
the growth features of the erystals formed by them. In the case of other 
small features, it is also possible to observe them indirectly by the use of 
multiple-beam interferometry. In this technique, monochromatic visi- 
ble light is first reflected by the crystal surface and next by a suitably 
If the crystal’s surface is not perfectly flat, the 
rays reflected by different parts of the 
bservable. 


parallel optical flat. 
different pathlengths of light k : 
crystal surface produce interference effects which are readily o 


Fic 16 


154 Chapter 7 


It is then possible to deduce both the step height and the location of the 
step on the surface by direct measurement of these interference fringes. 
It is possible to measure step heights of approximately 15 A in this way. 


Twinning 


It is possible for two or more identical single crystals to be joined 
together in a symmetrical manner to form a single entity called a twinned 
crystal. The symmetry element relating the two crystals can be a reflec- 
tion plane or rotation axis or symmetry center not present in the crystal 
structure. The boundary separating the two crystals is called the twin 
junction and is usually exactly or very nearly parallel to a common lattice 
plane of the two crystals. In order for twinning to occur, it is necessary 
that the energy of the twinned crystal be very nearly the same as that of 
an untwinned crystal; otherwise the twin is unstable, and an untwinned 
crystal forms instead. Thus the structure of the twin must be such that 
the immediate coordination of the atoms lying at the twin junction is the 
same as that of similar atoms lying elsewhere in the twinned crystal. 
The coordination of the atoms lying at the junction by more distant 
neighbors can be different since the interactions between distant atoms 
make a very small contribution to the energy of a crystal. Asan example 
of a twinned crystal, consider the c-uxis projection of the {win structure 
of aragonite, the orthorhombic polymorph of calcium carbonate, shown 
in Fig. 17. The directions of the a and b axes of the two individual 
erystals are indicated by small arrows and the (110) plane, which is the 
twin plane, is indicated by a dashed line in Fig. 17. As can be seen in 
this figure, the two elements of the twin are related to each other by a 
glide plane lying in the twin junction. 

The first observations of twinned crystals were made long before their 
structures had been determined. It was natural, therefore, for the early 
investigators to assume that the laws governing twinning were related to 
the lattices of the crystals. Thus Haüy postulated in 1801 that a twin 
must have a lattice that is-either the same as the crystal lattice or some 
multiple thereof. l Bravais and Mallard verified this postulate by study- 
ing numerous twinned crystals and concluded that twinning can occur 
whenever the symmetry of the crystal lattice is greater than the actual 
symmetry of the crystal. One of the additional symmetry elements 
present in the lattice but uot in the crystal can then become the symmetry 
operator that relates the individuals forming the twin. Friedel extended 
this empirical rule to include the case when a multiple cell of the lattice 
has a pseudosymmetry which is greater than that of the individual 
crystals. Because the lattice of a crystal is determined by its structure, 
it is not surprising that these empirical rules are supported by observa- 
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tions of actual twins. In this connection it should be noted that a 
twinned crystal can consist of two juxtaposed individuals in twin 
orientation or of a larger number of individuals, usually present in the 
form of thin lamellae. 

In view of modern concepts of crystal structure, it is necessary to 
consider other symmetry elements in the formation of twins, for example 
glide planes. The twin plane can then be considered as a two-sided plane 
group. (See paper by Holser, listed at end of this chapter.) It is also 
possible to discuss the formation of twins by comparing the relative 
energies of crystals in the twinned and untwinned states. To do this 
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where the newly arriving atoms can land. This situation is schematically 
depicted in Fig. 18 which shows the surface energy along some direction 
on a crystal face prior to the deposition of an atom on this surface. An 
atom that lands on site a is more stable than one that lands on site b 
because the energy required to displace it (move it over the energy barrier 
separating a from b) is greater. It can be inferred from Fig. 18 that the 
occupation of the a sites leads to a lower energy for the crystal and, hence, 
to the more stable structure. The situation changes somewhat if imme- 
diately following the landing of an atom on site b other atoms also land 
on bsites. R. E. Peierls has shown that the forces that dictate the crystal 
structure are short-range forces between atoms which do not extend their 
influence much beyond nearest neighbors. It is thus necessary to do a 
considerable amount of work to move many atoms from incorrect b sites 
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into their correct a sites. Given enough time, however, this rearrange- 
ment is bound to occur because the energy of the crystal favors the 
occupation of the a sites. On the other hand, if the erystal is growing 
very rapidly, it is possible that new layers will be added to the crystal 
before these atoms can rearrange themselves. The consequence of this 
is that a growth twin having a slightly higher energy is produced. 
Consider the growth of a crystal having the structure of a cubic closest 
packing. The normal sequence for the addition of closest-packed layers 
IS. v ABO s: Suppose that at some point in the crystal’s growth an 
error in the stacking or a stacking fault occurs so that the sequence at 
that point is ., -ABCABCB. If the energy of the crystal favors the cubic 
closest packing, the next layer should be an A layer so that the crystal 
then proceeds to grow with an actual sequence . . -ABCABCBACBAC..., 
resulting in a twin. This process is particularly likely to occur if the 
growing crystal is very small, that is, during the nucleation stages, and 
if the solution in which it grows is supersaturated. The smaller the size 
of the crystal is, the weaker are the forces that influence the stacking 
sequence, although it should be borne in mind that the energy of a crystal 
containing a stacking fault is greater than that of one having the correct 
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sequence. This means that such twinned crystals will redissolve if the 
growth conditions return to equilibrium. On the other hand, if the twin 
continues to grow in a supersaturated solution until it reaches an appreci- 
able size, the extra energy localized at the twin junction is no longer able 
to influence the surface energy which governs the crystal’s growth and the 
twin structure is retained by the crystal. The presence of foreign atoms 
also tends to stabilize the twins formed, as is often the case in closest 
packings of metals. For example, twinning is quite common for the 
æ solid solution of silicon in copper for which it has been shown by C. S. 
Barrett that the faulting tendency increases with increasing silicon 
content. 

Deformation twins. When a crystal is deformed by applying a shear 
couple to the crystal, the deformation takes place by a movement of 
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atoms lying in certain planes past each other. The result of the atomic. 
displacements depends on the amount by which the atoms have moved. 
If all the displaced atoms move into adjacent crystallographically 
equivalent positions, the deformed crystal has the same structure after 
deformation as it had before deformation. It is possible, however, that 
the movement of atoms in one plane is arrested after the atoms have 


moved into adjacent but unequivalent positions, similar to the b-site 
occupation in the case of growth twins discussed above. This produces-a 
deformation twin, as shown in Fig. 19A and B. ; Note that the atoms lying 
farther away from the twin junction must be displaced by larger amounts 
than those lying close to the junction. In order for twinning to opalin 
the energy barriers separating the E ao cae ie , 
les mation stresses cause the crys 3 i 
roma tet deformation twinning can occur only Apr As paai 
cally favored planes in the crystal. These planes nee Sa Aon g 
as the planes at which twinning can occur during growth, 
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twin junctions of a growth twin are usually parallel to the more slowly 
growing faces of the crystal. 

The increased energy of the twin is localized near the twin junction. 
Whereas in a growth twin this comes about as an accident of growth, in 
the case of deformation twins the additional energy is supplied by part 
of the work done in deforming the crystal. When a crystal deforms by 
twinning, it does so in a sequence of distinct steps which can be observed 
by examining sections of the crystal normal to the twin boundary. It is 
observed that twinning occurs in thin lamellae having nearly plane 
boundaries although the twinned domains may be somewhat lenticular 
in shape when further slip is stopped by some obstacle such as a grain 
boundary. Under continued deformation, these lamellae are observed 
to widen, and closely adjacent twin lamellae, having the same orienta- 
tion, frequently merge. Although the twin lamellae appear almost 
immediately following the application of the stress, they usually proceed 
to grow in width rather slowly. The reasons why the twins form in this 
manner can be explained as follows: When a stress having a shear com- 
ponent parallel to certain planes is applied to the crystal, the same stress 
acts on all the parallel atom planes. For reasons discussed in the previ- 
ous chapter, the resistance to the stress is smaller in certain planes than 
in others. Consequently, the crystal yields in these planes, and thin 
lamellae bounded by two twin junctions appear. The energy in these 
twin boundaries is higher than elsewhere in the crystal so that further 
atomic displacements can take place most easily in planes adjacent to 
the boundary. Each twin lamella thus proceeds to widen under con- 
tinued stressing until it encounters some obstacle which prevents further 
atomic displacements. It frequently happens that the energy required 
to overcome this obstacle is greater than that required to start twinning 
in other parts of the crystal so that new twin lamellae are formed instead. 
Consequently, the deformed crystal contains several parallel twin 
lamellae. Occasionally, the twinning produced by mechanical deforma- 
tion is accompanied by sharp audible noises indicating that the process 
takes place in abrupt steps. 

The deformation twinning of metals is similar to the process of slip 
already described. The twin junction in body-centered cubic metals is 
parallel to one of the ((112)) planes in the crystal. In face-centered 
cubic crystals it is parallel to ((111)), and in metals having the structure 
of a hexagonal closest packing it is parallel to ((1012)) planes. The 
atoms move past each other in parallel planes in a simple homogeneous 
shear, the amount of displacement increasing with distance from the 
twin boundary. An example of this type of displacement is shown for 
the (111) plane of a,face-centered cubic crystal in Fig. 20. Two adjacent 

(111) planes are distinguished in this figure by shading all the circles 
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representing atoms lying in one of the two planes. The atomic arrange- 
ment before deformation is shown in Fig. 20A, the arrows indicating 
the displacement, and the twin structure is shown in Fig. 20B. The 
twinning of body-centered cubic metals takes place most commonly 
by atomic displacements parallel to the ((112)) planes in the [(111]] 
directions. Defining the shear plane as the plane normal to the displace- 
ment plane and containing the displacement direction, a body-centered 
cubic structure is shown projected on the shear plane in Fig. 21. The 
displacements of the atoms along 
[111] on one side of the twin 
boundary are indicated by arrows. 
Note that the amount of the dis- 
placement increases with distance 
from the boundary in steps of 
one-third of the translation dis- 
tance parallel to [111]. 

In face-centered cubic metals 
twinning takes place parallel to 
the closest-packed ((111)) planes. 
Since there are two positions in 
which atoms of adjacent closest- 
packed layers have the same coor 
dination, the energy difference 
between them js very small. The forces favoring the continuation 
of the twin arrangement are similarly small so that the twin is 
unlikely to become very thick under prolonged deformation. Instead, 
it is more likely that many twins, only & few atom layers in thick- 
ness, are formed. This produces stacking faults between the twins and 
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explains why deformation twins of appreciable thickness do not occur 
in face-centered cubic metals. In the case of hexagonal closest-packed 
metals, however, the twinning takes place parallel to ((1012)) so that the 
nearest-neighbor bonds must be strained to form a twin junction. As 
explained above, this leads to a widening of existing twin lamellae under 
a continued stress rather than to the formation of new ones. 
Transformation twins. In certain crystals, it is possible that the 
structure at a twin junction is thé same as the structure of a polymorphous 
modification of the crystal. That this is reasonable becomes clear when 
it is remembered that the immediate coordination of the atoms in two 
polymorphs is the same; only the next-nearest-neighbor coordination is 
different. Thus a twin junction is an example of two-dimensional 


Fia, 22 


polymorphism. It is not surprising, therefore, that high-low transforma- 
tions are frequently accompanied by twinning. The structure of the 
low-temperature form is usually a derivative structure of the high- 
temperature form, obtained by suppressing certain symmetry operations 
of the latter. One of the suppressed symmetry operations can then 
become the symmetry element relating the twinned individuals, 

When a high-temperature polymorph is cooled below the transition 
temperature, the low-temperature structure is assumed by different 
parts of the crystal simultaneously. As these regions grow in size they 
meet at boundaries which disappear if two adjacent regions have parallel 
orientations but become twin junctions if they are not parallel. If the 
suppressed symmetry element of the high-temperature form brings that 
form into self-coincidence m times, the low-temperature form can nucleate 
during the transformation in m different orientations. This means that 
the probability that two adjacent regions shall assume parallel orienta- 
tions is 1/m. For example, consider the hexagonal structure shown in 
Fig. 22A, consisting of mutually 3-fold coordinated white and black 
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circles. Following the transformation, the black circles are shifted from 
the centers of their coordination 4riangles toward one of the corners. 
The consequence of these shifts is that the 6-fold rotation axes are 
suppressed. The resulting orthorhombic structure is shown in Fig. 22B 
in two out of the six orientations possible in this crystal. The 
boundary between two such regions is usually, though not necessarily, 
irregular. 

When the high-temperature form of a crystal has a structure in which 
the different atoms are distributed at random among equivalent sites, 
then the low-temperature form may have a similar structure in which 
the different atoms assume an ordered arrangement. These so-called 
order-disorder transitions are frequently encountered in certain alloys. 
When such alloys are annealed below the transition temperature, 
the ordered regions may encounter stacking faults during their growth, 
with the result that twins are formed. Such twins are called annealing 
twins and sometimes occur during the recrystallization of polycrystalline 
metals discussed further below. 


Growth in the solid state 


Recrystallization. In the first part of this chapter, crystal growth 
was described for the case of growth from a vapor or solution or a liquid 
melt. As indicated above for the case of transformation twinning, it is 
also possible for new crystals to form in the solid state. In fact, new 
erystals can form under conditions such that a change from one distinct 
crystal phase to another does not take place. Such growth usually 
occurs when a previously strained polycrystalline solid is maintained 
at an elevated temperature for a prolonged period of time, a procedure 
called annealing. The annealing process normally consists of two stages: 
recovery and recrystallization. Of these, recovery is the name given to 
that relatively short period of time during which any strains present in 
the matrix are relieved without visible changes in the microstructure. 
This is the stage when the greater mobility of the atoms (due to inter- 
actions with the increased density of phonons present) allows the atoms 
to return to the lower-energy unstrained array. Such an atomic rear- 
Tangement may result in the migration of dislocations to subgrain 
boundaries, a process called polygonization. Alternatively, the rearrange- 
Ment of the atoms leads to the formation of small strain-free regions or 
nuclei. This then becomes the initial stage in the recrystallization 
Process and is called nucleation. The strain-free nuclei continue to 
grow in size, at the expense of their strained neighbors, until the recrystal- 
lization process is completed. The driving force for this process is due 
to the difference in the free energies of the strained and unstrained 
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regions. The maximum annealing temperature for recrystallization is 
inversely related to the amount of prior deformation, although higher 
temperatures can be used to shorten the time required to complete the 
recrystallization process. The degree of deformation can also affect the 
ultimate grain size; the greater the prior deformation, the smaller is the 
average grain size. 

When a completely recrystallized polycrystalline solid is annealed, 
further grain growth is possible. This process may occur, therefore, in 
any polycrystalline material, regardless of its prior history. It is quite 
easy co observe this growth on the surface of a polished metal. Such 
observations have shown that growth proceeds in an irregular fashion; 
for example, certain grains suddenly start to grow at the expense of their 
neighbors. Because this process involves larger displacements of atoms 
in the transforming region than the recrystallization process described 
above, the driving force in this case depends on the ease with which the 
atoms can diffuse in the various grains. Although all the reasons why 
certain grains appear to be favored in the grain-growth process are not 
as yet established, it appears that the surface tension at the grain bound- 
aries is one of the principal factors. Some other factors are the activa- 
tion energy for diffusion, initial relative grain size, and the impurity 
content of the grains. 

Martensite transformation. The recrystallization process dis- 
cussed above may take place at a constant temperature. Another kind 
of transformation, called a martensitic transformation, usually takes place 
in solids only while the temperature of the solid is changing. Unlike 
most structural changes that occur in solids, the martensitic transforma- 
tion does not involve the diffusion of atoms to or from the transforming 
region. In this sense, it represents one extreme of the diverse mecha- 
nisms whereby transformations can occur. Another distinguishing 
feature of this transformation is that it is accompanied by a mechanical 
distortion of the transforming regions of the crystal. The distortion is 
produced by the small atomic displacements (less than an atomic radius) 
involved in the transformations. It is named after the transforma- 
tion from face-centered cubic austenite to body-centered tetragonal 
martensite in steels. Phase changes occurring in nonferrous alloys are 
also called martensitic transformations if the small atomic displacements 
during the transformation cause a distortion of the transformed regions. 
In fact, this name is frequently given to any diffusionless solid-state 
transformation accompanied by a mechanical distortion. 

It is natural that most of the studies of the martensite transformation 
have been carried out using steels. The structure of austenite consists 
of a cubic closest packing of iron atoms (y-Fe) in which the carbon atoms 

are distributed among the equipoints 300, 030, 003, $43 in an interstitial 
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solid solution. If a body-centered tetragonal cell is chosen 


1 
(cu = Va aan) 


in austenite, the martensite structure can be simply derived from it by a 
slight compression of the c axis and a dilation of the two aaxes. (The 
actual c/a ratio is a linear function of the carbon content.) Since all 
the octahedral voids in gamma iron are statistically occupied by carbon 
atoms in the austenite structure, it is natural to ask why every cell in 
austenite should distort in the same way to produce the tetragonal 
martensite. A possible explanation was suggested by Zener who pro- 
posed that the energy of the ordered array of carbon atoms required was 
actually lower than the disordered array that would leave the face- 
centered cubic structure of austenite intact. Thus the transformation to 
martensite involves relatively small atomic displacements, without chang- 
ing the coordination numbers of the atoms, but a relatively large distor- 
tion of the unit cell, up to 5 per cent increase in a when 6 per cent carbon 
is present. The well-coordinated atom movements involved in the 
transformation change the shape of the transforming regions. These 
changes can be observed particularly well when the martensite crystals 
form at the surface of a specimen being examined. 

E. C. Bain was the first to suggest, in 1924, that the transformation 
can be explained simply as a compression of the c axis and an expansion 
of the a axis of the tetragonal cell, as outlined above. Since then, a 
number of different investigators have suggested various shear mecha- 
nisms whereby the atoms undergo the required displacements consistent 
with the observed orientation relationships between the martensite 
crystals and the austenite matrix. The details of these mechanisms 
are discussed in some of the references given at the end of this chapter. 
Essentially they consist of displacements of whole planes of atoms, 
sometimes by two successive shear displacements, with the aid of slip 
dislocations. This suggests that the martensite transformation can be 
initiated by plastic deformation, which is indeed the case. It ‘should be 
noted that probably the simplest example of a martensitic transformation 
is the one from a cubic to a hexagonal closest packing. This transforma- 
tion is most frequently encountered in cobalt where it involves displace- 
ments of parallel (111) planes and produces stacking faults, as discussed 


in the previous chapter. 
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Exercises 


1. Make a scale drawing of the c-axis projection of a tetragonal crystal bounded by 
((100)) and ((110)) faces of equal area. If the distance separating opposite faces 
initially is 1 mm and the growth rate of ((100)) is 1 mm/hr and of ((110)) is 0.5 mm/hr, 
show this crystal after it has grown for 1.5 hr and again after 3 hr. 

2. Draw the index polygons for the crystals described in Exercise 1 after 0 hr, 
1.5 hr, and 3 hr of growth. 

3. The crystallographic axes for an orthorhombic crystal are chosen so that b > 
a >c. Thus, according to the Bravais rule, the most important faces should be the 
(010) pinacoids. Show that in a C-centered orthorhombic crystal this is not the 
most important face. Which is the most important face in this crystal? 

4. The grain boundaries between grains in a polycrystalline metal can be considered 
to be made up of a large accumulation of edge dislocations. Describe a simple 
mechanism whereby a grain can grow in size when the metal is annealed at an elevated 
temperature for a prolonged period of time. 

5. By means of a sketch, show that a dendritic crystal isa manifestation of lineage 
structure for a crystal grown in a highly supersaturated solution. 

6. What conditions of growth, that is, vapor deposition, growth in solution, or 
growth from a melt, do you think are best suited for the production of visible growth 
spirals? State the reasons for your choice. 

7. A crystal consisting of many parallel lamellae in twin orientation is called @ 
polysynthetic twin. Suggest two possible methods for detecting the presence of 
polysynthetic twins in noncubic insulator crystals such as certain silicates, for example. 
Repeat for cubic metal crystals. 

8. Consider the surface-energy distribution depicted in Fig. 18. Suppose that the 
landing of an atom on site b is immediately followed by the approach of another atom 
to the vicinity of this site. Is this atom more likely to occupy an adjacent a or b site? 
Why? 

9. In calculating the surface energy of a crystal, the influence of all the atoms 
below the surface must be summed. If the contribution to this sum is inversely 
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proportional to distance from the surface, why is twinning more likely to occur when 
the crystal is very small? Why do you think ths: the deposition of two successive 
layers in twin orientation on the surface of a larg. growing crystal is less likely to 
persist than a similar deposition on a small seed crystal? 

10. Most cubic crystals of cobalt contain many stacking faults so tuat the crystals 
are twins. Do you think that these are growth or deformation twins? What is the 
reason for the greater frequency of twinning of cobalt than copper? 

11. The high-temperature form of 6 brass has a body-centered cubic structure. 
When a single crystal of 8 brass is cooled below the transition point, the Cu and Zn 
atoms order to form the CsCl arrangement. Usually different parts of the crystal 
adopt different orientations so that the room-temperature crystal is composed of 
several so-called antiphase domains. By sketching the structure of such a crystal, 
show that these domains are in twin orientation. 

12. It is possible to purify a metal by placing it in a cylinder and then melting a 
narrow cross-sectional area of the cylinder and moving the molten zone slowly from 
one end of the cylinder to the other. Suggest why this so-called zone-refining proce- 
dure should free the solid of impurities. Can one grow single crystals from a poly- 
crystalline mass by this means? If so, what are the restricting conditions on the size 
of the cylinder, if any? 

13. When an as-cast material is annealed, grain growth but not recrystallization 
occurs. Explain why this is the case. How can recrystallization be induced in such 


a material? . 
14. Look up some of the mechanisms whereby the martensite transformation is 


presumed to proceed. Show that the individual atomic displacements required are 
indeed sriail as compared with atomic dimensions. 
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Transformations in crystals 


Elements of thermodynamics 


Introduction. The exact treatment of most solid-state problems 
usually requires the application of quantum mechanics to their solution 
because, as indicated in Chapter 4, the different energies that an atom 
can have are quantized and cannot be handled by theories based on 
classical mechanics. The complexity of the attendant calculations, 
however, has limited detailed applications of quantum mechanics to 
relatively simple problems. It is shown in the next chapter that the 
cohesive energy of crystals can be calculated only approximately and 
only for very simple structures. Consequently, accurate theories describ- 
ing the large number of different transformations possible in solids simply 
do not exist. There is, however, a wealth of experimental data which 
relate the transformations that occur within a system with similar 
transformations in other systems. It is possible to express these relations 
by the use of thermodynamics, or, more accurately, statistical thermo- 
dynamics, Because the reader of this book is not expected to be inti- 
mately familiar with the principles of statistical thermodynamics, the 
discussion of transformations is limited to a description of the most 
important transformations that occur in solids. Wherever they are 
needed to elucidate the transformation mechanisms, thermodynamic 
relations are presented and explained. However, a complete discussion 
of their various interrelationships is not attempted. 

Several different kinds of transformations can occur in solids. ‘The 
polymorphic or allotropic transformation, consisting of a change in the 
erystal’s structure but not in its composition, already has been encoun- 
tered in Chapter 4. Similarly, the martensitic transformation, which is 
accompanied by a mechanical deformation of parts of the crystal, has 
been described in the preceding chapter. Some of the many factors that 
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control these and other kinds of transformations are discussed below. 
The factors that are discussed at length have been selected i: order to 
illustrate the basic principles involved in relatively simple transforma- 
tions. Additional\examples of actual transformations in the solid state 
can be found in later chapters. 

A system can exist in an equilibrium state as a single homogeneous 
phase or as a heterogeneous mixture of several homogeneous phases, each 
of which has its characteristic temperature, energy, and entropy. The 
relationship between these quantities and the atoms comprising the 
system is statistical in nature and is difficult if not impossible to describe 
in detail. Nevertheless, it is possible to use the principles of statistical 
thermodynamics to describe certain phase transformations in solids in 
terms of the energies of these phases. 

The first to analyze transformations on this basis was J. Willard Gibbs 
who obtained the relation 


G=E-TS+PV (1) 


where G is called the Gibbs free energy 
E is the internal energy of system 
Sis the entropy 
T is the temperature (on the absolute scale) 
P is the pressure 


V is the volume. 
At a fixed temperature and pressure, two phases having free energies 


G, and G, are in equilibrium if 
G, —G, =0= (FE — TSh + PV = @- TS): — PV 
she ial. (2) 


where F=E-TS (3) 


is the Helmholtz free energy. It is possible, therefore, to discuss trans- 
formations in solids in terms of the Helmholtz free energy, although it 
should be kept in mind that such a discussion is only approximately 
correct since small changes in V do occur in most transformations. 

In general, a system tends to be in the state that has the minimum free 
energy. This follows directly from (3) and the first and second laws of 
thermodynamics. At low temperatures, the second term in (3) is small 
and the atoms attempt to form a structure that has the lowest possible 
internal energy. As discussed below, the internal energy is inversely 
proportional to the coordination number of the constituent atoms. This 
is consistent with the tendency of atoms in ionic and metallic compounds 
to surround themselves with as large a number of other atoms as possible. 
As the temperature increases, however, the second term in (3) becomes 
more important. The entropy of a crystal is determined by the Boltz- 
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mann relation 
S=klnw (4) 


where W is the total number of different ways in which the atoms can 
arrange themselves. The condition of minimum free energy at any 
temperature, therefore, becomes a sort of tug of war between a tendency 
toward a maximum entropy by an increase in the number of atomic 
arrays possible and a corresponding increase in the internal energy pro- 
duced by changes in the coordination of the atoms. Note that this 
tendency of the entropy to increase is responsible for the formation of 
atomic imperfections or point defects in a crystal. As can be seen in (3), 
the tendency of the entropy to increase means that the Helmholtz free 
energy tends to a minimum. 

In order to see how this can be 
possible, consider a chemical com- 
pound that can adcpt either of two 
structures whose internal energies 
are E, and Ey. (This is the case 
when allotropic or polymorphic 
transformations can occur.) The 
free energies are shown plotted as 
a function of temperature in Fig. 1. 
In order that a transformation from 
one polymorphic modification to 


Energy 


T, another can occur, it is necessary 
Absolute temperature that the two free-energy curves 
Fic. 1 cross at some temperature To, 


, called the critical temperature. If 
initially F, < F», then for temperatures greater than the critical tempera- 
ture Fı > F+, and the more stable structure has the larger internal 
energy Ea. At the critical temperature, the free energies must equal 


Fi=F, 
E, — TcS; = E, — TeSa. (5) 
The change in the internal energy AE can be determined by rearranging 
the terms in (5): 
AE = F, — E, 
= Te(S: — Sı). (6) 


Since entropy is defined as the amount of energy (thermal) absorbed per 
unit increase in temperature, S = dF/dT and it follows that above the 
critical temperature S: > Sı and AE is positive. Consequently (6) 
states that energy must be supplied to the system, usually in the form 
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of heat, in order for the transformation from one structure to the other 
to take place. 

Similar considerations apply in the investigation of the stability of a 
crystal structure as a function of composition. Suppose that the two 
curves in Fig. 2 represent the free-energy curves of two possible struc- 
tures a and £ as a function of composition in a binary alloy. Here a 
is a solid solution of B in A and £ is a solid solution of A in B. In the 
composition range 0 per cent B to X, per cent B, the a structure has the 
lower free energy and hence it is the stable phase. Similarly, in the com- 
position range X, per cent B to 100 per cent B, the stable phase is £. 
At first glance, it would appear that in the region between the composi- 
tions X, and Xo the stable phase is a, and between Xo and X., the stable 
phase is 8. It can be shown quite easily, however, that actually the 


Free energy 


heterogeneous alloy consisting of a mixture of a and B is more stable in 
this composition range than either phase alone. This is always the case 
when the two free-energy curves cross and possess a common tangent. 
The lowest free energy for each alloy in this system, therefore, lies on the 
a curve from pure A to X, on the tangent line from X; to Xo, and on the 
B curve from X, to pure B. This is the case when complete solid solu- 
bility between two elements A and B is not possible, for example, when 
the structures of a and £ are different. In such systems, a mechanical 
mixture of the two phases is more stable, at certain compositions, than 
either phase alone. 

Free-energy calculation. It is instructive to consider how the 
internal energy and entropy of a crystal can be calculated. Because the 
free energy of a binary solid solution can be calculated quite easily assum- 
ing that nearest-neighbor interactions only are important, this calculation 
is carried out below by first determining the internal energy and then the 
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entropy of such a system. Suppose that the fraction of A atoms present 
is fa; then the fraction of B atoms present is fg = 1 — fa. Let the 
coordination number of the atoms be z, so that z = 8 for a body-centered 
cubic structure and z = 12 for a closest packing. The number of near- 
est-neighbor pairs of the type AA, BB, and AB ina completely random 
solid solution then is given by 


2fa N 
2 


g(1 — fa) N 
2 


pairs with an energy of interaction B44 


pairs with an energy of interaction Egs (7) 


2fa(1 — fa)N pairs with an energy of interaction Eas 


where N is the total number of atoms present. The number of pairs of 
each kind in (7) is determined by counting the number of atoms of each 
type surrounding any atom in the solid solution. In this process, each 
pair AA and BB is counted twice; hence the number of such pairs counted 
is divided by 2. 

The internal energy of a crystal at absolute zero, Eo, is the sum of the 
energies of interaction of all the atoms plus any strain energy present 
in the crystal. The strain energy may be due to differences in atomic 
sizes, electrochemical factors, ete. Because it is nearly impossible to 
express these strain energies exactly, the internal energy is calculated 
below on the assumption that the solid solution has been thoroughly 
annealed in order to minimize any remaining strain energy and that, in 
any case, it is sufficiently small to be neglected. With this assumption. 
the internal energy of the crystal is 


— f,)2 
E= BAN n a + a0 — INN Ess + 2fa(l — faNE an 


Il 


2M WEaa + (1 — fa)*Bon + 2fall — fa)Baal 


= ei EZ + (1 — fa)Ess + 2fa(1 — fa) (Bus = Zat Ean) | 
(8) 


The first two terms in (8) are the internal energies of two homogeneous 
phases containing f4N atoms A and (1 — fa)N atoms B, respectively. 
Thus it is necessary to consider the third term in order to determine 
whether the internal energy and, hence, the free energy of the crystal 
are decreased by the formation of a solid solution or not, Since fa < 1.0, 
the term f4(1 — fa) is always positive, reaching a maximum value when 
fa =4. If the energy of interaction between two unlike atoms, Eas, is 
less than the arithmetic average of the interaction energies of the two 
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like atoms, then the third term is negative and the crystal’s energy is 
decreased. Physically, this means that more energy is required to 
form an AA and BB bond than an AB bond, so that each atom will tend 
to surround itself with as many unlike atoms as possible. Conversely, 
if Eas > (E44 + Ess), the crystal’s energy is lowered if the two 
phases segregate at temperatures other than absolute zero. The total 
internal energy of the crystal must also include a term relating the specific 
heat so that the internal energy at any temperature is 


2N 


E= z Baa + 2) 


BZ +U — fila + Ball — faa) (Ex a 
4 $ "CpaT. (9) 


The entropy of the solid solution is determined by the specific-heat 
terms of the two components and a third term which expresses the 
entropy of mixing, or configurational entropy, given by the Boltzmann 
relation (4). The maximum number of ways possible to arrange the N 
atoms occurs in a random solid solution for which 


u 10 
W = ENO -NT (10) 


so that the configurational entropy is 


N! 
Soot 5 k In TTT — JaN] 
œ —Nkfa ln fa + (1 — fa) In (1 — fad] (11) 


if Stirling’s formula In z! œ z In z is applied. The total entropy of the 
crystal is 


S= Sout h FAT (12) 
and the Helmholtz free energy is 
F=E-TS 

Er rf ar (13) 


where E and Scot are given by (9) and (11), respectively. Note that 
when a solid solution is formed the free energy is decreased from what 
it would be in an ordered arrangement by an amount Scot and also by 
the third term in (9), which is negative in this case. RE: 

The meaning of these thermodynamic relations can be seen by plotting 
the free energy as a function of composition for several cases. Suppose 
that E44 > Eng; then Fig. 3 shows the free-energy curves for the three 
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possible cases: when the energy of forming like pairs is greater than that 
of unlike pairs (Fig. 34), when the two energies are equal (Fig. 3B), and 
for the reverse of the first case (Fig. 3C). The free energy of a simple 
mixture of A and B is also indicated by the broken line drawn in each 
figure. Note that the free energy starts to decrease sharply in all three 
cases because of the configurational-entropy term in (13). In the first 
two cases, it reaches a minimum when f4 = 4; the free energy decreases 
as the difference between Eas and }(E4, + Esp) increases. On the 
other hand, when the energy of forming like pairs is less than the energy 
of forming unlike pairs, the decrease in the free energy due to the entropy 
of mixing is rapidly overcome by the increase in the internal energy, and 
the curve rises above the broken line. This means that, except for com- 
positions near the two extremes of the diagram, a mechanical mixture of 
two phases has a lower free energy than either phase alone. This lower 
free energy is indicated by the lower dashed line in Fig. 3C and is similar 
to the energy relations illustrated in Fig. 2. 


Equilibrium transformations 


First- and second-order transformations. It is convenient to 
classify the different transformations that can occur according to the way 
that the entropy changes during the transformation. Returning to the 
Gibbs relation (1), the entropy can be determined by differentiating G 


with respect to T: 
6G 


where the subscript P denotes that-the pressure is held constant. If the 
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change in entropy is discontinuous at the critical temperature, the 
transformation is called a first-order transformation. This type of trans- 
formation occurs in a single-component system, for example, when a 
solid melts or undergoes ¢ polymorphic transformation. The relation 
between the internal energies, entropies, and free energies for a typical 
first-order transformation is shown in Vig. 4. 


Energy 


Specific heat 


m 
te 

Absolute temperature Absolute temperature 
Fic. 4 Fic. 5 


Another quantity which changes discontinuously at the critical tem- 
perature is the specific heat. The specific heat at constant pressure 
Cp is given by the first derivative of the enthalpy, H = E + PV, 


G= G7) (15) 


In a first-order transformation, the change in enthalpy is discontinuous, 
since Æ changes discontinuously, so that the specific-heat curve looks 
like the one shown in Fig. 5. At the critical temperature, heat is absorbed 
without further change in the temperature (latent heat of transformation) 
so that the specific heat is actually infinitely large at that point. 
Suppose that the internal energy of a crystal changes gradually as the 
critical temperature is approached. Such a change is shown in Fig. 6 as 
a series of small discontinuous increments, which is probably the way 
that the change actually occurs. The specific heat, which measures this 
change in the internal energy, increases as shown in Fig. 7. Such trans- 
formations are frequently called second-order or lambda transformations, 
because of the characteristic shape of this curve. As the temperature 
range during which the second-order transformation takes place becomes 
narrower, the height of the specific-heat curve increases. Finally, in the 
limit of an infinitesimally narrow temperature range, the specific heat 
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becomes infinitely high and the phase change becomes a first-order 
transformation. Several second-order transformations are described in 
later chapters. For example, transformations not involving changes 
in the crystal structure occur in ferromagnetic transitions discussed in 
Chapter 10, whereas the similar ferroelectric transitions discussed in 
Chapter 14 are accompanied by structural changes. Recently it has 
been shown, however, that ferroelectric transitions may be more cor- 
rectly classified as first-order transformations. 


Specific heat 


Internal energy 


T 
Absolute temperature 


e 
Absolute temperature 
Fic. 6 i 


Fig. 7 
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binary alloy containing equal numbers of A and B atoms. In the com- 
pletely ordered structure, the A atoms are said to occupy a set of equi- 
points called a sites and the B atoms are in £ sites. For the case of 
disorder, it is convenient to define an order parameter § such that § = 1 
when there is complete order and § = 0 when there is complete disorder. 
If the total number of atoms in the crystal is N, then it is possible to 
define § as a linear function of composition by assuming that 


Number of A atoms in a sites = a+ N, 
Number of A atoms in £ sites = u79 N, 
(= 8) a 
Number of B atoms in a sites = Z N, 
Number of B atoms in £ sites = a+ N. 


It is easy to show that the above relations reduce to the proper values of 
§ in the limiting cases of complete order and disorder. 

The free energy can now be calculated similarly to the procedures used 
in the previous section. As before, it is assumed that only nearest- 
neighbor interactions contribute to the internal energy. Since there are 
N/2 a sites and £ sites in the crystal, the total number of pairs AA formed 
is equal to the number of A atoms in a sites times z/(N/2) times the 
number of A’s on £ sites, where z is the coordination number determined 
by the structure. For simplicity, assume that the disordered structure 
is body-centered cubic and that the atoms are arranged at random (no 
short-range order). The coordination number z is then equal to 8 and 


(1 + 8) 8 (Q-—S§)N _ 
1 Yya a -oy 


Number of pairs AA = 
(17) 
G+) y.8 UZIN a-g 

7 N NI 7 (1 — $59N. 
The number of pairs AB is the number of A atoms on a sites times the 
number of B’s on £ sites, plus the number of A’s on £ sites times the num- 
ber of B's on a sites; the sum multiplied by 8/(N/2). Thus 


CEPE 
-E 16 


Number of pairs BB = 


Number of pairs AB = N72 
= 0+ 8N +0- 9N 
= SDN. ay 
The internal energy then is given by (9): i 
T 
E = N(1 — $3} (Ea4 + Ess) + 2N(1 + 8’)Eae + i CrdT. (19) 
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For the general case, when the fraction of A and B atoms is not exactly 
equal, 


By=E - f|; Cea 


e Eaa + Ern 
= 4N [fase + (1 — fa)Een + 2fs(1 — fa) (£as n 2 ) 


Bs E 
+BNS? (Ban — a2 Eer) (20) 


which reduces to the form of (19) when fa = }. Also note that at com- 
plete disorder (§ = 0) the expression in (20) reduces to that in (8). 

Similarly, the configurational entropy can be determined by consider- 
ing all the possible ways of arranging the A and B atoms on «a and £ 
sites. Using relations (11) and (16), 


(N72)! 
(+8) a — 8) 
ee ! z N |! 


1— g 1 — §) 
ary [28 yO 4. ( I nl > | 


Seon = k In 


Nm- Hla +s)In( +g) + (1-8) 2 


This relation has an interesting meaning. At complete disorder (§ = 0) 
it reduces to kN In 2 which is the value of (11) for fa = 4. On the other 
hand, at complete order ($ = 1) the configurational entropy is zero. 
This is so because there is only one way to arrange the atoms in the 
correct ordered array (W = 1) so that In 1 = 0. 


It is now possible to determine the free ener 


quantity T times (21) plus T f (Cp/T) dT from (20). If ordering is to 
occur, of course, Ey, < (Eaa + Exp); otherwise th 
prefer to segregate. This is illustrated by 
against the order parameter § for several temperatures shown in Fig. 8. 
Observe that below the critical temperature the minimum in the curve 
lies near § = 1 but does not occur at § = 1 unless the absolute tempera- 
ture is zero. This indicates that perfect order is never achieved in such 
alloys at ordinary temperatures. At the critical temperature Te the 
curve is flat over a certain region near 8’ = 0 so that, although some order 
is still present, long-range order has disappeared. Above Tc there is a 


single minimum in the free-energy curve at § = 0, and the stable system 
is completely disordered. 


Order-disorder transformations in solids 
teristic changes in the crystal’s structure. 


gy by subtracting the 


e two components 
a plot of the free energy 


are accompanied by charac- 
Suppose that the ordered 
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structure of a crystal can be represented by alternating black and white 
circles as shown in Fig. 9A. The completely disordered structure then 
consists of “statistical” circles which are half black and half white, as 
shown in Fig. 9B, since the probability that a given site is occupied by a 
black or white circle is exactly the same. It is evident in Fig. 9 that the 


Free energy 


effect of disordering the structure in Fig. 9A is to halve the translations 
@ and az in the ordered structure. Conversely, when the disordered 
ons a), and a», defining the unit 


structure (Fig. 9B) orders, the translati : 
Cell of the disordered structure, are doubled. The point-group symme- 


try is not affected by this transition and remains 4mm for both structures 


X 
LLIA 


Fia. 9 

although th ‘ators is reduced on ordering. The 
Á e densi rmmetry operators : : 

lattice of the iar however, is 2 superlattice of the disordered 

crystal’s lattice. As shown in Chapter 3, the position of x-ray reflec- 

tions, that is their Bragg angle, is determined by the lattice spacings. 


‘he ordering of a crystal structure, therefore, can frequently be detected. 
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in an x-ray diffraction photograph by observing the appearance of 
so-called superlattice reflections of the ordered structure in addition to the 
fundamental reflections of the disordered crystal. It should be realized 
that superlattices can form in fully ordered state only when the atomic 
ratio in a solid solution can be expressed very closely by small integers. 
Superlattice formation has been observed to occur most commonly in 
alloys whose constituents are present in the ratios 1:1 or 3:1 although 
it also occurs in other alloys when the ratio is 1:2, 2:3, 4:1, etc. 

The long-range-order parameter is shown plotted against temperature 
in Fig. 10. It is constant at low temperatures and decreases gradually 
with increasing temperature until, near the critical temperature, it 
drops off very rapidly to zero. The critical temperature is related to 
the energy and, for the 50-50 composition discussed above, Te = (1/4k) 
(2Eaz + Eaa + Ess), as can be shown by appropriate manipulation of 
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largely due to the simple assumptions bot ae ot igs ar is 
that below the critical temperature Exp < (E414 + Epp) ail the eae 
ture tends to order completely, whereas above To, Exp e ME e ar 
and the structure can’ disorder at random. Experim t Y btia 
indicates, however, that in solid solutions the, energy of int ches 
unlike pairs is usually less than that in like pairs, at all posite 3 3 2 
Thus disorder is produced primarily by the thermally imereased 
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freedom of motion of the atoms so that long-range order gradually gives 
way to short-range order. The simplest model of short-range order is that 
of small ordered blocks or domains whose size varies with tempera- 
ture. The boundary between two such blocks is shown schematically 
in Fig. 12. The adjacent blocks have the same ordered structure except 
that, if a set of œ and £ sites are defined for the entire crystal, the atomic 
positions are exactly reversed in each block. These blocks are popularly 
called antiphase domains although it should be realized that actually 
they are in twin orientation relative to each other. This is the origin 
of the annealing twins discussed in the previous chapter. The formation 
of such domains is not inconsistent with the requirement that Eag < 
}(Bas + Ens) because the number of AA and BB pairs formed is mini- 
mized by restricting such pair formation to the domain walls only. At 
low temperatures, the presence of these walls increases the internal 
energy of the crystal so that they are | 

unstable and the walls are absorbed OQ O O OjO OO0CeO 
in, the growth of one domain at the l 

expense of its neigabors until long- > E S S229 z z 
range order sets in. At higher tem- ! O 
peratures, however, the entropy COCO © Og @O 


term in the free-energy expression OO0C0O OO OOO 
becomes dominant and the presence QOOOO ee) OO 
$ 


of domain walls lowers the free en- OQOOO000000 


by increasing the configura- 
Ai A E G Fie. 12 


tional entropy. 
The first to develop a successful theory of short-range order, which 


subsequently has been modified slightly by severål investigators, Bethe 
explicitly considered the interaction energy between pairs of unlike 
atoms. He then computed the energy required to convert two AB 
pairs into an AA and a BB pair. If the fraction of AB pairs present at a 
specific temperature is fan, it is possible to define a short-range-order 
parameter in terms of this fraction: 


o = 2fas — 1. (22) 


order and goes to zero at complete disorder since, 
mber of A and B atoms coordinating any atom in 
At a specific temperature, the fraction of unlike 
c) and the fraction of like atom pairs is 
wo kinds of pairs present when equilibrium 
d from the Boltzmann relation 


c = +1 at complete 
on an average, the nu 


40 +o) = gT (23) 
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where € = E4z — 3(B44 + Ers). The dependence of the short-range- 
order parameter on temperature is indicated in Fig. 13. It does not 
drop to zero at the critical temperature but approaches it asymptotically 
‘at higher temperatures. 

In his first calculation, Bethe considered the interactions of an atom 
on a central site with its immediate neighbors only and expressed its 
interaction with all the other atoms by asingle term. It turns out that 
this term can then be eliminated by the physically reasonable assumption 

that it should make no difference to 

1.0 the calculation whether the central 
4 site chosen is an « or £ site. (In a 
o second and better calculation, Bethe 
also took into account the second- 
nearest-neighbor interactions.) Be- 
cause of their relative complexity, the 


0 expressions for the internal energy 
Absolute temperature ° and entropy are not reproduced here; 
Fia. 13 however, it can be shown that they 


predict the formation of long-range 
order below the critical temperature. Above the critical temperature, 


the short-range-order parameter is given in terms of the coordination 
number of the atoms, z, by 


zTeIT — (z — 2)TeIT 


D aT E (e — gy tert (24) 
which reduces to 


= 2— (2-2) 

z + (z — 2) 
vata, 

z—1 (25) 
at the critical temperature. 
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the transformation. Such a classification applicable primarily to poly- 
morphic transformations in nonmetals has been proposed by Buerger 
and is reproduced in Table 1. The relative speeds at which the various 
transformations usually occur are noted in parentheses in this table 
following each transformation type. 


Table 1 
Types of transformation 
1. Transformations of secondary coordination: 
1. Displacive (rapid) 
2. Reconstructive (sluggish) 
2. Transformations of first coordination: 
1. Dilatational (rapid) 
2. Reconstructive (sluggish) 
3. Transformations of disorder: 
1. Rotational (rapid) 
2. Substitutional (sluggish) 
4. Transformations of bond type: 
(These are usually sluggish.) 


Suppose that a crystal’s structure consists of atomic polyhedra sharing 
corners, as represented diagrammatically in Fig. 154. It is possible 
for the structure to transform to either of the two types shown in Fig. 
15B and C without changing the coordination of the atoms within each 
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polyhedron. Since only the arrangement of the polyhedra is changed, 
such changes are described as a transformation of the secondary coordina- 
tion of the atoms located at the centers of each polyhedron. Obviously, 
it is easier to make the transition to the structure shown in Fig. 15B 
because none of the bonds between atoms are actually disrupted. It is 
easily shown that the structure in Fig. 15B is an average of the structure 
shown in Fig. 154 and its enantiomorphous equivalent which is skewed 
in the opposite direction. At high temperatures, the structure can 
alternate between these two equally stable configurations, giving the 
“open” structure in Fig. 15B. This so-called displacive or high-low 
transformation can proceed quite rapidly, therefore, and occurs at a 
characteristic transition temperature. for example, at 573°C in quartz. 
The reconstructive transformation leading to the structure shown in 
Fig. 15C, on the other hand, requires that the second-coordination bonds 
he broken and reformed anew so that it proceeds very sluggishly. Mor 
example, both of the two polymorphic modifications of lead azide, PbNg, 
appear to be equally stable at room temperature if left in a dry state. 
When placed in a solution containing dissolved lead azide, however, the 
unstable 8 modification undergoes a reconstructive transformation to the 
apparently more stable « form, as shown by the time-lapse photographs 
in Fig. 16. Similarly, this is the reason why pure tridymite, a high- 
temperature polymorph of SiQ., persists for indefinite periods at ordinary 
temperatures even though it is thermodynamically unstable at these 
temperatures, 
The simplest way that å transformation involving changes in the first 
coordination of atoms can proceed is for the coordination to change from 
one state to the other without forming any intermediate states. For 
example, when CsCl is heated above 460°C, the cubic coordination of the 
a nara rine Som taal coordination of the NaCl 
fairly rapidly If the new a, pn thetafare; procesa 
i phase requires a complete rearrangement of 

the atoms, then the transfor: oceeds very sluggishly, if at all. 
Similarly, in the case of order-disorder transformations, the substitutional 


10n bonds are tem- 


; ation of an atomic group i 
bonds are immediately reformed with other atome cfg, The broken 


the group is completed. Finally, it is possi 
of bonds are formed as the result of the tr: iti 
are obviously more difficult to accomplis — a 


h and usually require extremely 
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Fie. 16. Time-lapse photographs showing the transformation of 8 lead azide to 
small crystallites of æ lead azide in an aqueous solution containing a large a crystal. 


i 


high temperatures and pressures. An example of such a transformation 
is the transformation of graphite to diamond discussed in Chapter 13. 


Equilibrium diagrams 


Despite the lack of rigorous theories to describe the transformations 
that can occur in solids, a wealth of experimental data is available that 
describes the different transformations that actually take place. The 
relations between the different phases or structures that are encountered 
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are usually represented graphically in so-called constitution diagrams or 
phase diagrams or equilibrium diagrams. The latter name is derived from 
the fact that such diagrams usually show the most stable phases that 
occur under equilibrium conditions. Strictly speaking, equilibrium is 
attained after sufficient time has elapsed so that the reaction is com- 
pleted, that is, when no further changes can occur. In practice, it is 
frequently not possible to control the reaction rate sufficiently to allow 
equilibrium to be reached at each stage in a transformation. The four 
principal variables in thermodynamic reactions are 
ture, volume, and composition of the material. 

carried out at atmospheric pressure and, in the solid state, usually involve 
very small volume changes so that they can be ignored. For a two- 
component system, therefore, a two-coordinate diagram is sufficient to 
show what happens at different compositions as a function of tempera- 
ture. On the other hand, in a three-component system, a three-dimen- 
sional figure is needed in order to represent all possible compositions of 
three components as a function of temperature. Since such figures are 
difficult to draw and to interpret, it is more usual to represent such 


information on a number of isothermal Sections drawn for a series of 
different temperatures. 


pressure, tempera- 
Most reactions are 
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transformation. Such phases are 
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mum number of chemical entities that are sufficient to specify completely 
the composition of the system. In the simplest case, the components 
are the elements present; however, it may be more meaningful, as dis- 
cussed above for the iron-carbon system, to select a compound as one of 
the components. Latin roots are used to designate the number of 
independent components in a system so that a one-component system is 
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called a unary system, a two-component system is called a binary system, 
a three-component system is called a ternary system, and so forth. It 
should be noted that when two components combine to form a single 
phase a new component is added to the system. Actually this new 
component is not independent of the other two since it is related to them 
by a chemical equation. For example, 


3Fe + C = Fe;C. (26) 


186 Chapier 8 


It was pointed out by Gibbs in 1876 that the number of components C 
and phases P present in a system is related to the degrees of freedom of 
the system by the so-called phase rule 


F=C-P+2 (27) 
where the degrees of freedom F are all those conditions influencing the 
system that are independently variable, specifically, the temperature, 
pressure, and composition. If F = 0, there are no degrees of freedom; 
that is, the phase is stable only for a fixed temperature, pressure, and 
composition. When F = 1, either one of these parameters may be 
varied without affecting the stability of the phase.. When F = 2, two 
of these parameters may be arbitrarily specified, ete. 

As stated above, the pressure is usually assumed to be constant and 
equal to 1 atm in most cases. This means that one of the degrees of 


freedom in (27) is fixed so that there remain 
F’=F-1=C-P+1 (28) 
degrees of freedom. 


Solid solutions. Solid solutions can form between two or more com- 
ponents provided that their atomic radii, electronic structures, and 


Liquid 


Weight, per cent B——— 
Fig. 18 
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can be understood best by considering what happens to the melt as it is 
gradually cooled, say, by following the dashed vertical line at Xo down- 
ward. At the composition Xu, the alloy is a liquid for all temperatures 
T >T, If it is cooled sufficiently slowly to allow equilibrium to be 
attained at each temperature, it remains a liquid until the uppermost 
curve in the diagram, called the liquidus line, is reached. At this tem- 
perature, Ta, part of the liquid solidifies with a composition X,. This 
composition is determined by the intersection of the Tı = const line 
with the so-called solidus line. Upon further cooling, say to tempera- 
ture 7's, the solidification continues, but the composition of the solid 
formed is different, namely, Ys. The composition of the liquid at this 
temperature, therefore, is Y,,. Note that if this were a single-component 
system, that is, if it consisted of element A only, 
P=C=P+1 


l= 2+ 1 
= (0) 


I! 


and solidification could occur only at one temperature. Since this is a 
two-component system 


Me=2-241=1 


and solidification can occur over a range of temperatures. Finally, 
when the alloy is cooled to a temperature 7' < 73, solidification is com- 
pleted, and a solid solution with composition Xo is formed. In practice, 
the solid formed at this temperature is an intimate mixture of phases 
ranging in composition from X,, which is relatively rich in component B, 
to un almost pure .1 phase, since the last drop to freeze has the composi- 
tion Ny. This is so because solidification normally proceeds too rapidly 
for equilibrium conditions to prevail. It is necessary, therefore, to 
muintain the solid at a temperature just below 7’; for some time, that is. 
to anneal it, in order to form a homogeneous phase. 

Between the temperatures T, and Ts, the alloy consists of two phases, 
one liquid and one solid phase. “The relative amounts of the two phases 
present in a two-phase region can be determined by the so-called lever 
rule. Consider the dashed horizontal line at the temperature T; in 
Fig. 18, sometimes called a tie line. If the weights of the phases at each 
end of the tie line are assumed to ‘balance a mechanical lever whose 
fulcrum is at the alloy'’s composition, the condition of mechanical equilib- 
rium requires that 


wr(Xr — Xo) = ws(Xo — Xs) (29) 


where w; and ws are the weight fractions of the liquid and solid phases. 
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respectively. The same rule also holds for two solid phascs in equilib- 
rium with each other. 

When the two components in a binary alloy are completely miscible in 
the liquid but only partially miscible in the solid, then the equilibrium 
diagram has the appearance shown in Fig. 19. Starting on the left side 
of the diagram, liquid alloys having compositions ranging from 100 per 
cent A to X4 solidify on slow cooling by the same process as that described 
for completely miscible solid solutions above. In the composition 
range X4 to Xz, however, solidification proceeds as follows: When the 
temperature of the alloy is dropped below the liquidus line for that com- 
position, the solidified material is pure a, which is the solid-solution 


Liquid +8 


Temperature 


Per cent B —> 
Fic. 19 


phase richin A. Upon further cooling, the liquid is continually depleted 
of A atoms until at T's its composition is X gz. At this point, called the 
eutectic point, three phases are in equilibrium with each other, namely, a 
liquid phase saturated with A and B atoms, and the two solid phases 
a and £ which have different crystal structures, Thus, according to (28), 


Pa@=piy 
=2—3+ì 
=0 


at this point and solidification can occur at only one temperature. Note 
that this is the lowest temperature at which an alloy in this System can 
be in the liquid state. The solid formed at this point is an intimate 
mixture of both solid phases, giving a characteristic eutectic structure. 
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To the right of the eutectic composition, solidification proceeds in an 
analogous manner. Between Xz and Xz the solid contains crystals of 8 
in the eutectic mixture. Between Xg and 100 per cent B, solidification 
again proceeds as in a completely miscible solid solution. Note that the 
two lines separating the single-phase regions, «œ and £, from the two-phase 
region are slanted. Thus, as the temperature of a heterogeneous solid 
consisting of a mixture of œ and £ is lowered, the relative amounts of the 
two phases present change according to the lever rule (29). 

The form of the equilibrium diagram in Fig. 19 is determined by the 
relative free energies of the different phases. Below the eutectic tem- 
perature the free energies of the a and £ phases are similar to the curves 


Free energy 


æ+ liquid i Liquid +8 
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shown in Fig. 2. Since the free energy is a function of temperature, this 
plot is correct for only one particular temperature. Usually, in such 
systems, the minima in the free-energy curves of each phase move toward 
each other as the temperature increases. This is the explanation of the 
changing slopes of the two lines marking the boundaries of the two-phase 
regiou in Fig. 19. Above the eutectic temperature, the free energy of the 
liquid phase must also be considered. The relative free energies of a, 8, 
and liquid at some temperature above 7'z are shown in Fig. 20. As can 
be seen in this figure, the eutectic composition Xg is approximately 
determined by the intersection of the two dashed lines marking the 
common tangents of the a and liquid free-energy curves and the 8 and 
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liquid curves. Since the dashed line marking the common tangent of 
the a and £ free-energy curves lies above the a-liquid and £-liquid lines, 
equilibrium between solid a and £ phases is not possible at this tempera- 
ture. Instead, just to the left of X + equilibrium exists between a mixtuge 
of solid a and liquid, while to the right a mixture of solid £ and liquid is 
stable. At the more extreme ends of the diagram, the respective solid 
phases are the stable forms of this system. When the temperature is 
increased still further, the free energies of the solid phases relative to the 
liquid increase until only the liquid is stable for all compositions. 

The minima of the free-energy curves of a, 8, and liquid need not be in 
the order (as a function of composition) indicated in Fig. 20. For 
example, consider the equilibrium diagram shown in Fig. 21B. The 
relative free-energy curves of the three phases at temperature T, are 
shown in Fig. 21A. Since, at this temperature, the free energy of £ is 
everywhere greater than the free energies of the other two phases, the 
equilibrium conditions for different compositions are not unlike those 
encountered in Fig. 2, namely, at the two extremes, either the a or the 
liquid phase is stable alone, while the stable phase in between is a hetero- 
geneous mixture of both. At another temperature, say 7's, the free- 
energy curves of all three phases cross each other in pairs; that is, for 
certain compositions the minimum free energy is that of one of the three 
single phases. Probably the simplest way to understand the relations 
in Fig. 21C is to consider the left- and right-hand portions of the diagram 
separately, since each side shows the interactions of only two phases. 
The composite equilibrium of these three phases at all temperatures is 
shown in the equilibrium diagram in Fig. 21B. This diagram can be 


interpreted as follows: Starting at the left side of the diagram, solidifica- 
tion proceeds for all compositions up to Xa asina completely tniscible 
solid solution. (In this range, of course, complete miscibility does exist.) 
In the composition range X4 to Xp, however, a notable change conus 


when the isothermal line at T = Tp is reached. At this temperature 
a reaction takes Place wherein the solid æ reacts with the liquid to form B 
crystals. That this must be so can be seen from the phase rule. At the 


isothermal, which is called the peritectic temperature, there are three phases 
in a with each other, namely, liquid, a, and £, so that according 
to (2 


P=2-341=0 


and there are no degrees of freedom available. 
composition of the 8 phase must be that of the 
Since the liquid is depleted of A atoms by the ti 
perature, some of the a phase must redissolve 
quently, all the alloys in the range X4 to Xp mus 


Thus, the equilibrium 
peritectic point at Xp. 
me it reaches this tem- 
at this point. Conse- 
t consist of two phases, 
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Below the peritectic temperature the alloy consists of « and 8, while 
above T'p it consists of liquid plus a only. At the composition of the 
peritectic Xp, on the other hand, the liquid solidifies with a single phase, 
B, below the peritectic temperature. To the right of this composition, 
the alloys contain excess liquid below the peritectic temperature so that 
on further cooling the composition of the 8 phase shifts along the solidus 
line. 

When an allotropic element crystallizes in either of two different 
structures as a function of temperature, it can form two different solid 
solutions. The resulting equilibrium diagram contains two isothermals 


Temperature 


ny Xr 
Per cent B —> 
Fic. 22 


and two singulari ‘ Se Asis 
tl ingularity points, as shown in Fig. 22. Suppose that the two 


eutectoid the three phases in equil 
When an alloy having the composition X. 
temperature, the solid y phase transfor 
a and 8. The construction of the free-energy plots for the different 


temperature regions is left to the reader (See the exercis 
n ‘ cises at th 
of this chapter.) e end 
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Complex diagrams. As already indicated in the equilibrium diagram 
shown in Fig. 22, it is possible for several different reactions to occur in 
the same system. One possible feature of such diagrams not mentioned 
thus far is the formation of intermediate phases. An intermediate phase 
is the name given to any new phase whose composition and stability 
range are limited to intermediate regions of the equilibrium diagram. 
When the intermediate phase has an ordered structure, it usually differs 
from ordinary compounds because its structure may be stable over a 


Liquid 
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Temperature 


X, B 
Per cent B—> 
Fig. 23 


Tange of compositions whereas most compounds must be very nearly 
stoichiometric in order to exist at all. 

There are two ways in which intermediate phases can form. The 
simplest way is for the intermediate phase to form directly from the 
liquid at the composition Xz, as shown in Fig. 23. A notable feature of 
all such diagrams is that the liquidus and solidus lines come to a common 
maximum at X;. Alternatively, an intermediate phase may be formed 
by a peritectic reaction, as shown in Fig. 24. Actual equilibrium dia- 
grams may be even more complicated than the examples cited so far; 
however, they will usually consist of the reactions described above so 
that they can be broken up into parts containing one reaction type only. 
For example, if Fig. 23 is divided into two parts by a vertical line at Xr, 
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the left side contains only a peritectic reaction while the right side con- 
tains only a eutectic reaction. 


Kinetics of transformations 


Transformation rates. The speed with which a transformation can 
proceed is related to the stabilities of the different atomic configurations 
of the two phases. A certain energy, called the activation energy, is 
required for a group of atoms to assume a new configuration. Only 
when the group of atoms is supplied with this energy does the transforma- 
tion actually occur. Another way of stating this is to observe that, when 
the internal energy of the two states is separated by an energy barrier, 
the transformation from one to the other can proceed as soon as sufficient 
energy to surmount the barrier is supplied. The nature of the barrier, 
therefore, plays an important role in determining the rate at which the 
transformation can proceed. If the barrier has the shape shown in 
Fig. 254, then the transformation to the higher-energy configuration can 
proceed virtually instantaneously upon absorption of the activation 
energy. It is possible that local phonon-atom interactions can displace 
an atom from an a to a & site even below the critical temperature. The 
relatively small energy barrier impeding its return to the a site, however, 
precludes the occupancy of £ sites for long periods of time. On the other 
hand, above a critical temperature, the free energy may be lower for a 
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structure composed of atoms on @ sites so that the minima in the free- 
energy curve for these sites are the reverse of the internal-energy curve 
shown in Fig. 25A. 

When the internal-energy curve has a large hump separating the two 
states, then the transformation proceeds more sluggishly. (This is the 
reason why the dilatational transformation can proceed rapidly because 
intermediate coordinations are not involved.) The internal-energy curve 
for this, the more usual case, is shown in Fig. 25B. Locally, an atom or 
group of atoms can absorb sufficient thermal energy to overcome the 
barrier at any temperature above absolute zero. The relative height of 
the barrier then prevents their immediate return to the lower-energy 
state. As the temperature is increased, successively more and more local 
transitions can occur until, above the critical temperature, the entire 
structure has transformed. Note that aboye the critical temperature, 
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transitions in the opposite sense also can occur. Since the free energy 
favors the high-temperature configuration £, however, local transitions 
to « sites are relatively infrequent. 

Because the free energy of the high-temperature structure is lower, 
the entire crystal should undergo a transformation at the critical tem- 
perature, according to thermodynamics. In most cases, this is extremely 
unlikely to occur because it requires that a very large number of atoms 
simultaneously take up the positions of the new structure. This means 
that all the atoms must absorb sufficient energy to overcome the energy 
barrier, a process which is much more likely to occur gradually. Con- 
sequently, transformations tend to proceed by the formation of nuclet 
having the stable structure and by the growth of these nuclei at the 
expense of the untransformed regions. Thus the rate of transformation 
is determined by two distinct processes, nucleation and growth, each 
having characteristic activation energies that are usually different. The 
growth of nuclei has been briefly described in the preceding chapter; 


some nucleation processes are described below. 
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Homogeneous nucleation. Nucleation can occur in a crystal in 
two ways. A local imperfection in the crystal, say a point or line defect, 
produces strains in its vicinity so that the total energy required for the 
transition to a new configuration is lowered by the strain energy at the 

` site of the imperfection. The reduction in the activation energy means 
that such sites may become preferred nucleation centers and so-called 
heterogeneous nucleation takes place. The presence of imperfections is 
not imperative, and homogeneous nucleation can occur in the absence of 
such defects in the crystal. The formation of a nucleus having a different 
structure than the matrix, however, produces an imperfection in the 
host crystal’s structure, and it can be shown, similarly to the discussion 
of the formation of vacancies, that the number of nuclei.formed, n, at 
any temperature is given by 
n = Neset (80) 
where N is the total number of nucleation sites and AG is the free energy 
of formation of a nucleus. In a large region,. AG simply equals the 
difference in the chemical or bulk free energies, AGs, of the two different 
phases. In a region so small that the transformation can proceed back 
and forth due to local fluctuations in the thermal energy, two other 
factors must be considered, namely, the surface free energy of the nucleus- 
parent crystal interface, AGs, and the elastic energy, AGr, due to the 
strains produced in changing the structure. Therefore, the change in 
the free energy when a nucleus is formed is 


AG = — AGs + AGs + AGr (31) 
where AGs is negative because the transf 
unstable to a stable state. ‘ 

In principle, the nucleation process can be described in terms of inter- 
atomic forces by an appropriate kinetic theory. Because of the com- 
plexity of the problem, such a description is not possible at present. It 
is possible, however, to describe nucleation by a phenomenological theory, 
particularly if the formation of a solid nucleus from a liquid is considered. 
If the composition of a liquid is the same as that of the solid, then the 
small changes in the elastic energy upon freezing can be neglected. Thus, 
the only factors that need be considered in (31) are the difference in the 
bulk free energy and the surface energy, of the solid-liquid interface. 
Now, the bulk free energy is obviously Proportional to the volume of 
the nucleus or /*, whereas the surface free energy is Proportional to l2. 
By analogy to (31), the change in the free energy due to the formation 
of a nucleus can thus be expressed by a relation 


AG = —kil? + kl? (32) 
where the proportionality constant ky, expressing the bulk free energy of a 


ormation proceeds from an 
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unit volume, is smaller than k2, which is determined by the surface tension 
at the nucleus-liquid interface. The meaning of (32) is best seen by 
plotting the change in the free energy as a function of l. As can be 
seen in Fig. 26, the free energy increases as / increases until a maximum 
value Go js reached at some critical size indicated by Jo. Below this 
critical size the nucleus is unstable, because any increase in its size 
increases the total free energy. On the other hand, when the size of the 
nucleus exceeds the critical size, further growth decreases the free energy. 
A nucleus having the critical size determined by lo is in a metastable 
equilibrium, since a small variation in its size produces conditions that 
favor either its dissolution or an increase in its size. The energy of 
forming this metastable nucleus Go depends on temperature in the same 
way that AGr does. This is so because the surface free energy does not 
vary appreciably with changes in 
temperature and the energy of 
formation is very nearly the differ- 
ence between the free energies of 
the two phases. If the nucleation 
irom the liquid proceeds in accord- 
ance with (32), this means that, 
approximately, the free energy of i= 
nucleus formation depends only on mu en 
the difference between the free energies of the nucleated and liquid 
phases. Above the critical temperature, AG is positive so that 
according to (30) the number of nuclei formed decreases very rapidly 
with increasing temperature. Below the critical temperature, AG is 
negative and the exponential term is positive. As the temperature is 
lowered, therefore, the number of nuclei formed must increase expo- 
nentially according to (30). As the undercooling increases, however, 
the decreased thermal activity actually tends to slow down nucleation. 
Thus, in silicates, for example, rapid undercooling leads to the formation 
of glasses. In most other inorganic substances, including all metals, 
however, it is not possible to undercool the liquid phase without forming 
a large number of crystal nuclei. This is caused by the presence of 
large numbers of impurities which act as nucleation sites. 

Heterogeneous nucleation. The rate of a transformation in poly- 
crystalline solids usually increases when there are imperfections, espe- 
cially impurity inclusions, present in the solid. The formation of nuclei 
in heterogeneous nucleation is influenced by the relative interfacial tensions 
between the nucleus and the imperfections o,; and between the parent 
phase and imperfection opi- 


lo 


AG; = Oni — Opi (33) 
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where AG; is the change in the free energy due to the formation of a unit 
area of interface between the nucleus and the imperfection. ep yi 
geneous nucleation will be preferred to homogeneous nucleation if AG; 
is less than the interfacial tension between the nucleus and the parent 
phase. According to (33), the free energy decreases (the change is 
negative) when op; > oni, meaning that the interatomic forces of attrac- 
tion between the nucleating phase and the imperfection are greater than 
those between the parent phase and the imperfection. In the case of 
nucleation at the surfaces of impurity inclusions, this means that the 
relation of the crystal structure of the impurity to that of the nucleating 
phase is an important factor. For example, when particles of the 
nucleating phase are present as inclusions in the parent phase because 
of a previous heat treatment, such inclusions may form preferential 
sites for nucleation. ; 

Since the interfacial tension between the nucleus and the matrix phase 
and, hence, the free energy in (33) are reduced when the interatomic 
forces of attraction crossing the interface are large, there is a tendency 
for the nucleating phase to have certain planes of its structure parallel 
to similar planes in the host phase. The formation of such precipitates 
usually is characterized, therefore, by a definite orientation relationship 
and by certain habit planes that the precipitate develops in an alloy. 
For example, the atomic arrangement and interatomic spacings are very 
nearly the same for the (110) planes of 8 brass and the (111) planes of «æ 
brass if the planes are mutually oriented so that [111] in £ is parallel to 
[110] in'e. Consequently, 8 brass tends to precipitate in a brass with 
the foregoing orientation relationship. In addition to this orientation, 
the precipitating @ brass tends to form needlelike crystals. More com- 
monly, a precipitate adopts a platelike habit. Such lamellae frequently 
form regular networks, called Widmanstätten structures, which can be 
seen in many alloys and in most meteorites, in which they were first 
described. 

Grain boundaries also form suitable sites for heterogeneous nucleation. 
It can be shown that the grain-boundary energy decreases the free energy 
of nucleation. This is so because any stresses formed during nucleation 
are more readily relieved at grain boundaries. Moreover, strairs already 
present in the boundary may actually aid in the formation of a nucleus. 
Depending on the nucleating structure, either compressive or tensile 
stresses can aid in its formation. Recalling that both types of stresses 
are present at an edge dislocation, it is easy to see that the presence of 
such dislocations at a grain boundary also aids the nucleation there. 
The presence of other imperfections, notably inclusions, at grain bound- 

aries means that, provided that the energy conditions expressed by (83) 
are met. these inclusions can become nucleation sites, Consequently, 
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the frequency of nuclei formation at a grain boundary proceeds in this’ 
order: point of intersection of four grains > line of intersection of three 
grains > plane of intersection of two grains. 

Precipitation from solid solutions. Quantitative measurements 
of the rate of nucleation in general precipitation are not available. Pub- 
lished results indicate, however, that the nuclei tend to form at grain 
boundaries or other imperfections such as subboundaries or slip planes. 
This is supported by evidence that plastic deformation, such as cold- 
working a metal, greatly increases the nucleation rate. At the beginning, 


Fra. 27. Three stages of pearlite:austenite interface magnified 2000 times. The 
pearlite region consists of alternating lamellae of ferrite and cementite. (Photo- 
graphed by Robert F. Mehl and William C. Hagel.) 


the precipitate formed along such imperfections is too small to be seen 
with an ordinary microscope. These so-called Guinier-Preston zones 
attain thicknesses of about 100 to 200 A and can be detected usually by 
changes in the physical properties of the alloy, with the aid of an electron 
microscope, or by special x-ray diffraction effects. It is believed that 
such zones can form only when the densely packed planes of the equilib- 
rium precipitate and the solid-solution structure are very nearly parallel 
although there is considerable evidence that indicates that Guinier- 
Preston zones are initially formed in most precipitates. 

An important factor affecting precipitation in a solid solution is the 
possibility of impingement of two adjacent nuclei. As the nuclei grow in 
size, they deplete the solution surrounding them so that, when the region 
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3 i wo nuclei becomes small, their further growth along a com- 
i eta is impeded. It follows from this that the rate of growth 
depends on the rate of diffusion of the solute atoms in the solid solution. 
Assuming that the rate of diffusion is the only limiting factor on ine 
growth rate, it follows that a spherical particle will grow most slowly. 
This is so because each growing spherical nucleus is surrounded by a 
sphere depleted of solute atoms. As neighboring spheres grow in size, 
these depleted regions approach each other and the growth rate is slowed 
down. On the other hand, diffusion tends to aid rods, plate-, or disk- 
shaped particles to grow much more rapidly. T his is particularly true 
if the growth velocities of their external habit planes are favorable, 
This phenomenon is observed in steels having a composition near the 
eutectoid (Fig. 17). Ferrite and cementite form thin parallel lamellae 
(the complex is called pearlite), which advance into the austenite region 
by increasing the length (or width) of the plates Without an appreciable 
change in their thickness, as illustrated in Fig. 27 which shows several 
stages in the advance of the interface. The rate of advance of the 
pearlite: austenite interface depends on the rate of diffusion of carbon in 
the austenite region. Since the carbon concentrates in cementite (Fe,C) 
and not in ferrite (a-Fe), the thickness of the lamellae is limited by the 
ability of carbon to diffuse to the appropriate regions of the interface. 
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Exercises 


1. Calculate the free energy of a random solid solution having the composition 
A:B. Do this by calculating separately the internal energy and the entropy. Plot 
the free energy as a function of the long-range-order parameter at T'e. 

2. Determine the free energy of a random solution having the composition ABa. 
Plot the'free energy as a function of Ean — 4(Eaa + Esa) for this solid solution. 

3. In considering the transition from short-range order to long-range order below 
the critical temperature, it appears, at first sight, that the antiphase domains should 
be stable down to absolute zero. Yet x-ray evidence clearly shows the formation 
of a superlattice. How do you explain this? 

4. In the SiOz system, the high-temperature or 


8 form of quartz becomes unstable 
relative to another polymorph, cristobalite, 


above 1000°C, yet the transition does 
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not proceed directly. 8 quartz first melts and then devitrifies from the silica glass to 
form cristobalite. If the glass is also unstable relative to cristobalite at this tem- 
perature, explain the above transformation. Using the classification scheme in 
Table 1, what type of transformation is this? 

5. In steels, the formation of ferrite and cementite from austenite often proceeds 
only after the formation of the metastable martensite (see Chapter 11). Explain 
and classify this transformation. 

6. Apply the phase rule at each singularity point in Fig. 17, that is, at each point 
where two or more lines meet. Repeat for any other point along the two isothermal 
lines. Why are the degrees of freedom determined by the phass rule different for 
the points and lines? 

7. Consider the composition Xo of an alloy in Fig. 18. Suppose that it is cooled 
rapidly to a temperature slightly below 7; and maintained at that temperature for 
sufficient time to form a homogeneous solid solution. What is the atomic mechanism 
by which annealing occurs? Why does it occur at all? 

8. In a binary alloy, it is possible that the two components are only partially 
miscible in the liquid and in the solid. Such an alloy is characterized by a two-phase 
region in the equilibrium diagram in which the two liquids coexist as separate phases. 
At a given temperature the monotectic reaction liquid a = liquid B + solid a takes 
place. Construct a hypothetical equilibrium diagram showing this reaction. 

9. A peritectoid reaction bears the same relation to a peritectic that a eutectoid 
bears to a eutectic. Construct a fictitious equilibrium diagram showing a peritectoid 
reaction. 

10. Similarly to Fig. 21 in the text, prepare two diagrams showing the relations 
of the free-energy curves as a function of composition of the three phases forming a 
eutectoid reaction. Hint: Do this by selecting one temperature slightly above and 
one slightly below Ty. 

11. Derive the expression (30) relating the number of nuclei formed, n, to the free 
energy of formation AG, if there are N nucleation sites in a crystal. 

12. It is sometimes possible to quench a phase that is unstable relative to its matrix 
by cooling an alloy very rapidly. If this phase is unstable at room temperature, 
what prevents the stable phase from nucleating after quenching? Why is it not 
possible to quench certain phases no matter how rapidly they are cooled? 

13. It is possible to grow a crystal, from its solution, on the surface of a different 
kind of crystal when the latter is placed into the solution. ` Explain this process of 
epitaxy in terms of nucleation energy and list the factors that determine the suitability 
of a crystal placed in the solution. 

14. When the cooling of an alloy is accompanied by the precipitation of a new 
phase, its hardness usually increases. This is called age hardening since the size of 
the precipitate increases with time or age. When such an alloy is reheated, it again 
becomes softer, a process which is called retrogression. Explain both processes by 
first noting the structural changes that take place on cooling and heating and then 
by considering the plasticity of the alloy in each case. 

15. When a steel containing 0.9 per cent carbon is cooled below the eutectoid 
temperature (Fig. 17) it is observed that pearlite. grows from nuclei formed at grain 
boundaries or on particles of undissolved carbides. Discuss the reasons why such 
nucleation sites should be preferred. 
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The bonding of atoms 


Elements of quantum mechanics 


Principles of wave mechanics. In order to understand how atoms 
are joined in solids it is necessary to gain a more quantitative insight into 
the makeup of an individual atom. It has been stated in Chapter 4 
that an atom consists of a positively charged nucleus about which 


revolve a number of negatively charged electrons. In 1924, De Broglie 
postulated that electrons, although particles of finite mass, -behave as 
if they had associated with them waves of wavelength 

lh 

= a) 


where h is Planck’s constant (h = 6.628 X 10-27 erg-sec) 
m is the mass of an electron (m = 9.115 X 10-28 g) 
v is the velocity of the wave. 

This postulate, 


ðr? wt aL (2) 


where w is its angular frequency. If, however, the string is vibrated Sh 
such a manner that the nodes of the string are Stationary in space and 
202 
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the maximum displacement at any point docs not vary with time, that 
is, when standing waves are set up, then the equation giving the displace- 
ment u as a function of x is 


a + ou = 0. (3) 


This is the well-known equation for a harmonic oscillator and has a gen- 
eral solution of the form 
u = A cos wt + B sin wx (4) 


as can be verified by direct substitution in (3). 
Now, the total period of the string is 2L, which, if divided into n 
parts by the vibrating string, corresponds to a frequency of n/2L, or 


w= 2r oF (5) 
and (3) and (4) become 
du an \? = 
qa + (=) u=0 (6) 
and u = A cosr tz + B sin g-t (7) 


Since the string is clamped at both ends, the displacement u is zero 
when z = 0 and when x = L. These so-called boundary conditions must 
be satisfied by (7), and it is possible to use them to determine the values 
of A, B, and n. 


When z = 0 u=0 Arcos (D) em) 


E 


(8) 
When z =L u=0=Bsnr7L 
= B sin m. (9) 


According to (8), A is zero; therefore, excluding the trivial solution when 

-B is also zero, the only way that the right side of (9) can be zero is for 
sin mn to eqral zero. This is the case when x is equal to an integer. 
Several possible solutions of (6) are plotted in Fig. 1 for n = 1, 2, and 3. 
These are the familiar fundamental and higher-order harmonics. Note 
that B is an arbitrary constant determining the amplitude and is not 
fixed by the boundary conditions. 

Schrédinger’s theory. An important conclusion to be drawn from 
the above example is that the solutions of boundary-condition problems 
expressed by wave equations like (6) are quantized; that is, they are 
different from zero only for a definite set of values of n and are equal to 
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zero for any other value of n. Following De Broglie’s postulate of the 
wave nature of electrons,t Schrödinger showed in 1926 that the 
wave equation can be used to describe the motion of electrons in atoms 
in agreement with the quantization requirements of Bohr’s earlier postu- 
lates. In fact, whenever the results of the Bohr theory agree with 
experimental observations, Schrédinger’s theory gives an identical 
result. Moreover, Schrédinger’s theory agrees with experiment even 
where Bohr’s theory does not. It should be noted that the Schrédinger 
theory is not an exact theory since it involves certain approximations. 
This is also true of the other theories of solids. Nevertheless, these 
theories give a physically meaningful description of phenomena whose 
truth can be verified experimentally. 


n=3 


The wavelengths of the vibrating string determined by the standing- 
wave solutions in (9) are à = 2L/n. Substituting for n/L in (6), 


du, 4r? 
da? + jz va 0. (10) 


Substituting for à De Broglie’s postulate (1), 


du — 4r?my? 
Tr + h us u=0. (11) 


i The kinetic energy of an electro 
its total energy Æ 


} Ton is, of course, the difference between 
and its potential energy V. 


KE = 4m? 
=. V (12) 
and i = 22-7) 
—. (13) 


pate ey ma for v? in (11) and representing the position of the 
electron by the so-called wave function Y instead of the displacement u 

5 , 
+ It should be noted that De Broglie’s 

) postulate of the wave nat 

subsequently confirmed by direct experiment. In 1927 Daae A, oye 
United States and Thomson in England demonstrated that electrons are diffracted b: 
crystals similarly to x-rays. ie ae 
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the one-dimensional, time-independent form of Schrédinger’s equation 
results: 

dy , 8r?m > 

qe + he (E — V)y = 0. (14) 


In three dimensions, d*f/dx? must be replaced by partial derivatives 
with respect to the z, y, and z axes so that the three-dimensional Schréd- 
inger equation is 


a at, a 8xtm(E —V), _ 
(S+ Bt get SO no. (18) 


The solutions of (15) are not unlike the solutions of (6) except that 
the wave function y is a function of three space coordinates x, y, z. In 
this sense, the wave function describes the position of an electron. There 
is one very important distinction, however. The displacement of a 
vibrating string can be readily observed, and it is meaningful, therefore, 
to describe its displacement precisely. The displacement or position 
of an electron, on the other hand, cannot be observed. The reason for 
this becomes obvious when the “tools” of observation are considered. 
In order to observe an electron, either light photons, or x-ray photons, 
or other electrons have to be used. These particles interact with the 
electron, changing its position immediately as the signal describing its 
previous position reaches the observer. Thus, vhe information obtained 
from the experiment no longer correctly describes the state of the elec- 
tron. Itis not meaningful, therefore, to seek an equation that accurately 
describes the position of an electron because the correctness of such an 
equation could not be verified. 

Although it is not ‘meaningful to predict the exact position of an elec- 
tron at a particular instant of time, it is possible to determine the most 
probable place where the electron will be. Max Born showed in 1926 
that the quantity |y|? tells the probability of the presence of an electron 
at a particular point in space at the time at which the wave function y is 
being considered. When a large number of identical experiments are 
performed, this so-called probability density accurately predicts what the 
spatial distribution of electrons will be. Since the wave function is a 
function of space coordinates, the probability density has different values 
as a function of space coordinates also. Moreover, it predicts quite 
accurately the most probable locations of an electron for each possible 
value of the energy F in (15). (These energy values are quantized just 
like the energy values assumed by Bohr.) In fact, the most probable 
values of the distance from the nucleus for an electron predicted by the 
probability density agree quite well with the radii of the Bohr orbits. 
Because the electrons are not limited to the occupation of prescribed 
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ositions in space according to quantum mechanics, an electron is said 
n occupy an orbital described by its orbital wave function. It is then 
convenient to express the probability of finding the electron by 


[E Wawsi (16) 


which states that the probability of finding the electron somewhere in 
space is equal to unity. l 
In addition to being unable to predict the exact location of an electron 
at every instant of time, it turns out that it similarly is not possible to 
specify the exact velocity of an electron when it occupies a particular 
point in space, nor its energy at a particular instant of time, and so forth. 
This limitation was expressed by Heisenberg in the uncertainty principle 
which states that the product of the uncertainties in specifying two such 
conjugate characteristics can never be less than a constant value. This 
can be expressed analytically by relations such as 
h 
Az X Ap > a 


(17) 
or AE X At 2 a 


T 
T 
where q is a position coordinate and p = 
electron, while E and t are, respectively, 
constant. It follows from this that 
lations yield a description of the mo 


the exact picture one obtains from el 
to the case when classical mechanics 
considered are much larger than the size of electrons, can be determined 
with the aid of (17). For example, if both sides of the first relation in 
(17) are divided by the mass m, it turns out that the smallest value that 
the product Az Av can have is h/2rm. It follows that, as m becomes 
larger, the uncertainties become smaller, until in the limiting case of 
macroscopic bodies, the uncertainty has virtually disappeared and both 
the position and velocity can be predicted exactly, 

Hydrogen atom. The application of Schrédinger’s equation to actual 
atoms is illustrated by the simplest atom, hydrogen. In this atom, an 
electron of charge —e moves in the central field of force caused by the 


positive charge of the nucleus. The attractive force of the nucleus pro- 
duces a potential energy 


mv is the momentum of an 
energy and time, and his Planck’s 
most quantum-mechanical calcu- 
st probable situation rather than 
assical mechanics. The transition 
applies, that is, when the bodies 


A (18) 


where Z = 1 for hydrogen, and 7? = z? -+ y? +. Substituting this 
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value for V in (15) and abbreviating the partial differential operator in 
the parentheses by V? (pronounced del-squared), 


vy + Sm (z + =) v=0. (19) 


Relation (19) is the Schrédinger equation for a central force field. 
It can be solved most easily by introducing spherical coordinates and 
separating the variables; however, this solution is not carried out here 
although some of the results are described below. The reason for 
deriving (19) is simply to indicate its similarity to_(3), whose solutions 
turned out to be quantized. Quite similarly, the energy values corre- 
sponding to nonzero solutions of (19) are quantized also; in fact, they 
are the same as the energy levels of the Bohr atom. 


2r?met Z? 
Rg ae 
_ 2r?(9.1 X 10-89) (4.8 X 10-19 esu)‘ Z? 
(6.63 X 10-?? erg-sec)? n? 
2 
= — (13.6 eV) 2. (20) 


By analogy to the Bohr atom, the principal quantum number n deter- 
mines the energy level of the hydrogen atom. Since hydrogen has only 
one electron, the lowest energy level that it can have, the so-called 
ground state, corresponds to n = 1, and according to (20) E, = —13.6 eV. 
Ifn = 2, then Ez = —3.4 eV, indicating that 10.2 eV of energy is needed 
to raise a hydrogen atom from the ground state to this first excited state, 
Now, although Zz is a higher energy level than E,, the absolute magnitude 
of E is less than E:, which means that the attractive force binding the 
electron to the nucleus is less. Since the binding energy is inversely pro- 
portional to distance, this, in turn, means that the electron is farther 
removed from the nucleus in such excited states.t One must remember 
that the uncertainty principle does not allow the exact distance at which 
an electron is found to be specified, Nevertheless, it is possible to calcu- 
late the radius at which the probability density for a given state has a 
maximum. To a close approximation. 


Ta = (0.53 X 10-* em) 3 (21) 


for a single electron moving about a nucleus of charge Z. 


t It should be noted that nonnegative values of E also give solutions to (19). When 
E > 0, however, the electron is no longer bound to the nucleus. Whereas there exists 
a discrete spectrum of negative En values for the case of the bound electron, the free 
electron can have all positive energy values, forming a continuous spectrum. 
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The above discussion applies to solutions (wave functions) oa = 
depend only on 7 and are therefore spherically symmetrical. uc "a F 
functions describe electron orbitals called s orbitals. It is also _ : 
to obtain solutions that depend on T, y, 2 separately. Such solu oa 
contain two constants l and m. It can be shown that l, the azimuthal 
quantum number, measures the orbital angular momentum, ats. 
the magnetic quantum number, specifies the direction of the angular- 
momentum vector in space. The numerical values of the three quantum 
numbers are interdependent; specifically, n can equal any positive integer 
(excluding 0), J can have all integer values from 1=0 tol=n— 
and m can have all negative and positive integer values from m=- 
to m = 1, including zero. The shapes of such wave functions are shown 
in Fig. 2 for several different values of | and m. The three orbitals 


corresponding to l = 1 are called p orbitals; the five orbitals correspond- 
ing to l = 2 are called d orbitals. 8 

The total number of permissible values that m can have is 2l + 1, 
corresponding to the total number of ways that the magnetic vector 
due to the angular momentum of the electron can differ in its orientation. 
If an atom is placed in a strong magnetic field, therefore, there are an 
odd number of ways that the magnetic vectors of the electrons can align 
themselves with respect to the external field. Each different way of 
aligning in the magnetic field produces a small but finite change in the 
energy. This effect was first reported by Zeeman and bears his name. 
For certain atoms, notably alkali metals, however, even numbers of 
energy levels were observed. To explain this effect, an additional 
magnetic moment had to be postulated. It is assumed that the charge 
of an electron is not stationary but spins about an axis passing through 
the electron. The electron can spin only in essentially two unique 
directions, say clockwise and counterclockwise. Thus the total number 
of ways to orient the magnetic vector of the spin momentum is equal to 2. 
Now the spin momentum, like the angular momentum due to the orbital 
motion of the electron, can give rise to 2m, + 1 levels. In order to limit 
the total number to 2, the magnitude of the so-called spin quantum 
number m, must be equal to}. The direction of the electron spin vector 
is indicated by letting m, equal +4 or —4, depending on whether the 
spin vector is parallel to the orbital momentum or not. 

Pauli exclusion principle. 


It is more ‘convenient to speak of elec- 
tronic orbitals in terms of the four quantum numbers than in terms of 


the -wave-function solutions of Schrédinger’s equation. An electron 
described by four such numbers has a definite energy and travels with 
a predictable average velocity in a predictable orbital. A complete pic- 
ture of the atom can be given, therefore, by specifying the four quantum 
numbers of each electron and by listing the number of electrons of each 


`Z PUE X 04 Sb Aq 
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kind. A systematic procedure for doing this was made possible by 
Wolfgang Pauli in 1925 when he proposed the principle that no two 
electrons in an atom can have exactly the same set of four quantum numbers. 
According to this so-called Pauli exclusion principle, there can be two 
electrons for each combination of n, l, and m, provided that each has a 
different value for m,. Thus hydrogen can have one s electron with 
either positive or negative spin, whereas helium can have two s electrons 
only if their spins are oppositely directed. 

Periodic table. Some of the values of the three quantum numbers 
specifying solutions of the Schrédinger equation and their spectrographic 
designations are listed in Table 1. Each such solution predicts the 


Table 1 ' 
The quantum numbers describing solutions of Schrödinger’s equation 


Bohr atom | Principal | Azimuthal Magnetic Spectrographic 
designation | quantum | quantum quantum designation 
of shell number number number 
n l m 
K 1 0 0 ls (for “sharp ”) 
L 2 0 0 2s 
1 0, +1 2p (for “principal ”) 
M 3 0 0 3s 
1 0, +1 3p 
2 0, 41-43 3d (for “diffuse ”) 
0 48 
0, +1 4p 
0, +1, +2 4d 
0 4f (for ‘further’’) 


orbital of an electron, from which it follows that a combination of solu- 
tions, one for each electron in the atom, can be used to describe the most 
ee locations of all the electrons. It should be realized, however, 
; Fi : direct solution of Schrédinger’s equation (15) is possible only 
T e AE rriei Bas only one electron. Like the three-body 
: mechanics, no simple solutions of (15) ible 
for atoms having more than one electron. A i et ote 
possible if it is assumed that the electrons ar nected wek ae 
field force due to the nucleus, like (18), with Z taking Er aiae a 


for different atoms. 
are given by oms. The energy levels for such a central. field model 


En = —(13.6 eV) aD (22) 
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forn <3. Zo in (22) is a shielding constant that expresses the decrease 
in the nuclear attraction for a given electron due to the shielding effect 
of the other electrons present. In a given atom, the numerical value 
of Zo depends not only on n but also on / and varies from practically zero 
for n = 1 to almost Z for the highest quantum state possible. The con- 
sequence of this is that for hydrogen, which has only one electron, all the 
wave functions corresponding to a single value of n have the same energy 
given by (20). For atoms which have two or more electrons, wave func- 


tions having the same n values may 3 S d f 
have different energies, depending mere 
on the value of J. It is more con- = i—— = 4 
venient, therefore, to use the spec- po a —— Ere 
trographic designation given in the "A S 
last column of Table 1 as a short- ge 4 
hand notation for discussing the ba å 
energy levels of electrons. Ap- 1— 
proximate relative energy levels of iS 3 
different quantum states are shown j . 
in Fig. 3. č 

It is now possible to attempt a &|* 


systematic classification of the ele- 
ments. According to Table 1, — 
for n = 1 there is only one energy Jia 

level, the 1s state, which can con- 
tain two electrons having opposite 
spins. For n = 2, the 2s state can 
contain two electrons of opposite 
spin and three 2p states (corre- 
sponding to m=0, m= +1, 
m = —1), each of which can contain Ne. 3. Relative energy levels of atomic 
two electrons of opposite spin for a orbitals. se levels are labeled with 
total of six electrons, and so forth, i ial Se 

for larger values of n. This can be represented diagrammatically by 
drawing a box for each pair of electrons having opposite spins. Accord- 
ing to this representation, the s state consists of one box containing one 
or two arrows, the senses of the arrows indicating the spin directions. 
The p state can be represented by three such boxes, and so forth. Using 
this notation, the lowest quantum state or ground staie of hydrogen can 
be represented f 


i. 


1s[f] or Is (23) 


The next atom in the periodic table, helium, has two electrons. In 
the ground state of helium, these two electrons are 1s electrons. This is 
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usually represented by the symbol 1s, where the superscript indicates 
the number of electrons occupying the same state. (For example, 3p 
means that four electrons are occupying the 3p state.) If it were not 
for the Pauli exclusion principle, the two electrons of helium could have 
their spins parallel or antiparallel since, in the absence of an external 
magnetic field, the energies of both possibilities are the same. In the 
presence of an external magnetic field, however, these two cases can be 
distinguished because the parallel spins give rise to a net magnetic 
moment which can be measured experimentally. No such magnetic 
moment has ever been observed for helium, from which it is concluded 
that the two spins cannot be parallel; that is, the parallel state is sta- 
tistically an unlikely or a forbidden state for helium. The antiparallel 
state, therefore, is the only allowed state, in complete agreement with the 


Pauli exclusion principle. Accordingly, the ground state of a helium 
atom can be represented by 


1s? M. (24) 


The next atom, lithium, has three electrons. According to Fig. 3, the 
lowest energy available to these electrons is the 1s state. According to 
the Pauli exclusion principle, however, only two electrons can occupy 
this orbital. Consequently, the third electron in lithium must occupy 
the next highest energy state, which is 2s. Consequently, the ground 
state of lithium can be represented diagrammatically as follows: 


ls? 
2s" 2p [TT] (25) 


The Bohr concept of electronic shells can now be given a new inter- 
pretation. The K shell can contain two electrons having opposite spins. 
These two electrons complete the K shell and are both equally tightly 
bound to the nucleus. The L shell can contain two 2s electrons and six 
2p electrons. Since the 2s electrons have lower energies than the 2p 
electrons, the third electron in Li goes into the 2s shell, as shown in (25). 
Furthermore, this electron is not as tightly bound as the 1s electrons, 
as can be seen from the fact that the first ionization potential for Li is 
5.37 eV, compared with the second ionization potential of 75.26 eV. 

The M shell can contain two s electrons, six p electrons, and ten d 
electrons, or a total of eighteen electrons. In filling this shell however, 
it should be noted in Fig. 3 that the energy of the 3d state is slightly 
higher than that of the 4s state. Thus, in the ground state, potassium, 
having a total of nineteen electrons, fills the 3p states but places the 

nineteenth electron in the 4s state of the N shell. This can be repre- 


The bonding of atoms 213 


sented by the formula 1s?2s?2p%3s*3p%4s', or diagrammatically by 


Ig? [it 

2s? [Tl 2p8 [MITT] 

3s? [Tl 3p° (NNT) 3a°{ | I 1d (26) 
4s! |T | 


Following this outline, it is possible to determine the electronic con- 
figurations of each atom in the periodic table. To do this, place the 
electrons into successively higher states, being careful to fill the lowest 
available energy states first and to obey the Pauli exclusion principle. 
As an example, consider the filling of the 3d and 4s states of the transition 
metals shown in Table 2. 


Table 2 
Electronic structure of transition elements 


Zn 


Elementt 


Number of electrons in 

3d 10 
Number of electrons in 
4g 


t The alkali metal potassium and the alkaline earth calcium are included along with 
copper and zinc, which are not transition metals, in order to show the sequence of 
filling the 3d and 4s shells. The next elements in this row, Ga, Ge, As, Sc, Br, and Kr, 
proceed to fill the 4p states. 


It is easy to see with the aid of the above theory why the particu- 
lar periods found in the periodic table (Fig. 4) arise and why certain 
sequences of elements have closely similar properties. The periods 
simply reflect the filling of a particular shell. Thus, the first period 
reflects the filling of the K shell first by one electron in H and finally by 
two electrons in He. Similarly, the second period reflects the filling of 
the L shell, and so forth. The third period stops with argon (Z = 18) 
because the M shell is now complete except for the 3d levels whose 
energies are too high to be filled next. The fourth period marks the 
beginning of the filling of the N shell even though the M shell is not 
quite full, and so forth. 

Within each period, certain elements have similar outer electron 
structures. These elements are connected by dotted lines in Fig. 4. 
Thus, H, Li, Na, . . . have one s electron in the outer shell; O, S, Se, 
. . . each have two p electrons missing; while He, Ne, A, . . . have 
the outer shells complete. These parallelisms express themselves in 
the properties of the atoms. Accordingly, Li, Na, K, . . . have low 
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Ca Ti | Vv 
20 | 21 | 22 | 23 
Rb| Sr| Y 
37 | 38 | 39 
Cs | Ba | La ¢| Hf] Ta] w 
55 | 56 | 57 72| 73 | 74 
HHEHHH 
88 | 89 | 90 92 


Fic. 4 


first ionization potentials, 5.36, 5.12, and 4.32 eV, respectively, whereas 
those of He, Ne, A,... are very high, 24.46, 21.47, 15.68 eV, respec- 


tively. The other similarities that exist between atoms are discussed 
in later chapters, 


Atomic bonds 


Forces between atoms. In order to see what happens when two 


atoms are brought together in close proximity, consider first two atoms 
in their ground states, infinitely far apart. The potential energy of 
interaction at the beginning, therefore, is zero, since potential energy ix 
inversely proportional to some power of the distance of separation. 
Assuming that the atoms consist of moving electrical charges, one of two 
things can happen as the atoms approach each other. Either they 
attract each other or they repel each other. The potential energy due 
to the attraction is negative, since the atoms do the work of attraction. 
The repulsive energy is Positive because external work must be done to 
bring two such atoms together and it is also inversely proportional to 


some power of the separation. The total poténtial energy then must be 
the sum of two such terms, 


v=-248 (27) 


The bonding of atoms 215 


where a is the proportionality constant for attraction and 8 for repulsion. 
Figure 5A shows a plot of (27). The dashed lines show the repulsive and 
attractive terms and the solid curve the total potential energy. 

The forces of interaction can be derived directly from (27), remember- 
ing that the force is the derivative of the potential energy. 


dV na mp 


dr peti pat 


F 


(28) 


The form of (28) is similar to (27) and so is the resultant plot of force 
as a function of separation shown in Fig. 5B. 


\Repulsive force 


Interatomic separation 


Potential energy —— 
Force —— 


“Attractive force 


(Attraction energy 


A B 
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At large distances, the two atoms are attracted by weak electrostatic 
forces. As they approach each other, the attractive forces increase, 
starting to become appreciable when the atoms are separated by only 
a few atomic diameters. These forces are essentially due to the attrac- 
tion of negative and positive charges in the two atoms. At this same 
separation, the repulsive forces between the like charges of the nuclei, 
however, start to assert themselves although somewhat more slowly. 
At some separation, called the equilibrium separation, Te, the forces of 
attraction just equal the forces of repulsion, and the potential energy is 
at a minimum. As the atoms try to move more closely together than 
this, the repulsive force increases more rapidly than the attractive force 
and a great deal of work must be done to accomplish such motion, as 
can be seen from the rapid increase in the potential energy. This is the 
reason why two atoms cannot interpenetrate each other, a reassertion 
of an old maxim in physics that two objects cannot occupy the same 
space at the same time. 

The above discussion is quite general and does not take into account 
the detailed nature of the charge distribution in`the two different atoms. 
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If the two atoms are inert gases, that is, if they have completely filled 
outer electron shells, then any electrostatic forces of attraction are due 
primarily to nonuniformities in the electrostatic charge distribution 
caused by momentary shifts of the électrons and nuclei toward opposite 
ends of the atoms, producing so-called dipoles. These weak forces are 
called van der Waals forces and in the case of inert gases are insufficient 
to hold two such atoms together for any length of time at room tempera- 
ture and atmospheric pressure. It is for this reason, of course, that 
inert gases are monatomic gases under standard conditions. 

For two atoms which are respectively electropositive and electro- 
negative, the weak van der Waals forces operating at relatively large 
separations are replaced by much stronger electrostatic forces at smaller 
separations as the electropositive atom loses its valence electron to the 
electronegative atom. The force of attraction in this case is due to the 
electrostatic attraction of two oppositely charged ions and is called an 
tonic bond. 

The attractive forces between all other atoms come about as follows: 
As two atoms, having incomplete outer electronic shells, come closely 
together, the unpaired electrons of each atom that have opposite sping 
tend to pair up with similarly unpaired electrons in the other.atom. The 
number of such electron-pair bonds that can be formed are limited by the 
Pauli exclusion principle. If the atom has a virtually complete outer 
shell, that is, if it has only a few unpaired electrons, quantum mechanics 
shows that it can form one electron-pair bond with as Many atoms as 
there are unpaired electrons available. The resulting bond is also 
called a covalent bond or homopolar bond, because the atoms must all 
have the same polarity. If the number of electrons in the outer shell 
is much smaller than the number of states available in the shell, then 
the atom tends to surround itself with as many similar atoms as it can. 
This number is usually greater than the number of unpaired electrons 
so that each atom can form electron-pair bonds with its neighbors in a 
statistical sense only; that is, it forms such a bond with each neighbor 
for only part of the time. The result is an incomplete covalent bond, 
also called an unsaturated covalent bond. This bond is found to occur 
only between metal atoms and is, therefore, popularly called the metallic 
bond. It is, of course, implicit in the above discussion that the pairing 
of two electrons can occur only if the two electrons have opposite spins. 

Ionic bonds. Some of the properties of ionic crystals have already 
been discussed in previous chapters. An ion can be thought of as a posi- 
tively or negatively charged atom which has the same outer electron 

configuration as the nearest inert gas. It has attained this stable con- 
figuration by the loss or by the addition of one or more electrons, Conse- 
quently, the ionic bond is entirely due to Coulomb-type attraction 
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between two essentially spherically distributed charges of opposite sign. 
Because of the spherical symmetry, such a bond is nondirectional, and 
ions have a tendency to surround themselves with as many ions of 
opposite sign as can possibly fit around the centralion. The surrounding 
ions, being of like sign, tend to repel each other, and some type of com- 
promise is reached in actual structures. Each ion tends to surround 
itself in the same way, with the result that a continuous network of ions 
builds up to form the crystal instead of forming small discrete molecules. 
The ionic bond is relatively strong, and ionic crystals are characterized 
by their strength, hardness, and high melting points. 

Several types of ionic bonds are of special interest because they differ 
somewhat from the above picture of simple spherical ions in that they 
have a directional character. These are as follows: 


1. The hydrogen bond between two negative ions, which was first 
postulated to explain the abnormally short F-F distance in NaHF». 
This was done by postulating that the two negative fluorine ions are 
drawn together by a positive hydrogen ion halfway between them. 
Since hydrogen has only one electron, it readily loses it to another ion 
having a high electron affinity. On the other hand, since it can lose only 
one electron, it can lose it to either of the two adjoining ions, with the 
result that there is an equal probability of finding the electron on either 
ion. This leads to a type of resonance of the electron between the two 
atoms, drawing them more nearly together. Although it may appear, 
at first glance, that the position of lowest energy for the H+} ion is 
halfway between the two negative ions, it turns out that there are two 
equivalent positions having even lower energy, each respectively one- 
third of the way along the separation distance between two negative ions. 

2. The hydroxyl bond is a special case of the hydrogen bond. Since 
oxygen has a high electron affinity, it has a tendency to attract one 
hydrogen atom. The result is the complex ion OH- having nearly 
cylindrical symmetry. In many respects, this complex ion is quite 
similar to the readily polarizable fluorine ion and behaves like it in many 
structures. Most common hydroxides are of the A(OH)s type, where 
A can be Ca, Hg, Zn, Co, Ni, Fe, or Cd. In these structures the hydroxyl 
ions are bonded on one side to metal ions and on the other side to other 
hydroxyl ions. The hydroxy] ion is pictured as containing four charges, 
each of magnitude 4e, disposed at the corners of a tetrahedron. Three 
of the charges are negative and one of them is positive, leaving the 
over-all charge at — le. The positive half-charge of one hydroxy] aligns 
itself opposite a negative half-charge of an adjacent hydroxyl, ete. 
The hydroxyls thus form a sort of continuous chain, while the remaining 
two negative half-charges are neutralized by the positive charge of 
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adjacent cations. The hydroxyl bond, therefore, is a directed bond 
that can exist only between two hydroxyl ions. It can be distinguished 
from the hydrogen bond by the difference in the resulting 0-0 separation. 
These distances are compared for the three possible cases of a hydrogen 
bond, a hydroxyl bond, and a van der Waals bond below. 


: Hydrogen bond Hydroxyl bond Van der Waals bond 
0-0 separation 2.54 Å 2.70 Å 3.20 Å (29) 


3. The ion-dipole bond is found to occur in certain complex ions, such 
as Fe(H:0)6+°, for example. In this ion, the excess charge on the central 
positive ion causes an unbalance in the charge distribution of the elec- 
trically neutral water molecules, producing an electrostatic field of force 
similar to a dipole field. This type of bond is interesting because it shows 
that water can play a part in the bonding in ionic crystals. Although 
a water molecule is electrically neutral, it can be. pictured as consisting 
of four tetrahedrally arranged half-charges, not unlike the hydroxyl 
ion, with the difference that two of the half-charges are positive and two 
are negative. It follows, therefore, that the water molecule can transmit 
the charge of an adjacent positive ion by aligning its negative charges next 
to it and its positive charges away from it. In this way, water molecules 
actually take part in the bonding, serving primarily to increase the 
effective size of the cation which they surround. This so-called water 
of hydration or water of crystallization can be distinguished from inter- 
stitially absorbed water by heating the crystal. The interstitial water 


is readily driven off whereas the structurally bound water can be released 
only when the crystal is melted. 


Covalent bonds. Following the postulation of the Bohr picture of 
the electronic structure of an atom, Lewis and Kossel independently 
suggested similar mechanisms for the formation of bonds between atoms 
by pairing the unpaired electrons of two atoms. For example, chlorine, 


having one unpaired electron in its outer shell, can pair up with another 
chlorine atom to form ihe Cl; molecule. 


The resulting electron-pair 
bond can be pictured like this: 


HEL 4. Ol s=3% GLE GLa 


The two electrons lying between the two chlorine atoms belong equally 
to both and provide each atom with the stable inert-gas configuration. 
The total number of such bonds that an atom can form depends on how 
many unpaired electrons it has. This number is given by the so-called 
3 — N rule, where N is the number of the column in the periodic table 
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containing the atom. Thus, chlorine can form one electron-pair bond, 
sulfur can form two, phosphorus three, and so forth. 

The above rule was proposed before quantum mechanics had been 
developed and it was not able, therefore, to explain why only two and not 
some other number of electrons can take part in the bonding. Following 
the postulation of the Pauli exclusion principle, it is easy to see that 
only two electrons, each having the same quantum numbers except for 
the sense of the spin vector, can effectively “pair up.” A third electron 
would have to have one of the spins of these two electrons and, hence, 
would be repelled. In order to explain why two or more unpaired 
electrons do not form pairs with each other, it is necessary to invoke 
Hund’s rule. This rule is derived from quantum mechanics and states 
that, for equivalent orbitals, electrons tend not to share the same orbitals 
and the electrons occupying different but equivalent orbitals tend to 
have their spins parallel. Consequently, nitrogen has three unpaired 
electrons and forms three electron-pair bonds with another nitrogen 
atom in the Nz molecule. It should be noted that the covalent bond is 
pictured as an overlap of the electron orbitals of the two atoms. 

The Lewis-Kossel theory also failed to explain why carbon should be 
able to form four bonds. According to quantum mechanics, the electron 
configuration of carbon is 1s?2s*2p? and the two 2p electrons are unpaired 
according to Hund’s rule. The reason why carbon does form four 
bonds can be understood when the energies of the 2s and 2p states are 
considered. It turns out that the energy difference between them is 
very small, so that a carbon atom can distribute its electrons as follows: 


1s? 
2s 2p* (30) 


and the resulting four unpaired electrons have elliptical orbitals which 
are disposed toward the four corners of a tetrahedron. The slightly 
higher energy of the atom is then compensated by the extra energy lost 
when four instead of two bonds are formed. 

This type of rearrangement in the ground-state electron configuration 
of an atom is called hybridization. The resulting state for carbon is 
called the sp* hybrid for short. Other hybrid bonds can also be formed, 
notably the dsp? hybrid formed by nickel in Ni(CN,)~?, or by copper in 
CuO, in which the four bonds are coplanar and directed toward the 
corners of a square. Hybrids containing five bonds can also be formed, 
for example, sp’d and spd’ hybrids found in MoCls, NbCls and NbBrs, 
in which the five bonds are directed toward the corners of a trigonal 
bipyramid. 

Metallic bonds. The first attempt to explain the nature of metal 
crystals as a distinct group was made by Drude and Lorentz at the 
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turn of this century. Before that time, metals and alloys had been 
treated similarly to other chemical compounds without any successful 
attempt to explain the rather distinctive properties that metals possess, 
such as their high thermal and electrical conductivity, ductility, metallic 
luster, opaqueness, etc. In modern-day terms, Drude assumed that a 
metal consisted of atoms which gave up their valence electrons to a 
common electron “gas” which permeated the whole crystal. The 
crystal was believed to be held together by the electrostatic attraction 
between the negative electron gas and the positive metal ions. This 
free-electron theory was extremely successful in explaining most of the 
metallic properties. For example, it is easy to explain high conductivity 
if it is postulated that the electrons are perfectly free to migrate through 
the crystal. Similarly, the reasons for the high ductility and malleability 
of metals become apparent if it is assumed that the electron gas “lubri- 
cates” the atoms as they are forced to glide past each other under 
external force. One of the properties of metals that this theory failed 
to explain was the observed specific heat of metals. The values pre- 
dicted by the theory were 100 times as large as the observed values. 
This difficulty was resolved with the advent of quantum mechanics 
through the application of the Pauli exclusion principle, as discussed in 
the next chapter. 

The modern picture of the metallic bond assumes that the metallic 
bond is more closely related to the covalent or electron-pair bond than 
to an ionic-type bond. Consider the approach of two sodium atoms 
(Z = 11) toward each other. Each atom has a complete K and L shell 
and one unpaired 3s electron in its outer shell. If the electron spins of 
the two 3s electrons are of opposite sense, then an electron-pair bond 
forms between the.two atoms. As a third sodium atom approaches this 
pair, it also has an unpaired 3s electron, which according to the Pauli 
exclusion principle must be repelled because the two available 3s states 
are already occupied. It turns out, however, that the energy of the 
unoccupied 3p states is very nearly the same as the energy of a 38 state. 
Consequently, the third electron can go over into this state without 
violating the Pauli exclusion principle. In fact, it turns out that a very 
large number of atoms can thus surround a single sodium atom. Since 
the central sodium atom has only one unpaired electron, this electron 
must “take turns” forming electron-pair bonds with each of the sur- 
rounding atoms. Consequently, it forms less than a whole electron-pair 
bond with each neighbor. Solid sodium has the body-centered cubic 
structure in which each sodium atom is surrounded by eight other atoms. 
On an average, therefore, each sodium atom can form one-eighth of an 
electron-pair bond, or one-quarter of an electron bond, with each of its 
nearest neighbors. 
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It is clear from this discussion that, in a metal, each atom can sur- 
round itself with more atoms than it has unpaired electrons, in clear 
violation of the 8 — N rule. The valence electrons of each atom spend 
only part of the time between any two atoms, forming bonds with other 
atoms during the rest of the time. In a crystal composed of many 
atoms, the electrons form these essentially covalent bonds but can 
migrate from atom to atom throughout the crystal. Thus it can be seen 
that the modern picture of the metallic bond in metal crystals leads to 
a situation that is not very different from that prescribed by the earlier 
free-electron theory. 

The reason why metal atoms can form such bonds is the much weaker 
forces that bind the valence electrons. Table 3 lists the first ionization 
potentials of a series of elements. It is evident from this list that the 
force required to reniove one valence electron from the alkali metal K and 
the other metals is much less than that required for a nonmetal such 
as chlorine. The slight discontinuity following zinc in this listing is due 

Table 3 
Properties of valence electrons 


Element First ionization | Radius of electron 
potential, eV orbital, < 
Seen | ESE 
H 13.53 53 
Al 5.96 1.21 
= 8.12 1.06 
P 8.75 .92 
S 10.30 “82 
cl 12.95 “15 
A 15.68 “67 
K 4.32 2.20 
Ca 6.09 2.03 
ee 6.70 1.80 
Ti 6.81 1.66 
Vv 6.71 132 
Cr 6.74 LH 
Mn FAL 1.31 
Fe 7.83 1.22 
Co 7.81 1.14 
Ni 7.61 107 
Cu 7.68 1.03 
Zn 9.36 97 
Ga 5.97 1.13 
Ge 8.09 1.06 
As 10.50 1.01 
Se 8.70 "95 
Br 11.80 90 
Kr 13.93 86 
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to the completion of the filling of the 3d and 4s states and the beginning 
of the filling of the 4p state with gallium. Note how rapidly the ioniza- 
tion potentials rise as the elements become increasingly less metallic in 
their nature. Also note, in Table 3, the radii of the orbitals of these 
outer electrons. As expected, these orbitals are largest when the binding 
forces are weakest. These larger orbitals in metals cause the electron 
orbitals of adjacent atoms to overlap to a larger extent than in non- 
metals. Consequently, it is easier for a number of neighbors to share in 
homopolar attraction for each other. A 
The features of the metallic bond can be summarized as follows: 


1. The bond is essentially a covalent bond, without saturation, allow- 
ing a large number of atoms to be held together by a mutual sharing of 
valence electrons, é f 

2. The density of electrons between the atoms is much lower than is 
allowed by the Pauli exclusion principle. This allows electrons to move 
fairly freely from point to point without a significant increase in their 
energy. 


Van der Waals bonds. The van der Waals attraction was first 
explained for electrically neutral gas molecules by Debye, 
that neighboring molecules induced dipoles in each oth 
their own changing electrical fields, 


who assumed 


was assumed. The van der Waals 
In a solid they are due to residual 
ctrically neutral atomic groups whose 
; however, since the van der Waals 
contribution to the over-all bonding in inorganic solids is relatively 


book is not warranted. 


Cohesion of crystals 


Quantum-mechanical appr 
in crystals are described above. 
crystals and such properties as e 
Points, ete. The cohesive forces 


oach. The four ways of bonding atoms 
These forces explain the cohesion of 
lasticity, thermal expansion, melting 
in very few crystals, however, are 
more usual that either the cohesive 
say having partially ionic and partially 


the atoms are bound in groups by bonds 
of one kind while the groups are bound by bonds of another kind. 


The simplest case of cohesion is that of a diatomic molecule. Con- 
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sider the case of two hydrogen atoms approaching each other from 
infinity, where their energy of interaction is assumed to be zero. AS 
they approach each other, one of two things can happen. If the spins 
of their respective 1s electrons are parallel, the two atoms will repel 
each other, and if the spins are antiparallel, the atoms will attract each 
other. The potential energy of these two cases is diagrammatically 
represented in Fig. 6. Note that 
the potential energy of the attrac- 
tive state of the two electrons ex- 
hibits a minimum at the inter- 
atomic separation r, which is the | 
equilibrium separation at which a 
stable molecule is formed. p 
The instantaneous position of an * 
electron surrounding the nucleus in 
a hydrogen atom is predicted by 
|y|?. If the two atoms above are 
called atom A and atom B, respec- 
tively, and the electron of atom A 
is called a and that belonging to atom B is called b, then it is possible to 
describe the state of the two electrons by the following wave functions: 


Parallel spins 


Interatomic 
separation 


ntiparallel spins 


Fig. 6 


Was if the a electron is in an orbital about the nucleus of A 
wap if the.b electron is in an orbital about the nucleus of A 
Wap if the b electron is in an orbital about the nucleus of B 
Ysa if the a electron is in an orbital about the nucleus of B 


The probability that the a electron is in an orbital around the nucleus 
of A and that the b electron is in an orbital around the nucleus B is given 
by |Vaa|? |yas|?, while the probability of the reverse case is given by 
|Wasl? |Wzal2. (The probability that both electrons are in orbitals about 
the same nucleus is finite but very small and is ignored in the following 
discussion.) The wave function describing both electrons in the mole- 
cule comprised of atoms A and B can thus have the form sa» or 
Vasea. This treatment of the hydrogen molecule was first proposed 
by Heitler and London. 

As already stated in the first part of this chapter, any linear com- 
bination of solutions of the Schrédinger -equation is also a solution of 
that equation. Hence, it is possible to construct two new wave functions 


Y4 = Waabas + Parwaa (31) 
and Y- = Waar — Parbaa. 


Note that the interchange of the subscripts a and b in the two equations 
in (31) does not alter the wave functions. This is because of the indis- 
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tinguishability of the two electrons; that is, after the molecule is formed, 
there is no longer any way of distinguishing which is electron a and 
which is b. ; 

The probabilities of finding the two electrons somewhere in space is 
given by either 


+l? = (Paapa)? + (Waswsa)? + 2vreawasv ne (32) 
WW]? = (paapa)? + (Pahna)? — Wacvabana. 


It turns out that the four kinds of wave functions on the right side in 
(31) all have very nearly the same value in the region halfway between 
atoms A and B. Consequently, |y,|? has a large value at this point 
which can be explained physically to mean that the ¥ function repre- 
sents the case of electron-pair bond formation with the electrons located 
between the two nuclei. On the other hand, |-|? has a small value 
when the electrons are located between the atoms‘and a large value 
when they are at opposite sides of the molecule ; hence y_ is a state which 
opposes bonding, that is, a repulsive state. 

A similar treatment is possible when infinitely large molecules such 
as crystals are considered. In this connection it should be emphasized 
that, because of the undirected nature of the ionic and metallic bonds, 
it is not possible to form molecules joined by such bonds in the solid 
state. -Saturated covalent bonds can exist between groups of atoms in 
crystals, forming complex ions or molecules; however, these groups must 
then be joined in infinite three-dimensional arrays by other kinds of 
bonds. On the other hand, atoms can be joined by covalent bonds 
without forming discrete molecules so that the entire crystal is one big 
molecule. In principle, it is possible to calculate the energies of different 
kinds of crystal structures for each kind of binding. If the wave func- 
tion corresponding to the most stable configuration based on one kind 
of bond is y, and that for another kind is Y», then the linear combination 
of the two kinds of wave functions can be written 


y = ay, + bya. (33) 


The ratio of the coefficients, a/b, which gives the wave functions in 
(33) corresponding to the lowest energy for a particular structure, deter- 
mines the most stable configuration of the system. If a is either much 
larger or much smaller than b, one or the other type of bond predomi- 
nates. On the other hand, if the coefficients have comparable magni- 
tudes, then the structure is said to resonate between the two possible 
configurations. This postulate of Tesonance is, of course, a direct 
consequence of the statistical nature of the results of quantum-mechanical 
analysis. It should be understood that Tesonance does not imply that 
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the system literally divides itself into the state described by y, for 
a/(a + b) part of the time and into the state described by y» for the 
rest of the time, but rather that, on an average, the system behaves as 
if it were rapidly alternating between the two states, with the relative 
predominance of each determined by the relative magnitudes of a and b. 

There is an alternative approach possible to the treatment of cohesive 
forces in molecules known as the method of molecular orbitals. In this 
treatment, it is assumed that each electron’s behavior is primarily affected 
by the nucleus and the outer electrons of each atom. Therefore, the 
molecular orbitals are compounded from the individual atomic orbitals; 
that is, they are obtained from a linear combination of atomic orbitals. 
Pauling and Slater pointed out that the energy of an electron-pair bond 
is greatest when there is maximum overlapping between the two atomic 
orbitals, provided that the two orbitals correspond to very nearly the 
same quantum states. It is interesting to note that in the case of the 
hydrogen molecule, the only molecule for which exact calculation is 
possible, the method of molevular orbitals and the Heitler-London 
method give identical results. The calculations for more complex mole- 
cules require that certain assumptions be made, so that calculations for 
infinitely large molecules such as crystals can give only approximate 
results, 

Ionic crystals. The simplest type of bond to consider is the ionic 
bond which can be very closely approximated by electrostatic forces 
between point charges of negative and positive electricity. The Coulomb 
attraction between two point charges zie and zæ, separated by r, is 
(2:ez2e)/r. In a crystal, however, there are present repulsive forces 
which also are assumed to be inversely proportional to some power of 
the separation r. The potential energy of the crystal can be written, 
therefore, 


v= -at +B 2 (34) 


r” 


where A and B are constants to be determined. For the simplest case 
of the univalent alkali halides, (34) reduces to 


Ae B, (35) 


At the equilibrium separation r, the potential energy must be a minimum 
and the first derivative of (35) must vanish. 


Z) Eha Aene, (36) 
dr Jrare 
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From this it follows that 


_ Ae? ntl 
7 n 
i (37) 
Substituting (37) in (35), 
2 2pn—1 
Jae de 
=- (1 = i) (38) 


This type of analysis was first applied to ionic crystals by Born and 
Landé. The constant A was first evaluated by Madelung and bears his 
name. It depends on the exact crystal structure and is very difficult to 
calculate exactly; however, it can be approximated quite easily for most 
simple structures, The value of n can be determined empirically from 
the compressibility of the crystal. It can be shown that the compressi- 
bility is given by the relation 


18r$ 
= Ae(n — 1) (39) 


in which « is measured experimentally and all the oth 
are known. It should be noted that the potential en 
greatly affected by small errors in n. 

One of the requirements of a 
to predict the structural arrangements that a 
This, the most stable of Several possible er 


er factors except n 
ergy in (38) is not 


tial energy in (38). It turns 
out that the form of (38) is not adequate for this Purpose because the 


formulated and the small but nevertheless 
must be taken into account. These alter- 


Mayer, giving the 


x Ae? A E 
a + Brite. Bang (40) 
in which A, B, C are cons 
data as before, and ô is a s 
structure at the absolute zero of temperature, 
term is unaltered, the repulsion term is proportional to an exponential 


in r/n, and the third term expresses the van der Waals forces, Actual 
computations based on (40) give energy values 


tants, n is deter 


i mined from compressibility 
mall contribution 


expressing the energy of the 
Notice that the attraction 
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those obtained using (38); however, the agreement with experimentally 
determined values is improved. 

The application of quantum mechanics to the determination of cohesive 
forces in ionic crystals was carried out by Hylleraas for lithium hydride 
and -by Landshoff for’ sodium chloride. Landshoff’s calculations were 
based on the Heitler-London method in which the electronic wave func- 
tions used were those for Nat! and Cl" ions. Instead of determining 
the absolute energy of the NaCl structure, he calculated the energy of 
the structure relative to the energy of the ions in a free state. The 
accuracy of his solutions cannot be estimated on a theoretically absolute 
basis; however, the cohesive energy of NaCl calculated by Landshoff 
turns out to be exactly equal to the experimental value. 

Metallic crystals. The next simplest type of bonding to subject to 
theoretical analysis is the metallic bond. As in the case of ionic crystals, 
structures of monovalent metal atoms are 
mathematically simpler to treat than 
structures of metals having higher valen- 
cies. The earlies: calculations were based 
on semi-empirical methods analogous tw 
the Born theory for ionic crystals. 
Griineisen combined such a formulation 
with the condition that his expression for 
energy give the observed values of atomic 
volume, cohesive energy, and compressi- 
bility of the solid at the absolute zero of 
temperature. Griineisen applied his results to the calculation of elastic 
properties of several monatomic metals, and his results are in good 
agreement with experimental measurements. Griineisen’s methods have 
been extended by others and are quite valuable in the calculation of 
elastic properties such as thermal expansion and compressibility. 

The cohesive energy predicted by the above method does not agree 
too well with experimental values, however. A much better agreement 
is obtained by using quantum mechanics. The method usually is based 
on a procedure first proposed by Wigner and Seitz and bears their names. 
The crystal volume is first divided into identical polyhedra surrounding 
each atom. Such an atomic polyhedron is constructed by bisecting the 
Separation distances between an atom and its nearest neighbors by planes 
which are terminated at their mutual intersections. The atomic poly- 
hedron for a monatomic metal in a body-centered cubic structure is 
shown in Fig. 7. The Wigner-Seitz approximation consists of the 
assumption that the valence electron of the atom inside such a poly- 

edron is influenced only by a spherically symmetrical potential field 
due, solely, to the positively charged ion at its center; that is, the fields 
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of neighboring polyhedra do not extend past their boundaries. Conse- 
quently, it turns out that the polyhedra can be replaced by spheres 
without introducing appreciable errors. For alkali metals, the resulting 
electronic wave functions are constant over 90 per cent of the atomic 
volume (they have pronounced variations only in the immediate vicinity 
of the nucleus). This means that the electrons in alkali metals are free 
to move throughout this volume, not unlike the assumptions of the early 
Drude-Lorentz theories. In the case of heavier metals such as copper, 
silver, and gold, the wave functions are constant over very small ranges, 
indicating that the free-electron model is not applicable to the same 
degree. 

It is possible to give this a simple physical interpretation. If an elec- 
tron is really influenced only by the field of the positive metal ion, this 
field falls off as the electron moves farther away from the nucleus. 
Accordingly, when the ratio between the ionic radius and one-half the 
separation between atoms in the metal structure is small, then the electron 


is relatively more free than when this ratio is large. Some values of this 
ratio are given below. 


Li Na K Cu Ag Au 
Ratio 0.39 0.51 0.58 0.78 0.88 0.95 (41) 


the interaction energies of the ch, 
plus the energy of interaction 


, Eo, and the potential 


energy of each electron, Vo, in the field of the Positive ion. The cohesive 


energy E. is then given by 

E.= —(Vo+ $E + V.) (42) 

’ where Y: is the first ionization potential of the atoms. Actually, this 

equation 18 an oversimplification since it does not iriclude electron-electron 

interactions nor van der Waals interactions, Nevertheless, the approxi- 

mate treatment is in fairly good agreement with experimental values, 28 
shown by a comparison between calculated and observed values below. 
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Li Na K 


Calculated EZ, 36.2 24.5 16.5 (kg-cal/mole) 


Observed Æ. 39 26 23 (kg-cal/mole). (a) 


Fuchs has attempted to extend the Wigner-Seitz approximation to the 
heavier metals. It turns out in these cases that the outermost filled 
shells extend outward from each atomic polyhedron and, hence, contribute 
to the binding almost as much as the valence electrons. The exact treat- 
ment of this situation becomes very complex; however, by means of 
several approximations, Fuchs was able to calculate the cohesive energy 
of copper and obtained a value of 33 kg-cal/mole. When this value is 
compared with the experimentally determined energy of 81 kg-cal/mole, 
it is evident that the Wigner-Seitz model is inadequate for these 
metals. 

An alternative approach to cohesion in metal crystals was proposed by 
Pauling. It will be recalled from the discussion of the metallic bond that 
there exist in metals several unoccupied energy levels having very nearly 
the same energies. Pauling suggested that, because of this, the electrons 
resonate among several positions, where they can form electron-pair 
bonds. The greater this resonance, that is, the larger the coordination 
number of an atom, the lower the energy of the structure. This is in 
agreement with the observed tendency of metals to form closest-packed 
structures. If all the valence electrons are forming covalent bonds, 
however, it is not possible to explain the high electrical conductivity of 
metals. Pauling gets around this by postulating a nonuniform dis- 
tribution of electrons in which some of the atoms become temporarily 
ionized. Although the ionization of an atom requires an increase in its 
energy, it turns out that the over-all energy of the crystal is lowest for 
this type of distribution. 

It is possible to obtain a qualitative correlation between the cohesive 
properties of metal structures and the metallic valence obtained from 
Pauling’s theory. Consider the elements of the first long period from 

. Potassium through germanium. In each of these metal atoms there are 
five 3d orbitals, one 4s orbital, and three 4p orbitals available for the 
outer electrons. According to Pauling, the electrons can occupy these 
hybridized nine available orbitals as follows: One orbital, which is set 
aside so that the electrons can resonate into it, is called the metallic 
orbital. The other orbitals are successively occupied by unpaired elec- 
trons, with the further restriction that the number of valence electrons 
can never exceed six. The resulting valences for these metal atoms are 
plotted in Fig. 8. The number of valence electrons increases gradually 
from one in potassium to six in chromium, then levels off at six until 
uickel, after which it decreases again. The reason for this decrease 1s 
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seen by considering the copper atom whose eleven outer electrons are 
schematically distributed as follows: 


3d NMEN) 4s) 4p (LITT (44) 


where the unoccupied 4p state is reserved for the metallic orbital. ‘The 
elastic properties of the elements show a great similarity to the graph in 
Fig. 8; that is, the elastic properties, as evidenced by, say, critical-stress 


Cr Mn Fe Co Ni 


Valence electrons 


Total number of outer electrons 
Fis. 8 


values, increase from potassium to chromium, are similar for the transi- 
tion metals, and decrease for Cu, Zn, Ga, and Ge, in that order 
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There is a 1s state in hydrogen which its only electron can occupy: 
Actually, two electrons can occupy the Is state of hydrogen provided 
that they have opposite spins. One concludes therefore, that there 
are two Possible ls states in a hydrogen stom; When ro hydrogen 
atoms combine to form the Ha molecule, there are a total of four te states 
his cst oma a of eth are occupied in the case when the 

ch other, while th 
when the two atoms repel each other, as Mian mie Ted 


: . tags i 
differing or “splitting up” as the separation decreases. Ignoring the 
difference in the energies of these states, it follows that the total number 


eack. atom. In fact, it can be proved th 


: at the joinin a 
molecule does not alter the total number of ni rch a 


quantum states with a particular 
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quantum number regardless of the size of the molecule. Thus, if a crystal 
is thought of as an infinitely large molecule, the total number of quantum 
states of one kind that it contains is equal to the total number of atoms 
in the crystal. 

The meaning of the above principle is quite simple. If a crystal con- 
sists of n identical atoms each having two possible 1s states, then there 
exist 2n such states in the crystal. The energies of these states or the 
so-called energy levels differ slightly, however; in a crystal weighing 
only 1 mg there are enough atoms to make the number of such levels 
approximately equal to 10!° and the energy separations between them 
of the order of 10-!8 eV. Since such small energy differences cannot 
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be measured, it is convenient to use a model in which the distribution of 
energy levels is very nearly continuous and constitutes an energy band. 

The way that the energy levels split up and the degree to which the 
number of states in a band are actually occupied determine the properties 
of a crystal. A quantitative discussion of band theory can be found in the 
next chapter; nevertheless, several qualitative observations can be made 
here. Figure 9A and B shows plots of energy versus interatomic separa- 
tion for two hypothetical crystals. Note that in Fig. 9A the energy 
bands at the equilibrium distance 7. are separated by forbidden regions 
of energy. These forbidden regions arise from the fact that the energies 
of the electrons are quantized and must correspond to the values lying 
within the energy bands of each allowed energy state. Note also that 
the inner electron levels, corresponding to orbitals which are confined 
more closely to the vicinity of the nucleus, do not split up until the 
interatomic separation is so small that these orbitals can overlap in 
adjacent atoms. 
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Suppose that the number of electrons in the hypothetical crystal in 
Fig. 9A is sufficiently large just to occupy all the available states in the 
inner and the valence bands, leaving the higher-energy bands unoccupied. 
Next, suppose that an electric field is applied to this crystal. The 
amount of energy that an electron can gain from even a strong field is 
very small when compared with the energy gap separating the filled and 
unfilled bands. If an electron is to absorb energy from the external 
electric field, it must be able to move into a correspondingly higher 
energy state. As long as the energy increment is smaller than the 
width of the forbidden-energy region, an electron occupying a state 
near the top of the filled band cannot absorb this energy. To do so 
would require it to occupy a forbidden state. Conversely, an electron 
whose energy corresponds to a state near the bottom of the filled band 
cannot absorb the energy increment even though the higher energy 
state lies within the allowed band, because that state is already occupied. 
This, of course, is because of the Pauli exclusion principle. It follows 
from this that an electron can transfer from a quantum state in a filled 
band only to one lying in an unfilled band. To do so it must absorb 
sufficient energy from the external field to bridge the energy gap sepa- 
rating the two bands. In the case Pictured in Fig. 9A, the electron 
cannot bridge the forbidden-energy region and must stay in the filled 
or valence band. Such a crystal, therefore, cannot absorb energy 
from an external electric field and is called a nonconductor or an insu- 
lator. It is, of course, possible that the filled and unfilled bands are 
separated by a very narrow forbidden-energy gap. In this case, a 
limited number of electrons occupying quantum states lying near the top 
of the filled band can be excited to quantum states in the unfilled band 
after the absorption of a relatively small amount of energy, say by 
interacting with a phonon. Because the number of unfilled states is 
much larger than the number of filled states in this band, the electrons 
can move from one state to an adjacent state under the influence of an 
electric field. This leads to limited conductivity, and such a crystal is 
called a semiconductor. Finally, in a crystal whose energy-band model is 
ait EA 9B, the valence band and the upper bands overlap at 

paration. = oe range of unfilled quantum 
e electr ‘ 
very high conductivity. Figure Ena ia r 
, re, the case of a 
conductor or metal crystal. 

The two hypothetical diagrams sh 
the two diagrams shown in Fi 
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1 , making this form of carbon an 
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separation, indicating that the covaleni bond in diamond is a very strong 
one. On the other hand, it is clearly seen in Fig. 11 that the 3s and 3p 
bands overlap and that, at the equilibrium separation, sodium metal is a 
very good conductor. 
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Exercises 


1. The translational kine 
the Boltzmann constant an 
What is the De Broglie w. 
20°C? 


tie energy of a gas molecule is equal to $k 
d T is the temperature me 


avelength of a hydrogen a 


atom (n = 2) hasa magnitude equal to one-fourth th 

energy. How is this made compatible with the fact that the ener, 

in an excited state is greater than its energy i e srr the elertian 
4. Using equation (21), calcul first two el ; : 

hydrogen. Compare these values wi i or oiio orbitale si 


(Assume a CN for 
onds developed in 


joined to adjacent sheets by hydroxyl bonds, 


9. How do you explair the formation of Oz molecules in the 
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Lewis-Kossel theory The quantum theory? state using the 
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10. Look vy the crystal structure of tenorite, CuO, and note the lengths of the six 
Cu-O bonds found in the crystal. Why are they different? What kinds of bonds 
exist between copper and oxygen atoms in this structure? Why are the four Cu-O 
distances in cuprite, Cu:0, all of the same length? 

11. Explain the statement that the free-electron theory of Drude and Lorentz was 
able to account for the optical properties of metals. 

12. Describe briefly what happens when lithium atoms approach each other to 
form a body-centered crystal structure. 

13. Bragg has shown that the Madelung constant for NaCl can be calculated as 
follows: Starting with any atom, it is surrounded by six nearest neighbors of opposite 
sign at a distance r, twelve next-nearest neighbors of like sign at a distance ./2r, 
eight next-next-nearest neighbors of unlike sign at \/3r, etc. The value of A is given 
by adding up such terms in a series of the form 


6 12 8 6 24 
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What is the potential energy of sodium chloride, at equilibrium, if the separation 
between sodium and chlorine atoms is 2.76 Å and the value of n from compressibility 
data is 9.1? a ; } 
14. What is the potential energy of cesium chloride, at equilibrium, if the separation 
between cesium and chlorine atoms is 3.56 A and nis 11.5? Compute the Madelung 
constant similarly to the procedure outlined in Exercise 13 for Naci. : 
15. The potential energy of a valence electron within an atomic polyhedron n 
lithium can be approximated by Vo = ae?/r, where a ~ 2 and has the units of g-cm?/ 
(esu-sec)?, Using the approximate equation (42), calculate the cohesive energy of 
lithium metal if r = 3.21 A, Eo = 1.896 eV, and Vı = 5.365eV. Compare it with the 
values in (49 = 23 kg-cal/mole). È f 
16. sees i Ta that such physical properties as hardness, melting pinta; 
and others change in proportion to the interatomic separation in the vee te he 
elements, Specifically, this can be illustrated by computing a quantity whic mes hE 
calls the ideal density. The ideal density for the elements from Sense : sau 
germanium js equal to 50/(gram-atomic volume) and is the density t! s “1s el saia x 
Would have if they all had the same atomic weight, 50, and bap r ae a ts 
Packing, Using the metal atom radii in Appendix 3, calculate the gea any or 
the elements from K through Ge and plot the a E against the number o! 
oute: F are this plot with Fig. 8. 3 
3 eee nc ene a schematic drawing showing E wer 
of the energy feuds for a diamond crystal consisting of only one unit cell, that is, if 


there are only eight atoms in the crystal. 


10 


Properties of metals 


Free-electron theory 


and has come to be known as the Drude-Lorentz theory of metals. The 
basic assumption of this theory is that a metal crystal consists of positive 
metal ions whose valence electrons are free to move between the ions as if 
they constituted an electron gas. The crystal is then pictured to be held 
together by electrostatic forces of attraction betw 


entire crystal 
In fact, Lorentz extended 


applying the laws of the 
classical kinetic theory of gases to the electrons. The mutual repulsion 


Boltzmann distribution laws. 

This model of a metal is eminent]. 
properties of metals. For example, if 
to a metal, the negatively charged ele 
positive pole of the field. The resulti 
atom collisions and is Proportional 
according to Ohm’slaw. The opaqueness of metals for all wavelengths of 


y successful in explaining many 
an external electric field is applied 
ctrons are accelerated toward the 
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Similarly, a free electron, once raised to a higher energy by the absorption 

of light, can return to its former energy by reemitting light of the same 

frequency in all directions. Because only the light rays directed toward 

the surface can get out of the crystal, this interaction appears as a reflec- 

tion of the incident light and accounts for the so-called metallic luster. 

On the other hand, there are certain properties that the Drude-Lorentz 

theory cannot explain. The two most notable failures occur in the 

discrepancy between the observed and predicted specific heats of metals, 

discussed later in this chapter, and in the inability of this theory to explain 

why some substances are conductors of electricity and others are not. 
Quantum theory. Before proceeding with a discussion of the free- 

electron theory and how it was changed to conform with the quantum- 

mechanical model of the electron, it is necessary to determine what 

restrictions are imposed by the laws of 

quantum mechanics on the energies that y 

an electron can have inside a crystal. y 4 

It has been shown in the previous ° 

chapter that the allowed-energy levels 

of an electron bound to a single atom are 

quantized, In this section, the permis- 

sible energy levels are determined for a 

free electron restricted to remain within 

the crystal but free to move within its 

confines. The exact solution of this 

problem is not attempted here; however, _| ce 

it is possible to obtain an approximate L 

solution by considering an analogous al- 


though somewhat crude model. a i 
For the sake of mathematical simplicity, consider first an electron 


limited to remain within a one-dimensional “ crystal” of length L. Next, 
assume that the potential energy everywhere within this crystal is 
constant and equal to zero. At the two ends of the crystal the electron is 
prevented from leaving the crystal by a very high potential energy barrier 
represented by Vo in Fig. 1. Inside the crystal the potential energy is 


zero, and the Schrédinger equation has the form 


dy , SrimEy _ 9, 0) 


Fie. 1 


The general solution of this equation by analogy to Chapter 9 is 


ImE 2mE 
y = C, sin 2r wast z+Crcos2r y  &. (2) 
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The values of the two coefficients can be determined according to the 
boundary conditions existing at z = 0 and z = L. 

Before investigating the boundary conditions, consider the form of 
Schrédinger’s equation on either side of the crystal, that is, in the regions 
where the potential energy is very large. Including the potential-energy 
term Vo, the Schrédinger equation can be written 


dy _-8r°m(Vo — E) P 
dz? h? ji 


0. (3) 


The general solution of this equation for Vo > K is 


og V2m6 Vo—E) 2, 2m(Vo~B) 


¥ = Cre b+ Ce D (4) 


An examination of the solution in (4) shows that, as x increases in 
cither a positive or negative sense, the value of the wave function also 
increases. This obviously cannot be since this would mean that the 
probability of finding the electron outside the crystal would increase with 
increasing distance from the crystal, becoming infinite in the limit as 
+2 approached infinity. Consequently, C; = 0 when z > L and C.=0 
when z <0. This gives two different solutions, one for each side of the 
crystal. 

~ 2, VIRB} 

When x > L, ~ V= Qe A = (5) 
2 V2m(Vo=B), 
and when z < 0, Y = Cre h P (6) 

It is now possible to consider the boundary conditions that solutions 
(2), (5), and (6) must satisfy, Since there is a finite probability of finding 
the electron anywhere In space, the wave function must be continuous 
everywhere, Similarly, it can be shown that dy/dx 
Consider first the requirement that the slope be ¢ 
Differentiating equations (2) and (5), 


d y 
(*) = 2r snk Cı cos 2x Vink 1, 


dz 


| 


R 2mE z mE 
= ax br C2 sin 2r xeni L K 


= -o V2m(Vo = F 


j Vimi 
oe ee = We kL 


op M2m(Vn — A) 
a eet (8) 
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As the potential energy at the crystal surface increases, that is, as 
Vo— œ, equation (8) becomes infinite unless simultaneously yz: — 0. 
In the limiting case Vo = » and ¥z-1 = 0. A similar argument can be 
used to show that for an infinitely high potential barrier at x = 0 the 
wave function must be zero at that boundary also. Although infinitely 
high barriers are not encountered in crystals, the evaluation of the 
coefficients is greatly simplified by making this assumption. Considering 
the solution in (2) at x = 0, 

yy =0=Cisin (0) + C2 cos (0) 
= Ca. (9) 


At the other boundary, therefore, 


y =0= Cı sin 2r vene L. (10) 


Excluding the trivial solution that C1 also is zero, the only way (10) can 
be satisfied is for the sine to be zero. This occurs whenever 


2r vnt; = nr where n = 1,2,3,.... (11) 
From this it follows that the energy can have only the discrete values 
given by J ‘ 

i ac wale i 12 

En = gni a2) y t 


Note that, if L is large, the energy levels 
are spaced very closely together. For 
example, if L = 1 cm, 


B, = ma 88 K 1 eV. 


confining an 


The potential barriers 
f an actual 


electron to the interior © 
crystal are not infinitely high and are — 
determined in a complex way by the 
surface energies of the crystal. If this 
potential barrier at the surface of a 
crystal is high but not infinite, the wave 
function has the form shown in Fig. 2 for 


the casen = 2. (Compare this With Pgs ty z 
1 in Chapter 9.) Note that the wave function Is sinusoidal in the region 


0 <x <L and exponential outside this region, in accordance with 
solutions (2), (5), and (6). Although the exact evaluation of the coeffi- 
cients in these equations is not attempted here, it seems reasonable to 
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eapect that the extension of the wave function beyond the potential 
barrier is inversely proportional to the height of the barrier. Further- 
more, if the barrier is very narrow, it is possible that the wave function 
can extend beyond it. In this case there is a small but finite probability 
(~ly|?) of finding the electron on the other side of the barrier. This 
ability of the electron to penetrate a potential barrier is called the tunnel 
effect and is a direct consequence of the application of quantum mechanics 
to this problem. 

In three dimensions, the crystal can be approximated by a cube of edge 
L inside which the potential energy is zero. It can be shown that the 
wave function inside such a cube is given by 

NT y Nz 


y= Csin Tt sin = y sin T z (13) 


where Z is the length of a cube edge and nz, ny, n: are any three integers 
greater than zero. The corresponding form of the energy is 


h? 
Ennn = SmI? (nz + n + n). (14) 


Remembering that the kinetic energy of an electron is related to its 
momentum p by 


eon eit DE 
whe aad (15) 
equation (14) can be written 
an p a= h? 
= om Smia + ni + ni). (16) 
Rearranging the terms in (16), 
2L i 2 2 
p) P= Hn Hn) (17) 


from which it follows that the momentum of an elec 
directly in terms of its three quantum numbers. 

This immediately suggests that a lattice can be constru 
vectors along the x, y, and z directions to connect lattice points corre- 
sponding to the integer values of the three quantum numbers. It is 
possible to define a vector R extending from the origin of this so-called 
momentum lattice to any of its lattice points. The length of this vector 
is given by 


tron can be expressed 


cted using unit 


R? = ni + n? + n? (18) 


It follows from (17) and (18) that as R increases so does the momentum 
and hence the energy of the state represented by the lattice point. In 
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the free-electron model of a metal containing some 102° electrons, the 
lattice points are so closely spaced that it is not possible to show them ina 
drawing. The corresponding energy levels determined by (14) are so 
closely spaced that they form an almost continuous range of energies not 
unlike that predicted by classical mechanics. This quasi-continuous 
range of energies, nevertheless, does consist, of discrete energy levels in 
complete agreement with the Pauli exclusion principle. 

Fermi-Dirac statistics. The free-electron theory of metals has 
persisted to the present time primarily because it is a fairly close approxi- 
mation to the actual state of metals, particularly for the lighter mono- 
valent elements. After the development of quantum mechanics, 
Sommerfeld modified the free-electron theory by replacing the classical 
statistics of Boltzmann by the quantum statistics of Fermi and Dirac. 
As a consequence, most of the failings of the earlier theory were removed. 
According to classical mechanics, all the electrons in a metal can have the 
same energy so that, at the absolute zero of temperature, they all occupy 
the lowest available energy levels. Quantum mechanics similarly 
requires that the valence or free electrons be indistinguishable; however, 
the state of each electron is determined by three quantum numbers 
Nz, ny, n, and by the spin quantum number which can have the two values 
+4. Moreover, the Pauli exclusion principle does not allow more than 
one electron to have the same four quantum numbers. This means that, 
in a metal crystal containing some 10% free electrons, many of the 
occupied states must have fairly large quantum numbers. Enrico Fermi 
has shown that the probability that a particular quantum state is 
occupied is given by the so-called Fermi factor 

1 

f(E) = genT F (19) 
Here F is the energy of a0 allowed state as determined by (14), and Eo is 
the so-called Fermi energy- The meaning of (19) is best seen by plotting 
the Fermi factor as & function of the energy E. For ensa = than the 
Fermi energy, the exponential term in (19) is esate s tre pale 

ture approaches zero, this term approaches zero cage ee es fen 
f(E) = 1. When E> Eo then the exponential a ERN in n 
as the temperature approaches zero and f(E) = 0: = rhe m Orne 
Fermi factor are plotted in Fig. 34 for the ease T = 0K. 7 e mie we 
FAE) = 1in this figure, for all energy values less than Zo, is that all these 
pedis Jaota S E i bsolute zero while all the quantum states 
fuantumistavesiare ocoupjedat i i ‘ey value are unoccupied 
having energies greater than the Fermi energy pied. 
As the temperature increases from absolute zero, electrons occupying 
states lying near Fo can gain sufficient thermal energy to move into the 
higher anog cupied states. The actual change in energy 1S very small since 
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an electron can gain only a few kT of energy (at room temperature 
1kT ~ 0.03 eV). The resulting change in the shape of the curve of the 
Fermi factor is shown in Fig. 3B in a highly exaggerated manner. Note 
that f(Z) = 4 when E = Eo. 

It follows frora the above that the highest occupied energy level in a 
metal at absolute zero has an energy equal to Eo. The actual value of 
this energy can be determined directly by making use of the lattice in 
momentum space discussed in the previous section. At absolute zero, 
according to this concept, the lattice points representing the allowed 
states are occupied out to some maximum value of R. Since each state 
can be occupied by two electrons having opposite spins, there are a total 
of N/2 occupied states in a crystal containing N free electrons, The 
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lattice points representing these states lie in the positive octant of the 
lattice (because nz, ny, and n: can have positive values only) and are 
enclosed by a sphere whose radius Rmax is given by (16) and (17) 


8mLE Ni 
Rre (en p } (20) 


The volume of the octant a7Re,., contains i 
; , man uius the N/2 occupied states, or 
N/2 lattice points. Because $ oe a 


each unit cell in this lattice containing 
one lattice point has a volume equal to unity, the volume of this octant is 


2 Es 
and ae ey 
2o 8m (i i (21) 


Note that Es is a function only of N/L?, that is, the number of free elec- 
trons per unit volume, since all the other factors on the right side of (21) 
are constants. Consequently, the Fermi energy does not change when 
two identical metals are joined together; that is, the value of the Fermi 
energy is independent of the size of the metal. 


N_1 (e 


the number of wavelengths contal 
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The actual distribution of electrons among the available sites at any 
temperature is given by the so-called Fermi-Dirac distribution 


N(E) dE = f(E)S(E) dE 


SW) dE 
= genT F 


Here A(X) is the number of electrons per unit volume having energies 
between and Æ + dE, and S(F) is the number of available quantum 
states in this energy range. Note that this distribution function obeys 
the Pauli exclusion principle. Since the denominator of (22) can never 
be less than unity, the number of electrons N(#) having a particular 
energy X can never exceed the number of available states S(/?) having 
the sume energy. 
Zone theory 


Quantum-mechanical approach. The solutions of the Schrédinger 


equation 
a + (E — Vy =0 (23) 
can be written TE 
vimy) 
E (24) 


; : ; si The plus or minus sign preced- 
remembering that e7 = cost + 1SM? ‘ 
ing the SEN in (24) denotes two possible solutions, one for an electron 
moving in the plus x direction, the other for an electron moving in the 


minus wv direction. 


The kinetic energy of a free electron 18 


BE-V = 4m" 
=E (25) 
2m 
where p is th ntum of the free electron and is related to the 
8 the mome 


De Broglie y 
vav th by 
elength by h (26) 
ae d 


umber k 80 that it corresponds to 


It is convenient to define a wave 7 n one full period, that is, 


ined i 
2r (27) 


244 Chapter 10 
For a free electron, therefore, 
. — oo 9 
k= >-p (28) 


from which it follows that k is proportional to the momentum. This 

interpretation of k, however, is correct only for a free electron. In the 

presence of a periodically varying potential field this is no longer true, 

since, as is shown later, k can have nonzero values even though v = 0. 
The kinetic energy of a free electron now can be written 


heh? 
E-V= Sam (29) 
which follows directly from (26) by substituting relation (28) for p. 
Finally, (29) can be substituted in (24) so that the general solution of 
Schrédinger’s equation for an electron moving in a constant potential 
field can be written 
Y = Cette, (30) 
The above solution of the Schrédinger equation, for the case of a 
constant potential, leads to a somewhat. paradoxical result. The wave 
function is sinusoidal. On the other hand, the potential field w. 
assumed to be constant everywhere inside the crystal. The way out of 
this apparent inconsistency is to recognize the fact that the potential 
field in a real crystal is not constant. As might be expected, it varies in a 
periodic manner according to the periodicity of the crystal. 
effect this model has on the solutions, consider the Schrédin 
for a one-dimensional periodic potential field denoted V(x): 


as 


To see what 
ger equation 


ay , 8r? 
te + IE — Via = 0. (31) 


The solutions of this equation were shown by Bloch to have the form 
Y(t) = up(x)etite 


(32) 
where u(x) is periodie with the periodicity 


of the lattice, that is, 


u(x +a) = u(x). (33) 


It follows from this that the so-called Bloch function (32) is modulated by 
the periodicity of the lattice, since 
Yle + a) = ule + @)ctik(zta) 

= p(x)eżtika, (34) 


The form of u(x) is not unlike (10) and 


depends on the exact nature 
of the potential field. A simple model o 


f a one-dimensional periodic 
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potential field is shown in Fig. 4 where it is assumed that the potential 
energy is zero near the nucleus and equals Vo halfway between adjacent 
nuclei which are separated by a. This model was first postulated by 
Kronig and Penney who used it to obtain solutions of the Schrédinger 
equation in the form of (32). Similarly to the case of the free-electron 
solutions, it is necessary that both y and dy/dx be continuous throughout 
the crystal. Also, in order to simplify the attendant computations, an 
assumption is made regarding the potential barrier in Fig. 4, namely, 
that as Vo increases, the width of the barrier w decreases, so that the 
product Vow remains constant. Even so, the mathematics is still too 


v 


-a 0 a 2a 3a 4a 5a 
Fie. 4 


complex to be discussed here, and only the results are presented. It 
turns out that solutions are possible only for energies given by the relation 


cos ka =P +008 aa (35) 

aad 
where P= ae Vow (36) 
and whe: 2r TmB. (37) 


The meaning of this relation is best understood by considering the plot 
of the right side of (35) shown in Fig. 5. The left side of this equation 
imposes a limitation on the values that this function can have, namely, a 
Maximum value of +1 and a minimum value of —1. These limits are 
indicated by horizontal dashed lines in Fig. 5. This limitation has the 
very important consequence that certain values of E are not allowed. 
Thus, the energy spectrum of an electron moving in the presence of a 
Periodic potential field is divided into so-called allowed zones and for- 
bidden zones, Note also that, as the potential barrier Vow increases, P 
increases and the allowed zones become narrower. j 
_ Allowed-energy zones. It is equally fruitful to consider the mean- 
Ing of (35) by considering the left side of this relation. It is immediately 
evident that cos ka can have only one value for a specific value of the 
energy EZ. Moreover, since cos ka is an even periodic function, it will 
have the same value whether ka is positive or negative or whether it is 
increased by integer multiples of 2r. Accordingly, the total energy Æ of 
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the electron is an even periodic function of k with a period 2r/a. Figure 
6A shows a plot of the energy as a function of k. The parabolic energy 
dependence of a free electron given by (29) is also shown in this figure for 
comparison: purposes. The energy gaps appear as regions for which 


A psinaa 
aa 


+wsaa 


Fra. 5 


there are no real values of k. [Actually, imaginary values of k are possible 
in (35); however, they represent solutions which lie in the forbidden 
region.] These energy gaps and the allowed zones are shown schemati- 


cally in Fig. 6B in a representation of energy zones that is used in other 
parts of this book. 


E 


„Free-electron 
parabola 
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When a parabola representing the energy of a free electron is compared 
with the energy curves for an electron in a periodic field, it becomes 
obvious that the discontinuities in the parabola occur at values of k given 
by 

k = nr/a where n = +1, +2, +3, °>. (38) 


Substituting (27) for k in (38), 


2r/X = nr/a 
or nà = 2a. (39) 


This equation can be compared with the Bragg law in Chapter 3 for the 
case of x-ray or electron diffraction at a Bragg angle of 90°, Accordingly, 
if a is the interplanar spacing between planes that are normal to tne 
propagation direction of the electron, then (39) is the form of Bragg’s law 
representing total reflection backwards. Use is made of this equivalence 
in the next section. 

Brillouin zones. The parallelism between equation (39) and the 
Bragg law is a direct consequence of the wave nature of electrons. In 
order to understand this relationship more clearly, rewrite (38) for the 
case n = 1, using crystallographic notation. The direction of movement 
of the electrons is then denoted by the subscript [uw] so that 


(40) 


T 
Ktuew) = das 


where di» is the interplanar spacing of the planes which are normal to 
[www]. (See Chapter 2 for a discussion of these relationships.) In two 
dimensions, directions are denoted [wv] and the “planes” become (hk). 

Consider the two-dimensional “crystal” having a square lattice, 
shown in Fig. 7. Next, consider electrons moving in the direction [21] 
which is normal to the dotted lines (21). According to relation (40), 
total reflection of the electrons occurs when the wave number satisfies 
the condition 


kiu = T (41) 


Alternatively, consider the solid lines (01) forming the angle 6 with [21]. 
An enlarged view of the triangle relating az, the interlinear spacing of (01), 
to den, which is measured in a direction parallel to [21], is shown in 
Fig. 8. It is clear from this that don = a sin 6. Substituting this 


value for day in equation (41), 


2r T 


kau = X ~ gain 
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which is Bragg’s law for reflection by lines having an interlinear spacing a. 
It is clear from the above that condition (40), which determines the 
discontinuities in the allowed-energy ranges of the electrons in a crystal, 


planes that are normal to their direction of propagation or as Bragg 
reflection by other crystallographic planes. Obviously, the planes that 


(21) 


(21) ` 
Fic, 7 Fic. 8 
are chosen for the latter interpretation are the planes that most strongly 
reflect the electrons. For a crystal structure consisting of one atom 
placed at the lattice points of a primitive cubic lattice, these planes are 
the cube faces belonging to the form ((100)). Ina simple face-centered 
cubic crystal the planes are ((111)) and ((200)) and ina simple body- 
centered cubic crystal ((110)). The Polyhedra formed by these planes 


O © 


Fic, 9 


are called the first Brillouin zones of these cr 
respectively, shows the first Brillouin zone 
crystal and a body-centered cubic crystal, 

It should be realized that other planes in the crystal can reflect elec- 
trons also. In fact, for larger energies and, consequently, larger wave 
numbers, it is clearly seen in (40) that smaller q values are required to 


ystals, Figure 94 and B, 
S of a face-centered cubic 
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maintain the equality. Thus another set of planes (more closely spaced) 
is necessary to reflect the electrons having energies lying in the second 
allowed zone, and so on. The polyhedra formed by these planes are 
called the second, third, etc., Brillouin zones of the crystal. Use is made 
of these polyhedra in discussing the energies of electrons in crystals. 

k space. In discussing the Brillouin zones of cubic crystals, it is con- 
ventional to select three axes, X, Y, Z, parallel to the three equivalent 
crystallographic axes a, and to denote directions parallel to these axes 


by the subscripts T, Y, 2 Accordingly, condition (38) for these three 


directions can be written 


T 
keiz 
E.: 2 
k= te (42) 
Tr 
Bede 


where the plus or minus sign corresponds to positive or negutive values oF 
X, y,undz. It is convenient to use the wave numbers Ks, ky, k: as coordi- 
nate axes for the construction of the Brillouin zones. The space defined 
by these axes is usually called k space, and since the distances in this spuce 
ss in the erystal, according to (40), it is also 


are reciprocal to distances 1 iN tal 
called reciprocal space. (Note that for a free electron this is proportion: 
to the momentum space discussed earlier in this chapter.) fine 

The two-dimensional k space defined by k- and ky is shown in Fig. 10, 
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The first Brillouin zone for a simple cubic crystal is a cube and is shown ın 
cross section in this figure. The second Brillouin zone for a simple cubic 
crystal is a dodecahedron bounded by ((110)). Its cross section in the 
XY plane is also indicated in F ig. 10. Note that the second zone lies 
outside the first zone in k space because it is bounded by ((110)) planes 
which have a smaller interplanar spacing than the ((100)) planes. This, 
of course, is because of the reciprocal relationships between distances in 
the crystal and distances in k space. 

Fermi surfaces. A very useful property of k space is that it can be 
used to show the distribution of the energy values of the valence electrons. 
If a plot of E as a function of k, like Fig. 6, is prepared for various direc- 
tions in the crystal, it is possible to note the energy values of the various 


Fig. 11 


en the energy contours 


approach the zone boundaries, however, this is no longer true. As the 


Properties of metals 251 


Figure 11 also shows the first two energy contours of the second 
Brillouin zone. These contours do not join with any of the contours in 
the first zone because of the energy discontinuity that takes place at a 
zone boundary. ‘The first contour of the second zone may correspond to 
an energy that is either greater or less than the outermost contour of the 
first zone. To see how this can happen, consider the energy curves for 
the first and second zones plotted in Fig. 12 as a function of k for two 
crystallographic directions. Figure 124 shows the energy curve for 
movement along the a; axis. As expected, this curve has a discontinuity 
at k+ = /a, indicated by the top energy value for the first zone E, and 
the bottom energy of the second zone E. Figure 12B shows a similar 
plot for electron movement along [120]. It is clear from Fig. 11 that the 
top energy for the first zone is greater in this direction than in the [100] 


J * 


Energy —~ 


Fig. 12B shows two possible cases designated by 
BY and LY. The bottom energies of the corresponding zones are also 
higher for this direction, as indicated by Æ, and Ey. . 
Essentially two possibilities exist regarding the relative magnitudes of 
the highest energy level oi the first zone and the lowest energy level of the 
second zone, namely, either the first is greater or the reverse js true. 
Both possibilities are illustrated in Fig. 12. Consider the discontinuity 
in Fig. 12B represented by Æ; and E». Figure 12C shows schematically 
the case when the first zone, terminated at the top by E, is separated from 
the bottom of the second-zone region- The width of this gap is deter- 
mined by the lowest energy jn that zone, Es. Figure 12D shows the 
other case, where the top of the first energy zone, as determined by EY, 
lies above the bottom of the second zone, that is, £Y > E» and the zones 
Overlap. The significance of overlapping zones becomes apparent when 
the occupation of the available energy levels by electrons is considered. 
According to the usual boundary conditions restricting an electron to 


direction; consequently, 
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the interior of a crystal, the wavelengths that a free electron can have 
are limited to integral submultiples of the length of the crystal in the direc- 
tion of propagation. Thus k: = 2r/\ = 2rni/Ly; similarly, ky = 2xn2/Lo 
and k, = 27n;/L3, and the volume corresponding to a single quantum 
state in k space is (2r)3/L,L.L; = 8r°/V, where V is the volume of a 
rectangular crystal whose sides are Li, L2, La. The volume of the first 
Brillouin zone for a simple cubic structure is that of a cube of edge 
2r/a. Hence, the total number of quantum states in this zone is 
(8r?/a?)(V/8r?) = V/a, exactly equal to the number of atoms in the 
crystal. Since each quantum state can be occupied by two electrons of 
opposite spin, up to two valence electrons per atom can be accommodated 


ON 
Overlappin; 
WT 
Fermi surface 
£ 
Non-overlapping ©) D 
zones 
ene, 
A B Cc D 


in which the electrons can occupy the available state 
the zones overlap or not, These tw 
in Fig. 13. The first two dia, 


filled if the zones do not overlap, 

quantum states at the bottom of the 
lower than the energies of the states in the corne 
these states are occupied first as shown in the upper drawing in Fig. 13C. 
The consequence of overlapping zones, therefore, is that it is impossible 
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to complete the filling of one zone without beginning to fill another zone. 
From this it follows that the outer zones of such crystals are only partially 
full. 

Herein lies the explanation of the fact that certain substances are 
conductors and others are not. When zones overlap, the electrons having 
energies near the Fermi energy can move from one quantum state to 
another when an external source of energy is provided, say in the presence 
of an external electric field. Obviously, this is possible regardless of 
whether the first or the second zone is incompletely filled, as can be seen 
in Fig. 12D, On the other hand, if the zones do not overlap and the 
first zone is completely filled (Fig. 13C), then the electrons at the top of 
this zone cannot move into adjacent quantum states because these states 
are forbidden. Hence, the latter case represents an insulator. This is a 
direct consequence of the inclusion of the periodic nature of the structure 
of crystals in the calculations and is further discussed in later sections. 

Density of states. In order to occupy the available quantum states 
according to a scheme like the one outlined in Fig. 13, it is necessary to 
determine the number of quantum states per unit energy range in each 
zone. This can be done quite easily by starting with the free-electron 
model. The energy of a free electron as a function of k is given by equa- 
tion (29), and the Fermi surfaces for a free electron are spheres of radius 
k = (k? + kè + k?)}.. The total number of quantum states up to some 
energy E, therefore, is determined by dividing the volume of a sphere of 
radius’ k by the volume of a single state, which was determined in the 
previous section to be 87°/V. Remembering that each quantum state 
can contain two electrons having opposite spins, the total number of 
electrons that can be accommodated is given by 

4 
N=2*X Srk x Br? 
87r (2mE)# 
E 4 (43) 
energy of the electrons as determined by (29). 
e states having energy levels lying between E and 


where Æ is the kinetic 
The number of availabl 
E + dE is given by 


aN _ (2mE)} 
i iain Til (44) 
E is called the density of states} and can be given a 


Th i u ; 
S ae irst, notice that it increases with increasing crystal 
, 


simple meaning. T 


t The density of sta 
between states that are | 


tes is frequently designated N(E) without distinguishing 
ctually occupied and those that are available but are not 
occupied. In this book, the terminology S(E) is used for available states and the 
term N(£) is reserved for those states that are actually occupied, in full accord with 


the Fermi distribution given in equation (22). ot 
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volume in order to accommodate the total number of electrons present, 
which also increases with the size of the crystal. Next, notice that it is a 
parabolic function of the energy, as shown in Fig. 14A for the case of free 
electrons. In actual crystals, this curve is modified by the Brillouin 
zones, as shown in Fig. 14B. For low energies the curve follows the free- 
electron parabola; however, as the energy of the nearest zone boundary 
(Fig. 124) is approached, the energies level off and more states have 
nearly the same energy value at the boundary. Following this, the 


aN dN aN 
dE dE dE 
H 
Energy Energy Energy 
A B Cc 
Fic. 14 


corners of the zone are filled, causing the curve to fall as the number of 
available states decreases, until the curve falls to zero when the zone is 
completely filled. If two zones overlap, then these curves overlap and 
the resultant curve is obtained by a superposition of individual curves, as 
shown in Fig. 14C. 

With this interpretation, the quantity dN/dE has the same meaning 
given to the quantity S(Z) in the Fermi distribution function (22). 
Accordingly, it is possible to deterinine how the available states given by 


ME) N(E)=f(E) S(E) 
10 1.0 
0 E 


Fig. 15 


(44) are occupied by electrons in a erystal at a particular temperature. 
Figure 15A shows a plot of the Fermi factor, and Fig. 15B shows a plot 
of the product f(£)S(£) = N(E), in agreement with (22), for this 
temperature. 


Electrical properties 


Conductors and nonconductors. As already indicated, one of the 
successes of the zone theory is its ability to distinguish conductors of 
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electricity from nonconductors. Consider a Brillouin zone that is only 
partly filled, as shown in Fig. 16. In the absence of an external electric 
field, each electron moves with a velocity determined by its energy; 
however, no net movement occurs, since for each electron with an energy 
determined by k there is a symmetrically located electron at —k moving 
in the opposite direction. When an external field is applied, the distri- 
bution can bedisplaced in the direction of the electric field by moving the 
electrons into adjacent quantum states in the same zone, as indicated in 
Fig. 16 by the dashed circle. Obviously, only the electrons occupying 
energy levels lying near the Fermi surface can move into the higher 
energy states. Nevertheless, a net displacement of the electrons produces 
a net current, and a crystal with a partially filled zone is a conductor. 
As this process continues, it is possible that an electron ultimately 


ky 


<— 
Applied 

ield 
direction 
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on the Brillouin-zone boundary. At this point, 
the same direction without crossing the bound- 
ar A ; transition to a quantum state lying in the next 
mer het hae oo is highly improbable 80 that the electron’s 
velocity normal to the zone boundary is zero in this state. Physically, 
the electron can be pictured as being totally reflected by the crystal- 
lographic planes parallel to the zone boundary at this poni In terms of 
the zone model shown in Fig. 11, the reflected electron reappears” in the 
zone at a translation-equivalent point on the opposite zone boundary, 
Such a successive occupation of available quantum states in the Brillouin 
zone is shown schematically in Fig. 17, Where ge kox etio initial quantum 
state of the electron, when an external field is applied; qr is the quantum 
state of the electron when reflection occurs; and gr is the final state when 
i d. 
h pirat e pert of a crystal is such that the energy values in 
two adjacent zones overlap (Fig. 14C), it is not possible to complete the 
filling of one zone without also occupying the lower-energy quantum 


occupies a quantum state 
it cannot move farther in 
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states in the next zone. This means, of course, that such a crystal must 
have at least one partially filled zone and that it is a conductor of elec- 
tricity. An interesting situation arises when one of the zones is very 
nearly filled while the next zone is only partly occupied. It was shown 
in the previous chapter that the relative energy of the 4s states is slightly 
lower than that of the 3d states for the first transition series in the periodic 
table of elements. The partial occupation of these states by the outer 
electrons of transition metals means that the corresponding Brillouin 
zones are also partly filled. For example, it can be shown that the 3d 
zone of nickel is 94 per cent filled, whereas the 4s zone is 70 per cent empty. 
Furthermore, it is believed that conductivity in these metals takes place 
by transitions in the 4s zone. Now, when a 4s electron undergoes a 
transition from a quantum state on the zone boundary to an empty state, 
it can be either “reflected back” into the same zone or ‘‘seattered”’ into 
the 3d zone because there are quantum states of equal energy present in 
both zones. Such scattering decreases the number of electrons con- 
tributing to the current and is believed to be responsible for the lower 
conductivity observed in the transition metals. 

In case the Brillouin zones in a crystal are completely filled or com- 
pletely empty and separated by a forbidden-energy region, the electrons 
cannot undergo transitions to adjacent quantum states and the crystal 
is an insulator. There are special cases of insulators in which one zone 
is very nearly filled and the next zone almost but not quite empty. This 
situation occurs in semiconductors and also leads to conductivity, as 
discussed in Chapter 12, By comparison with metals, however, the 
currents in semiconductors are many orders of magnitude smaller. 

Conductivity in pure metals. The conductivity of most metals 
can be explained without recourse to the zone theory. According to the 
free-electron theory, electrons can undergo transitions from one quantum 
state near the Fermi surface to another adjacent and unoccupied state 
under the influence of an external field. If this process were allowed to 
continue without end, the electrons would continue to occupy ever- 
increasing energy states, a situation that is contrary to the observed 
steady-state current which is proportional to the applied field. The fact 
that the electrons cannot continuously increase their energy is explained 
by their collisions with the metal ions which occupy most of the space ina 
metal. These collisions are elastic so that the electrons transfer both 

energy and momentum in the process. Because of the much larger mass 
of the ions, an electron loses most of its newly gained energy and momen- 
tum so that its velocity, averaged over a period of time, is altered only 
slightly. There is, nevertheless, a small but finite increase in the velocity 
component parallel to the applied field. Thus, even though the electron 
follows an erratic path, bouncing from atom to atom in all directions, it 
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does undergo a net displacement in a direction determined by the applied 
field. The increase in its velocity component parallel to the applied field 
direction is called its drift velocity. 

The average distance that an electron travels between collisions is 
called the mean free path l. The electron’s acceleration due to the field 
is proportional to its charge e and inversely proportional to its mass m. 
The conductivity ø or its reciprocal, the resistivity p, is thus given by 


(45) 


where n, is the number of conduction electrons and v is the average velocity 
as determined by their average kinetic energy Eo. 


? 
3 
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a 3 
3 [d 
T 
3 
= 
Absolute temperature (log scale) Temperature 
Fia. 18 Fia. 19 


The vibration of the ions in a crystal increases with increasing tempera- 
ture. This has the effect of increasing the probability of an electron-ion 
collision or of decreasing the mean free path. Conversely, as the tem- 
perature decreases, the mean free path should increase. This is actually 
the case, as is shown in Fig. 18. Note that the mean free path tends to 
infinity as the temperature approaches zero. According to (45), this 
implies that the resistivity of a metal should tend toward zero as the 
temperature approaches zero.t This conclusion is borne out by experi- 
ment, as shown by the curve of resistivity plotted as a function of tem- 
perature in Fig. 19. Note that for all temperatures above a certain low 
temperature the resistivity is directly proportional to the temperature. 

t This statement should not be interpreted to mean that superconductivity sets in 
at these temperatures. It happens that many elements that are poor conductors at 
room temperature exhibit an anomalously high conductivity below a critical tempera- 
ture, near 3 to 4°K. A fairly satisfactory explanation based on somewhat subtle 


electron-phonon interactions has been recently proposed for this phenomenon. 
Because complete elucidation of this process is still in a state of flux, it is not discussed 


further here. 
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Quantitative calculations of the mean free path have been made for 
certain metals, using quantum mechanics, These calculations have led 
to results that are in good agreement with experimental values, particu- 
larly for the simpler metals such as the alkalis. The conductivities 
(expressed in millions of mhos Per meter) of several metals at 20°C are 
compared with calculated values below. 


Fe Na Al Cu 


Observed o 10 22 35 59 108 mhos/m 
Calculated o y 22 ne 161 X10 mhos/m 


As discussed in Chapter 6, the electrical conductivity at each point in a 
crystal can be expressed by a first-order conductivity tensor. In crystals 
belonging to the cubic system, the conductivity is independent of direc- 
tion. The conductivity (or its reciprocal, the resistivity) does depend on 
direction in crystals of lower symmetry. in the case of crystals possessing 
one unique axis, that is, in the hexagonal and tetragonal systems, the 
resistivity is different for current flow parallel to the unique axis and 
normal to it. Denoting the resistivity parallel to the c axis py and normal 
to it p1, the resistivity along any direction in the crystal is given by 


p = pi + (py — p1) cos? b (46) 


where ¢ is the angle between the direction considered and the c axis, 
Note that, because a; = as in these crystals, the resistivity has rotational 
symmetry about the c axis. Measured values of these two resistivities 
are given below (in 10-8 ohm-cm) for three metals having hexagonal 
closest-packed structures, 


PI PL 
Cadmium 8.36 6.87 X10-* ohm-cm 
Magnesium 3.85 4.55 X10-° ohm-cm 
Zine 6.06 5.83 X10-° ohm-cm 


Conductivity in alloys. The mean free path of an electron decreases 
in an alloy for two reasons, The first is an increase in the number of 
scattering centers caused by local inhomogeneities in the crystal structure 
produced by the difference in the sizes of the different atoms, This 
effect is particularly noticeable in the case of solid-solution alloys. 
Figure 20 shows the resistivity of the copper-gold alloys as a function 
of composition. In the unannealed or random solid solution, the 
resistivity reaches a maximum at the 50-50 composition, since this corre- 
sponds to the maximum possible distortion of the structure, and drops 
rapidly at both ends as the pure metals are approached, The increase in 
the resistivity is due to a discontinuity in the Periodic potential encoun- 
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tered by the electrons in the vicinity of the solute atoms. The second 
curve in Fig. 20 shows the effect of annealing the alloy. At the composi- 
tions of the ordered alloys CusAu and CuAu, the curve exhibits definite 
minima, corresponding to the increased mean free path of the electrons 
due to ordering, which restores a periodicity to the alloy. In practice, 
it turns out that annealing serves to decrease the resistivity also because 
it removes other imperfections present which may also act as scattering 
centers for electrons. 

In a solid solution, the increased resistivity, due to the introduction of 
solute atoms, does not disappear at the absolute zero. The resistance 
that remains is usually called the residual resistance. The residual 


| Not annealed 


Resistivity —~ 


SSS E 
Cu Cu, Au CuAu Au 
Per cent Au—> 
Fic. 20. Resistivity of annealed and unannealed copper-gold alloys. (After Seitz.) 


resistance is independent of temperature in dilute alloys but varies with 
changes in the composition of an alloy. According to Matthiessen’s rule, 
the resistivity of an ideal alloy can be expressed as the sum of the residual 
resistance and a resistivity term which varies with temperature in the 
same linear manner as the resistivity of a pure metal. Note that this 
term is not a linear function of temperature for very low temperatures, 
as can be seen in Fig. 19. 

The second effect is due to the fact that the electron-to-atom ratio 
may be different in an alloy. If the Fermi surface for the electrons in 
an alloy lies near the Brillouin-zone boundaries, then Bragg reflection of 
the electrons becomes a contributing factor to the scattering of the elec- 
trons, When the zones overlap, it is further possible that an electron- 
ion collision results in a transfer of the electron from one zone to the 
cther, for example, in the case of transition metals. The probability of 
such a transfer is proportional to the density of states in the neighbor- 
hood of the final state. As a consequence, if the final state lies on a 
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high portion of the dN /dE curve in Fig. 14C, the probability of scattering 
is increased and an unusually high resistance results. It turns out that, 
in transition metals, the probability for transitions from s to d states is 
very high. 

Hall effect. Theconductivity ø can be defined in terms of the number 
of conduction electrons n. by 


o = neu (47) 


where u is the mobility and is equal to the drift velocity per unit field. 
It has been shown by Hall that both the mobility and the mean free path 
of an electron can be determined experimentally. The so-called Hall 
effect is observed when a magnetic field is applied at right angles to & 
conductor carrying a current. This produces a potential difference 
across the conductor, in a direction that is mutually orthogonal to the 
direction of the current and that of the magnetic field. The reason for 
this effect becomes appa ent from the following reasoning. An electron 
in an electric field & is acted on by a force that acts in the direction of the 
field and is proportional to the field strength and the charge of the elec- 
tron, that is, F = e&. If a transverse magnetic field is then applied, the 
electron is also acted on by a magnetic force which is proportional to the 
electron’s charge and velocity and to the applied magnetic field. The 
direction of this force is given by the vector relation v X B, so that the 
total force on the electron is 


F = e& + e(v X B). 3 (48) 


Note thai if v is in the direction of the conductor (parallel to &) and B 
is applied at right angles to this direction, then the vector v x B is at 
right angles to the direction of both the electric and magnetic fields. 
The force in (48), therefore, causes the électrons moving down the wire 
to be deflected in a direction that is transverse to both fields. When 
such electrons reach the surface of the conductor, they build up a charge 
at the surface, which in turn produces an additional electric field inside 
the conductor. After a while, an equilibrium condition is attained 
between the force due to this field and the force in (48) and electrons can 
again move freely along the conductor. When this is the case, the mag- 
nitudes of the new transverse field & must be just equal to the magnitude 
vB, that is, 


& = vB. (49) 


The velocity can be expressed in terms of the current density J and the 
number of conduction electrons per unit volume, ne by 


J 


oT ne (50) 
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Substituting (50) for v in (49) 
J 
~ ne me 


Finally, defining the Hall constant R by 


1 
R= ne (52) 
equation (51) can be written 


& = RJB. (53) 


Note that the Hall constant R has the same sign as the charge of the elec- 
tron; that is, if the current is carried by electrons, or negative-charge 
carriers, as it is in most metals, then, by convention, R is negative. It 
turns out that the Hall constant is positive in certain metals, for example, 
in iron. The nature of such apparently positive-charge carriers is dis- 
cussed in detail in Chapter 12. 


Magnetic properties 


Diamagnetism. When a substance is placed in an inhomogeneous 
magnetic field, it is either attracted toward the strong part of the field or 
repelled toward the weaker part. If it is attracted by the field, it is 
said to be paramagnetic; if repelled, it is said to be diamagnetic. The 
force F with which a diamagnetic substance is repelled when placed in a 
field of strength H and gradient dH/dz is determined by 


dH 
= xVH — 54 
F x dx ( ) 


where x is called the magnetic susceptibility and V is the volume of the 
substance. The magnetic susceptibility is a measure of the change 
in the magnetic moment of the atoms caused by an applied field. It is 
nsual to speak of the atomic susceptibility xa which is determined accord- 


ing to Langevin’s equation 


Noe? =2 
xa = më Zy 


23.83 X 10% » E {55) 


wheré No is Avogadro’s number; e, m, ¢ have their usual meaning for an 
electron; and 7 is the average radius of the orbits of the electrons.. Note 
that the right side of (55) is negative, which indicates that the force in 
(54) is negative. This is in agreement with Lenz’s law that the magnetic 
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flux produced by an induced current opposes the change in the magnetic 
field which produces it. 

In quantum mechanics, the Langevin equation is valid provided that 
the electron distribution is spherically symmetrical. Thus it is quite 
useful when dealing with inert gases, ions, and neutral atoms. The value 
of 7 is determined by the wave function, and since the susceptibility is 
proportional to 7?, it follows that the outer electrons make the largest 
contribution. The value of xa, calculated using quantum mechanics, is 
in good agreement with the values found experimentally. For most 
elements, including Cu, Zn, Ga, Ge, As, Se, Br, Ag, Cd, Te, and the inert 
gases, the magnitude of the atomic susceptibility lies in the range 107° 
to 10-5, whereas for Sb, Au, Hg, Tl, Pb, and Bi it is greater than 10-5. 
Bismuth is exceptional in this regard; xa = — 1.35 X 10-4 in MKS units. 

Paramagnetism. It is possible for an atom to have a net magnetic 
moment resulting from a particular combination of the orbital magnetic 
moments and the spin magnetic moments of its electrons. The unit for 
measuring the spin magnetic moment of an electron is the Bohr magneton 


am = 9.27 X 107” erg/gauss. (56) 


If an external magnetic field is applied, the spin moments can line up 
either parallel to the field or antiparallel to the field. 

The magnetic properties of many materials were first studied sys- 
tematically by P. Curie before the end of the nineteenth century. He 
found that the paramagnetic susceptibility xp was inversely proportional 
to the absolute temperature. 


Cc 
XP = ip (57) 


where C is the Curie constant and is characteristic of the material. 
Langevin later applied classical mechanics to paramagnetism in gases 
and found that the Curie constant could be expressed theoretically 


2 
c- ie (58) 
where No is Avogadro’s number 

k is Boltzmann’s constant 
Ā is average magnetic moment per molecule. 
It also follows from classical mechanics that, for free electrons in a 
metal, the Curie constant can be written 


= (59) 
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where n is the number of free electrons per unit volume. By substituting 
(59) in (57) it is possible to calculate the paramagnetic susceptibility 
of any metal. The value obtained in this way is approximately 100 times 
larger than the values obtained experimentally. This is one of the 
properties of metals, therefore, that the classical free-electron theory 
cannot explain correctly. 

The total magnetization M is defined as the magnetic moment per 
unit volume and is given by 


M = xpH 
se (60) 


Now, according to the Curie law (57), the susceptibility and, hence, the 
magnetization should vary with the temperature. Again, this is not the 


The observed weak and temperature-independent’ 


case for m ls. i-Di isti 
any meta plained by applying Fermi-Dirac statistics to 


Paramagnetism can be ex 


this problem. 
The distribution of electrons in a metal at the absolute zero of tem- 


perature is shown in Fig. 21 by plotting the parabola-shaped function 
representing the density of states as a function of energy. In the 
absence of an external magnetic field, the electrons occupy all the avail- 
able states having energies less than the Fermi energy Eo. They are 
shown divided into two groups, in Fig. 214, accordingly as their spins 
are plus or minus. When an external field is applied, the magnetic 
moments due to the spins line up either parallel or antiparallel to the 
field. Assuming that a plus denotes electrons which have antiparallel 
moments, these electrons undergo a shift in energy +6H, as shown in 
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Fig. 21B. This situation is not stable and, at equilibrium, some of the 
electrons in the antiparallel states undergo transitions to the lower- 
energy parallel states. This leads to the situation shown in Fig. 210. 
The magnitude of the energy shift, even due to a fairly strong field, 
H = 105 gauss, is very small, BH ~ 10-3 eV, so that, at room tempera- 
ture, the thermal energy, kT ~ 0.03 eV, is sufficiently greater to keep the 
number of electrons having parallel and antiparallel moments very 
nearly equal. Not only does this explain the very small value of the 
observed susceptibility but also why the susceptibility is virtually 
independent of reasonable changes in temperature. 

Ferromagnetism. It has been assumed, in the above discussion, 
that the magnetic moment of the atoms was due entirely to the electron 
spin. This is a fairly accurate picture for such metals as Li, Na, Mg, Al, 
and K. In these. metals, the valence electrons are quite free to migrate 
through the crystals so that they contribute primarily spin moments, 
whereas the inner shells are filled and contribute only weak diamag- 
netism. On the other hand, if an atom has incomplete inner shells, 
then it is possible that not only the spin moments but also the orbital 
moments can contribute to the magnetic moment of the atom. This 
normally leads to large paramagnetic susceptibility in accord with the 
Curie law. Such relatively large susceptibilities are found among the 
rare earths and the platinum and palladium-group metals, An anoma- 
lous behavior is encountered in the case of Fe, Co, and Ni, which are 
paramagnetic at elevated temperatures but become ferromagnetic below 
a transition temperature called the Curie point. A ferromagnetic solid 
is one that can have a permanent magnetization after the external 
magnetic field is removed. This permanent magnetization was first 
explained by P. J. Weiss in 1907 as being due to a parallel orientation of 


Curie temperature, thermal agitation is responsible for keeping the 
magnetic moments randomly oriented, whereas below the Curie point 
in which more magnetic 
moments are aligned in one direction than in another. In order to 
explain why an excess of magnetic moments along one direction is more 
stable than a uniform distribution, Weiss proposed that a molecular field 
exists in the crystal and favors such an alignment. 

Heisenberg was the first to Propose an explanation of this molecular 
field based on the principles of quantum mechanics, He treated the 
problem similarly to the Heitler-London treatment of the hydrogen 
molecule. In this treatment, an exchange interaction between electrons 
in different quantum states is shown_to lead to a lower energy for a 
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molecule than that obtained by a mere superposition of the wave func- 
tions of each atom. Experiments have proven that the magnetic 

moment, due to the electron spins rather than the orbital moments, 

contributes to the permanent magnetic moment of the iron-group atoms. 

The exchange forces, therefore, are necessary in order to explain why, in 

certain metals, the atoms have electrons with parallel magnetic moments. 

It is reasonable to expect that such exchange forces are negligible unless 

the atoms are brought closely together. It can be shown that, as two 

atoms approach each other, the electron spins of unpaired electrons in ' 
each atom assume parallel orientations. As they are brought closer 

together, the spin moments are maintained parallel by increasing forces. 

As the interatomic distance is decreased still further, however, these 

exchange forces decrease until finally they pass through zero and an 

antiparallel spin orientation is favored. It has been shown by Bethe 

that, for the iron group, the conditions favoring parallel orientations 

Occur when the ratio between one-half the interatomic distance in a 

crystal and the average radius of the 3d shell is greater than 1.5. Some 

typical values of this ratio for these metals are 


Mn Fe Co Ni 
Ratio 147 1.634 1982 1,98 


As can be seen, the ratio for manganese is slightly less than 1.5, which 
explains why manganese crystals are not ferromagnetic whereas com- 
Pounds containing manganese atoms spaced farther apart are. Notable 
examples are the Heusler alloys CuzxMnSn and CueMnAl. (Note that 
these ferromagnetic alloys contain neither Fe, Co, or Ni.) 

According to the zone theory, two factors determine the energy of a 
crystal. The first is the Fermi energy, which makes a positive contribu- 
tion to the total energy, and the second comes from the exchange integral 
and makes a negative contribution. A crystal then is ferromagnetic 
When the negative energy due to the exchange integral is greater than 
the positive-energy term due to the kinetic (Fermi) energy of the elec- 
trons, which tends to randomize the spin directions. The exchange 
integral used in this calculation is somewhat different from the one 


Proposed by Heisenberg in that it is based on the electrostatic interaction 


etween one electron and the electrons in an identical fictitious crystal 


having a hole in place of this electron. 1 
integral is independent of interatomic distance and does not vary too 


much from atom to atom in the metal. In order to explain ferromag- 
Netism, therefore, it is necessary to compare the Fermi energies of differ- 
ent metals. Although only nickel has been examined in detail, the 
results can be extended to show that the Fermi energy is smaller than the 


It turns out that this exchange 
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exchange energy in Fe, Co, and Ni. As expected, it is somewhat greater 
in the case of Mn. It should be noted that a small Fermi energy denotes 
a narrow energy zone, that is, a larger number of electrons having very 
closely spaced energies. Thus this calculation supports the earlier 
conclusions that narrow, partially filled d zones, which do not overlap in 
neighboring atoms to any appreciable extent, are necessary and sufficient 
for ferromagnetism to occur. 

More recently, Zener has proposed a different explanation for the 
occurrence of ferromagnetism. The exchange integral, as calculated in 
the Heitler-London model for the bonding of two atoms, is negative. 
Heisenberg, therefore, was forced to postulate that the exchange integral 
was negative only when the atoms were brought very closely together 
and became positive when the unfilled d shells did not overlap appreci- 
ably. It has never been proven, however, that such a reversal in the 
sign of the exchange integral actually occurs. Zener has suggested that 
the exchange integral always remains negative and that ferromagnetism 
is due to an interaction between electrons occupying quantum states in 
the partially filled d and s zones. The proposed interaction, which 
accounts for the excess of parallel spin moments of one kind, is similar 
to the interaction (Hund’s rule) that causes unpaired electrons in differ- 
ent orbitals to have parailel spins. According to this model, an over-all 
decrease in the energy is obtained when the electrons occupying states 
if the d zone have parallel spin moments and the s-zone electrons con- 
tribute a small moment in the same direction. Because of the approxi- 
mate nature of the calculations used to support the above stated com- 
peting theories, it is not possible to decide, at present, which one describes 
most correctly the interactions responsible for ferromagnetism. 

On an atomic scale, the reason for the permane 
Fe, Co, and Ni atoms is best 
structures. Each atom has t 


Fe 3d° [fT it itt 4s? [M] 


Co 3a" 4s? [TJ] (61) 
Ni 3da” (TUTINI IT 4s? 


According to this scheme, the atomic moments of these metals should be, 
respectively, four, three, and two Bohr magnetons. 


The actual values 
turn out to be 


Fe Co Ni 
Atomic moment 2.22 1.70 0.61 Bohr magnetons 
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The nonintegral number of electron spins per atom determined from 
saturization magnetization measurements given above is explained by 
making use of the zone theory as follows: The 3d and 4s zones of these 
metals overlap, as shown for the case of nickel in Fig. 22. Since the 
relative occupation of these two zones is determined by the Fermi 
energy Eo, it is assumed that 0.6 electron occupies states in the 4s zone 
and 9.4 electrons in the 3d zone. Of these, five must have one kind of 
spin and 4.4 the other, leaving 0.6 spin of the same kind per atom. The 
accuracy of this model can be readily checked by alloying nickel with 
The substitution of a copper atom for a nickel atom 


copper or zinc. 
in the crystal, whereas zinc introduces 


introduces one additional electron 


dN/dE 


Energy 
rlapping 3d and 4s states of nickel. On an 
f the 2 available 4s states are 


Fra, 22, Schematic representation of ove! : 
Average, 9.4 of the 10 available 3d states and 0.6 0 


occupied, (After Slater.) 
asonable to expect that these electrons 


will prefer the lower-lying 3d states of nickel and, therefore, as more 
Copper (or zinc) is added, the magnetic susceptibility should decrease. 
It has been shown from saturization magnetization measurements that 
this is indeed the case; the magnetization becomes virtually zero when 

Per cent Cu or 30 per cent Zn is added, that is, when enough electrons 


are added to fill completely the 3d zone of nickel. 
lOmain structure. The above discussion has explained why iron, 


Cobalt, and nickel are ferromagnetic, but it has not accounted for such 
Physical properties of magnets as, for example, the well-known hysteresis 
loop, relating the amount of magnetization to the strength of the applied 
field. Even before the atomic mechanism of ferromagnetism was clearly 
Understood, Weiss assumed that a singe erystal of iron consists of small 
Tegions or domains, within each of which the electrons have all their spins 
Parallel, but that the spins of neighboring domains are Hot parallel. 


two additional electrons. It is re 
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When an external field is applied, the domains that have net moments 
parallel to the direction of the field have their energy reduced, whereas 
those domains that do not have their energy increased. The crystal’s 
energy, obviously, can be lowered if all the domains align themselves 
parallel to the field. This can be accomplished in either of two ways. 
Either the direction of magnetization of an entire domain changes at 
onċe, or a domain that is favorably oriented grows in size at the expense 
of a less favorably oriented domain. When the external field is reversed 
in direction, all the domains must be reoriented, and, owing to several 
causes discussed below, this requires an additional field to overcome the 
factors opposing such reorientation so that a hysteresis loop results. 

It turns out that magnetization is an anisotropic property in crystals. 
For example, it is easier to magnetize iron (body-centered cubic) along 
{[100]] than along any other directions, and most difficult along [[111]]. 
It is common practice to refer to these as easy and hard directions of 
magnetization, respectively. To show that this is a structure-sensitive 
property, the easy directions in nickel are [[111]] (normal to the closest- 
packed layers) and the hard directions are [[100]]. Similarly, the easy 
direction in the hexagonal closest packing of cobalt is [0001], normal to 
the hexagonal closest-packed layers. The magnetization of single 
crystals along certain directions is invariably accompanied by changes in 
‘their physical dimensions. For example, iron crystals expand along the 
direction of magnetization and contract at right angles to it so that the 
total volume tends to remain the same. In a nickel crystal, the dimen- 
sional changes are Tey 2rsed; it contracts along the magnetization direction 
and expands in directions normal to it. Thus the magnetization of ferro- 
magnetic crystals depends on the way that the structure is strained, a 
phenomenon called magnetostriction. As might be expected, magneto- 
striction is related to the elastic properties of the crystal and can be used’ 
to explain the formation of magnetic domains in crystals. With six 
[[100]] directions equally easy, it is natural that a single crystal of iron 
has domains containing magnetic moments aligned parallel to each of 
these six directions. Obviously, the domains must be separated by 
boundaries in which the magnetic moments undergo a gradual transfor- 
mation from one orientation to the other. The exchange energy favoring 
parallel alignment of all moments prefers thick boundaries. It is opposed 
by the magnetic anisotropy which favors a minimum deviation from the 
easy directions of magnetization. A compromise between these oppos- 
ing forces is reached, and it turns out that the boundaries have thicknesses 
of the order of hundreds of atoms in actual crystals. The domains 
themselves can have various sizes, determined primarily by the free 
energy of the boundaries, whose contribution to the crystal’s energy 
decreases with increasing domain size, since the ratio of boundary area to 
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domain volume decreases. Lest it be deduced from this that a single crys- 
tal consisting of a single domain has the lowest possible energy, it should be 
realized that such a crystal is a permanent magnet whose magnetic field 
contains magnetic energy. Thus the domain structure proposed by 
Weiss serves to lower the over-all energy, thereby neutralizing the 
individual permanent magnets. 

When a weak magnetic field is applied parallel to an easy direction 
of a crystal, the domains having lower energies, because of their more 
favorable orientation, grow in size owing to the reorientation of the 


i 

| 

gz gy 
Fia.' 23, Magnetic domains in a single crystal of iron, (Photographed by R. V. 
Coleman and G. G. Scott.) 


moments in the boundaries. The resulting movement of boundaries 
can actually be observed by sprinkling a fine powder of FeO; on a 
Polished crystal surface. The powder particles align themselves along 
the domain boundaries and a so-called Bitter pattern is obtained. Several 
domains can be seen in the Bitter pattern of a single crystal of iron shown 
in Fig. 23. It has been observed that the movement of domain bound- 
aries is impeded by imperfections and proceeds in jumps. These jumps 
can be made audible by surrounding the crystal with an induction coil 
connected to an amplifier. This so-called Barkhausen effect is even more 
noticeable if the domains change their magnetization directions by 
rotation. The latter effect becomes more prom‘nent when the strength 
of the field is increased. 
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In a polycrystalline material, magnetization is impeded by the random 
orientation of the grains. Consequently, only some of the grains have 
their easy directions parallel to the direction of the applied field. More- 
over, magnetostriction in these crystallites produces strains in their 
neighbors which, in turn, affect the ease of magnetization in a more 
complicated, way. Thus, if a material that is easily magnetized is 
desired, say, for transformers, it is necessary to find one having little 
magnetic anisotropy or magnetostriction. Such a material does not 
necessarily have higher saturation magnetization; it simply reaches 
saturation more rapidly. On the other hand, if a permanent magnet is 
desired, then strong magnetostriction is an asset. This is so because, 
once such a material is magnetized along a given direction, it is more 
difficult to change its magnetization direction. The alignment of the 
domains can be abetted, by placing the magnet in a strong magnetic 
field and then annealing it, thereby inducing grain growth along the easy 
direction parallel to the field. 


Thermal properties 


Specific-heat theories. It is convenient to correlate the thermal 
behavior of a substance to its ability to absorb heat. The energy 
absorbed by a unit mass, when its temperature is raised by one degree, 
is defined as the specific heat of that substance. In measuring this 
quantity, either the volume or the pressure must be kept constant. It 
is more convenient to speak of the specific heat at constant volume 


defined by 
0E 
Gy= GT), (62) 


where partial differentials are used because the energy may be a function 
of other variables in addition to temperature and the subscript denotes 
that the volume is kept constant. For relatively free atoms, in a mon- 
atomic gas, each atom can have three degrees of translational freedom 
which leads to an average kinetic energy of 3k7' per atom, or 


NogkT = $RT 


per kilogram atomic weight, where R is the so-called gas constant. The 
specific heat for such an ideal gas, therefore, is 


= 3R. (63) 


The electronic contribution to the specific heat of such a gas is very 
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small because the electrons and the nucleus of a gas atom act as an 
integrated whole. 

The specific heat of solids has been found empirically to obey the 
so-called law of Dulong and Petit, 


Cy = 3R. (64) 


Assuming that each atom in the crystal can absorb heat in the form of 
vibrational energy, it has been shown that the vibrational energy of N 
atoms can be represented by the energy of a system of 3N harmonic 
oscillators. According to classical mechanics, each harmonic oscillator 
has a potential and kinetic energy of 347, or a total energy of 1kT. Thus, 
for each atom there is a contribution of 3kT to the crystal’s energy, which 
leads to (64) for the specific heat of a solid. The fact that this derivation 
does not take into account the specific heat due to energy absorbed by 
the electrons is not particularly disturbing in the case of nonmetals, if it 
is assumed that the electrons are located on the atoms and act in unison 
with them. In metals, however, it was assumed by Drude that the 
electrons were free. Then, according to classical mechanics, the elec- 
trons all have a minimum energy at absolute zero and gain energy as the 
temperature is raised. However, it has just been shown above that the 
Dulong-Petit law can be explained without considering the electronic 
contributions of the specific heat. This paradox was not resolved until 
the application of Fermi-Dirac statistics showed that only the electrons 
having energies near the Fermi surface can absorb energy by moving 
into adjacent unoccupied states. The application of the zone theory 
similarly explains why the electrons in insulators cannot absorb thermal 
energies, since the amount of energy absorbed is not sufficient to bridge 
the forbidden-energy region. 

It is possible to estimate the electronic specific heat in metals. If it is 
assumed that only the electrons whose energies differ from Eo by kT can 
absorb heat and that there are 2kT/Eo such electrons, then the electronic 


specific heat is given according to (63): 
3 
Cy (for electrons) = 5 R ad 


= kT. (65) 


Since the electronic specific heat in (65) is proportional to kT, which is 
much smaller than the Fermi energy, it can make a noticeable contribu- 
tion only at very low temperatures, when the atomic specific heat is very 
small also. 

Einstein was the first to apply the quantum theory to the explanation 
of specific heats. He assumed that each atom in a solid can vibrate 


272 Chapter 10 


independently of all the other atoms. This means that a solid con- 
taining N atoms can be represented by 3N harmonic oscillators all 
vibrating with the same frequency ». In this model, the vibrational 
energy can be represented by 

hy 


E = 3No | (66) 
from which the specific heat at constant volume 
ðE RNS eter 
rr gp =a (a) Cs (67) 


The relatively naive model of Einstein proved fairly successful in 
explaining the specific heats of-most materials, except at very low tem- 
peratures. Subsequently, Debye used a more sophisticated model to 
represent a solid, in which he tried to relate specific heat to the elastic 
properties of a solid. Before proceeding, however, it should be pointed 
out that the possible energy levels of a harmonic oscillator, according to 
quantum mechanics, are given by 


E,=(n+hy n=0,1,2,3,... (68) 


instead of by nhv as Einstein assumed. This does not affect (67) since 
the additional term disappears when the energy term is differentiated to 
obtain the specific heat. The significance of (68) is that it clearly shows 
that, even in the lowest energy state corresponding ton = 0, the oscillator 
still has an energy of hv. This is the zero-point energy, so called because 
it is independent of temperature and persists down to absolute zero. 
Debye assumed that the vibrations in a crystal can be handled by the 
theory of elasticity. Thus the atoms are not assumed to vibrate inde- 
pendently, and the problem resolves to one of determining the normal 
modes of vibration of a continuous solid made up of individual atoms. 


It can be shown that the frequencies of vibration in such a solid are 
quantized according to 


v nz\2 n N? Na 
vane) +) +@) P 
where v is the velocity of propagation and nz, n,, n, are integers in the 
direction of the three axes X,Y,Z. By analogy to (18), the quantity 


under the square-root sign can be equated to a radius vector R in recip- 
rocal space, that is, 


y=5R (70) 


The lattice points in the reciprocal lattice are the allowed frequencies, 
and it is easily seen that the frequency increases as the radius vector 
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increases. The number of allowed frequencies, dN, lying in a shell 
between R and R + dR is 4rR*dR. Since only positive integers are 
required, the part of the shell lying in the positive octant contains 
irk? dR or 4rv? dv/v? points, and since each lattice point in the reciprocal 
volume has a unit volume associated with it that contains V allowed 
frequencies, the total number of allowed frequencies in the range dv is 


4rv? dv 
v? 


aN = F. (71) 


If three mutually orthogonal directions of vibration are considered, one 
longitudinal and two transverse, then, in general, the velocities will be 
different for these vibrations and (71) 
becomes 


A ree 
dN = 4rv? dv V E + z) (72) 


Now, it turns out that the allowed 
frequencies are confined to Brillouin 
zones, similar to the case of allowed 
energies for electrons in solids. Fig- 
ure 24 shows a plot of the number of 
vibrations per unit frequency range, 
in a simple cubic structure based on 
a primitive lattice. It is assumed in 
this plot that the velocity of the 
longitudinal wave is twice that of the Fic. 24 
transverse wave. In order tosimplify 
the calculations, Debye assumed that this frequency distribution can be 
approximated by the dotted curve in Fig. 24 which cuts off at a fre- 
quency called the Debye characteristic frequency vp. This leads to an 
expression for the specific heat of the form 
1 zo qie 
Cy = ovek f ey" (73) 


To 


where x = hv/kT and zo = hvp/kT. Finally, defining the Debye tempera- 
ture, Op = xof, it can be seen that (73) gives the specific heat in terms of 
the ratio of the actual temperature to the Debye temperature. Since the 
maximum frequency is constant for a given material, so is the Debye tem- 
perature. Values of the Debye temperature for some elements are given 
below. 


C (diamond) Na Al K Cu Sn Pb 
Op 1840 159 398 99 315 160 88 °K 
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Equation (73) can be integrated numerically. When this is done, it 
turns out that the specific-heat curve is quite similar to that obtained by 
Einstein except at low temperatures. If T<&K@p, zo >> 1, and the integra- 
tion in (73) can be carried out from zero to infinity. Debye has shown 
that the integral is equal to (;4)7‘, so that, for low temperatures, (73) 
becomes 
T? 
oe 
This is the famous third power law of Debye. The specific-heat curves due 
to Einstein and Debye are compared in Fig. 25. 


Cy = 2 atNk (74) 


Einstein 


Specific heat 


T/® 
Fie. 25 


Thermal conductivity and expansion. As shown in the discussion 
of specific-heat theory, the atoms in a solid vibrate about a mean position 
when the temperature is increased. The frequencies of vibration are 
limited in number and are independent of temperature above the char- 
acteristic temperature, so that, as the temperature increases, only the 
amplitude of vibration can increase. This increased amplitude of vibra- 
tion has several interesting effects. It has already been shown, in the 
discussion of electrical conductivity in metals, that the atomic vibrations 
are responsible for the observed changes in the electrical resistance. It is 
possible to think of each mode of vibration as a type of imperfection in the 
true periodicity of the crystal, which can be represented by a phonon of 
energy hv propagating through the crystal. An increase in the amplitude 
of vibration, therefore, means that more phonons having identical energies 
(frequencies) are added to the crystal. The mean free path of these 
phonons is only of the order of 10 to 100 A, implying many collisions, and 
accounts for the poor heat conductivity of most materials, The excep- 
tions, namely, the true metals, conduct heat by means of electrons in a 

manner entirely analogous to the conductivity of electricity already 
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described. In fact, it has been shown that the ratio of the thermal to 
electrical conductivity is equal to a constant times the absolute tempera- 
ture. Theoretically, this so-called Wiedemann-Franz law predicts that 
this constant equals 2.45 X 10-8 (volts/deg)? and is the same for all 
metals. Actually, small deviations from this value are observed in most 
metals, as shown below for several metals at 291°K. 


Fe Cu Zn Ag Pb 


Wiedemann-Franz 
constant 2.88 2.28 2.31 2.36 2.45 X 10-8 (volt/deg)? 


The vibrating atoms also have the effect of changing the crystal shape 
and volume. The cohesion of crystals is discussed in Chapter 9, where it 


4 


FS Interatomic 
separation 


an 
ot 


Fic. 26 


is shown to be due to the attractive forces between the constituent atoms, 
To see how the thermal motion of the atoms changes the situation, con- 
sider the potential energy due to the interactions of two neighboring 


atoms. As shown in Chapter 9, the potential energy is given by a relation 


like 
Ys — Se LA (75) 
re m 

where a is the proportionality constant expressing energy of attraction 

B is the repulsive energy 

r is the interatomic separation. i 
Independently of the actual values of the exponents n and m, the poa 
energy curve has the form shown in Fig. 26, when plotted against a 3 
interatomic separation. The equilibrium separation re and the potentia 
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energy corresponding to this equilibrium separation, V., are also shown in 
Fig. 26. Now, suppose that the energy is increased to some higher value, 
Vı. The interatomic separation corresponding to this value can be either 
r,or7. Physically this means that the atoms can alternate between these 
two positions. Because the potential-energy curve usually is not sym- 
metric about r., the mean of these two Positions corresponds to a larger 
average interatomic separation and results in a thermal expansion of the 
crystal. 

Since the amount of thermal expansion that takes place depends on the 
interatomic forces, it is not surprising that it is dependent on the crystal 
structure. For example, because the bonding in covalent crystals such as 
diamond is very strong, the thermal expansion coefficient for diamond is 
correspondingly small. Similarly, in the case of ionic crystals, it usually 
depends on the valence of the ions; the larger their valence, thesmaller the 
linear expansion coefficient. For comparison purposes, the linear expan- 
sion coefficients of a number of crystals are listed below. 


Diamond Na Al Cu SiC NaF Nal 
Linear expansion 


coefficient 1.1 62.2 25.0 16.8 6.6 39 48x 10-#/°C 


Note that the volume expansion coefficient is approximately equal to three 
times the linear coefficient (see Exercise 21), 
It has been assumed in the aboy 


isotropic. Actually, most noncubic crystals exhibit pronounced aniso- 


es of the different expansion coeffi- 
hence, to the crystal structure. In 
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Exercises 


1. List at least six properties of metals familiar to you, for example, ductility, luster, 
etc. Explain these properties in terms of the Drude-Lorentz free-electron theory. 

2. Redraw Fig. 38 plotting f(E) as a function of E — Ep in units of kT, at room 
temperature, in the range —3k7' < E — Ey < 3kT. This plot shows quite accurately 
the variation of the Fermi factor near the Fermi energy. 

3. In order to see at what values of E the Fermi factor differs appreciably from 
unity, substitute Eo + £ for Ein equation (19). Solve for € when f(E) = 0.2, 0.5, 0.8. 

4. Show that when E — Eo > 2kT, f(E) ~ e~®-®0)!#t, (Do this by actually calcu- 
lating f(E) for E — Eo = 2kT, 3kT, and 4kT.) . ws 

5. The Fermi energy for Cs is 1.55eV. By reversing the procedure used in deriving 
equation (21) in the text, determine the number of free electrons in 1 cm? of cesium. 

6. The linear coefficient of thermal expansion of silver is 17 X 10-8/°C. Assuming 
that thermal expansion is the only reason why Eo changes with temperature, what are 
the values of the Fermi energy at 100, 200, and 300°K. (There is one conduction 
electron per atom in silver. 

T. What is the value of i for sodium at 100, 200, and 300°K? Make the same 
assumptions suggested in Exercise 6 and use 62.2 X 1076/°C as the lińear expansion 
coefficient. R ; 

8. Draw the first and second Brillouin zones, in cross section normal to the c axis, 
for a primitive hexagonal lattice. Assume that ((1010)) planes terminate the first 
zone and ((1120)) planes terminate the second zone. Are the Fermi surfaces likely to 

e more or less spherical when these zones are incompletely filled than in the cast of the 
Square zones shown in Fig. 10? Why? g n P 

9. Show the progressive ocoupation by electrons of the zones in Exercise 8 (see Fig. 
13) for the case when the two zones overlap. a A sir 

10. The Fermi energy for Cuis7.1eV. Assuming that this is the maximum kinetic 
energy of the electrons in copper, what is the number of electrons per cubic centimeter 
in copper as determined from equation (43)? How does this value compare with that 
determined directly from the density of copper (density = 8.92 g/cm*)? 

11. The density of sodium at 20°C is 0.97 g/em*. Assuming that each atom con- 
tributes one conduction electron, what is the mean free path l in sodium? 
(Eo = 3.2 eV.) i 

12. The density of aluminum at 20°C is 2.70 g/cm. Assuming that each atom 
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cortributes three conduction electrons, what is the mean free path / in aluminum? 
(Ey = 11.7 eV.) 

13. What is the relation between the mean free path / and the mobility » of an 
electron? 

14. Calculate the mobilities of sodium and aluminum from the conductivities listed 
in the text. How do you explain the difference in mobility in these metals? 

15. Calculate the Hall constant R for sodium and aluminum. 

16. What is the speed of a conduction electron in aluminum if the average kinetic 
energy is Eo = 11.7eV? How does this speed compare with the propagation speed of 
an electric pulse traveling through aluminum with the speed of light? How can the 
pulse of electricity travel faster than the electrons in aluminum? 

17. Calculate the Curie constant for sodium. (To determine the number of conduc- 
tion electrons, see Exercises 11 and 12.) Next, calculate the paramagnetic suscepti- 
bility for sodium metal and compare it with the value listed in a handbook. 

18. Following the procedure in Exercise 17, calculate the paramagnetic suscepti- 
bility for aluminum and compare it with the listed value in a handbook. 

19. Calculate the electronic specific heat for aluminum (Eo = 11.7 eV) and for 
copper (Eo = 7.1 eV) at 1, 300, and 1000°K. 

20. Calculate the atomic specific heat of aluminum and copper at 1°K. How does it 
compare with the electronic specific heat determined in Exercise 19? 

21. Prove that the volume coefficient for thermal expansion is equal to three times 
the linear expansion coefficient. Assume | = lo(1 + a) and v = vo(1 + av) and 
v = 1. 
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Structure of metals 


There are different ways in which the ninety-odd elements in the 
periodic table can be classified. A classification frequently adopted is 
based on the way in which the elements combine to form solid compounds. 
Six elements, the so-called inert gases, have completely filled outer 
electron shells and normally do not participate in compound formation at 
all; therefore, they are not discussed further in this book. Approximately 
twelve to fifteen elements can be considered to be electronegative and to 
form predominantly ionic compounds in which they take the part of 
anions. The crystal structures of these elements are discussed in the last 
chapter of this book. The remaining seventy-odd elements are popularly 
called metals. They are electropositive and take the part of cations in 
ionic compounds. This classification is quite useful as a general scheme, 
but it does not take into account the mechanical or physical properties of 
the elements or of the compounds that they form. The above classifica- 
tion of metals, therefore, is most suitable to the purposes of a chemist who 
is primarily concerned with chemical properties. A metallurgist, on the 
other hand, must distinguish between true metals, which have the physical 
properties of high electrical and thermal conductivity, metallic luster, 
ductility, malleability, etc., and the metallike elements usually called 
metalloids. The latter may exhibit some of the physical properties of true 
metals to varying degrees; nevertheless, they can be distinguished from 
the true metals because the metalloids form predominantly covalent bonds 
as determined by the 8 — N rule. Also, all true metals have a negative 
coefficient of conductivity whereas most metalloids have a positive 
coefficient. For this reason, the metalloids are classified as semicon- 
ductors and are further discussed in Chapter 13. 


The elements 


Closest packings. It is not always easy to make the distinction 
between true metals and metalloids in practice. This is particularly true 
279 
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in the case of certain allotropic elements that can assume different crystal 
structures, which may or may not exhibit the physical properties of true 
metals. The allotropic modifications of such elements that exhibit 
inetallic properties are discussed in this chapter; those that do not have 
metallic properties are discussed in Chapter 13. The origin of the metallic 
properties is, of course, the metallic bond. Accordingly, the elements 
discussed in this chapter form crystal structures in which the metallic 
bond jis the principal bond between atoms. 

It will be recalled from Chapter 9 that the metallic bond is an unsatu- 
rated covalent bond and that it is, therefore, an undirected bond. Con- 
sequently, the structures of most elemental metals are either the cubic or 
hexagonal closest packings shown on pages 60 and 61 or the body- 
centered cubic structure shown on page 69. The structures of most 
elemental mecals are known and are listed in Table 1. Note that some of 


Table 1 
Crystal structures of metals 


Cs Ba La Hf Ta w Re Os Ir Pt 
BCC BCC HCP HCP BCC BCC HCP HCP FCC 
FCC BCC 


Au | Hg Tl Pb 
FCC FCC] Hex. HCP FCC 


BCC 
Fr Ra Ac Th Pa U Np Pu 
FCC FCC Tetr. Ortho. Ortho. Ortho. 
BCC Tetr.. Tetr. FCC 
BCC Tetr. 


Rare-earth metals: 


Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu 


HCE HCP Hex. Hex. BCC HCP HCP HCP HCP HCP HCP FCC HCP 


these structures, particularly those of metals lying to the right of the 
vertical line in Table 1, are more complex than the three simple types cited 
above. They are discussed further in a subsequént section, An exami- 
nation of Table 1 also reveals that there are no simple rules determining 
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the particular structure types assumed by the elements. Certain 
correlations can be made, of course. For example, the monovalent 
alkalis all have the body-centered cubic structure which is consistent with 
the fact that, having only one electron with which to form bonds, the 
average bond strength is increased by having each atom coordinated by 
eight other atoms rather than by twelve. On the other hand, such 
reasoning fails to explain why vanadium and chromium also have the 
body-centered cubic structure or why copper does not. Attempts to 
explain the particular structures adopted based on other qualitative 
considerations are equally fruitless. Consider the interatomic distances 
in some of the metals of the first long period given below. 


V Cr Mn Fe Fe Co Co Ni Cu 


BCC BCC Cubic FCC BCC HCP FCC FCC FCC 
2.63 249 2.50 2.59 248 251 251 249 259 Å 


Obviously the interatomic distances are not the criterion either, else why 
are the distances so different in face-centered cubic nickel and copper? 
Or why is chromium body-centered and nickel face-centered cubic when 
both have the same interatomic distances? This observation is par- 
ticularly puzzling when it is realized that the interatomic distances deter- 
mine the bonding energies and, hence, the cohesiveness of a particular 
crystal structure. Moreover, it should be noted that all the metals lying 
to the left of the vertical line in Table 1 (except manganese) have struc- 
tures that. are either closest packings or body-centered cubic. Except 
for cobalt, however, the c/a ratios of the hexagonal closest packings 
deviate from the ideal value of 1.633. 

The only conclusion that can be drawn from the above is that the 
detailed electronic structures of the atoms must be the controlling factors 
in deciding which crystal structure is assumed. The proper approach, 
therefore, is to consider the role that the valence electrons have in the 
formation of the metallic bond. As shown in the discussion of cohesion 
in Chapter 9, there are essentially two ways of doing this. The one 
adopted by Pauling considers the electrons of each atom individually so 
that bonding is due to resonating electron-pair bonds. If such physical 
properties as ferromagnetism are also considered in determining the 
exact electron distributions, it then becomes necessary to postulate non- 
integral valencies for some of the atoms. Pauling’s approach has been 
criticized for this reason as being physically untenable. The other 
approach, based on the model proposed by Wigner and Seitz, treats the 
valence electrons collectively and considers the interaction between the 
so-called free or conduction electrons and the positive ions constituting 
the metal. As shown below, this approach makes it possible to explain 
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many crystal structures of metals in a way that is physically reasonable 
and consistent with their known physical properties. 

Zone theory. It has been shown in the discussion of the zone theory, 
in the preceding chapter, that the assumption of a periodically varying 
potential energy distribution in a crystal leads to zones of allowed- and 
forbidden-energy values that electrons can have. Normally, the zones 
of allowed-energy values are separated from each other by forbidden- 
energy regions. It may happen, however, that along certain directions 
in a crystal the highest energy allowed in the first Brillouin zone is actually 
greater than the lowest energy value allowed in the second zone along 
another crystallographic direction, When this happens, the zones are 
said to overlap. The way that the allowed quantum states in each zone 
are occupied is determined by the number of electrons present and by the 
maximum energy that these electrons can have. It will be recalled that, 
at the absolute zero of temperature, the electrons fill the lowest energy 
states first and then proceed to fill higher energy states, up to the so-called 


It also has been shown 


that the number of states available in a zone is always an even number 


per primitive unit cell. (This is so because there are two quantum states 
for each allowed-energy value corresponding to the two possible values 
of the spin quantum number.) From this it 


st be a conductor. On 


an insulator. This is s0 
because the two bands may overlap, making it impossible to fill one zone 
without also partially filling the next zone. 


It is easy to understand from the above why all alkali metals having 


llium and for calcium show that the 
Next, it is interesting to note that, 
f electrons per atom, it appears that 
(Strictly Speaking, boron is a semi- 


zones do overlap for these metals. 
although boron has an odd number o 
really pure boron is an insulator. 
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conductor because the forbidden-energy gap is quite narrow, ~1.5 eV.) 
From the recently determined crystal structure of pure boron, it appears 
that boron contains an even number of atoms per primitive unit cell, so 
that the allowed zones can be assumed to be separated and completely 
filled (or completely empty). Conversely, the next element in the third 
column of the periodic table, aluminum, also has an odd number of 
electrons per atom but only one atom in the primitive cell of the face- 
centered cubic lattice, so that aluminum is a conductor. Carbon and 
silicon are not discussed in this section because, like boron, they do not 
form metallic bonds in the elemental crystals. 

The transition elements are of special interest because they form 
metallic bonds regardless of the number of electrons per primitive unit 
cell. The conductivity in these metals can be explained by zone overlap, 
and the specific properties of transition metals can be shown to depend on 
the way that the overlapping zones are occupied. Consider the transi- 
tion metals of the first long period, for which the overlapping zones of 
interest are the 3d and 4s zones. The way that the allowed states in 
these zones are occupied can be explained by considering the relative 
energies of the 3d and 4s electrons in the free atoms. In scandium, 
titanium, and vanadium, the 4s shell is completely filled while the 3d shell 
contains one, two, and three electrons, respectively. It can be shown 
that the exchange interaction between unpaired electrons (Hund’s rule) 
favors the formation of completed half-shells containing electrons with 
parallel spins. Thus, when an additional electron in the next element, 
chromium, must be accommodated in the 3d shell, one of the 4s electrons 
is “demoted” to the 3d shell so that both shells are half filled. Now, a 
tendency to fill a half-shell implies a reluctance to start a new half-shell. 
Consequently, the next element, manganese, retains a half-filled d shell 
and accommodates the additional electron by completing the occupation 
of the 4s shell. Similarly, iron, cobalt, and nickel have two 4s electrons 
and six, seven, and eight 3d electrons, respectively. Finally, the 3d shell 
is completely filled in copper even though this requires that the 4s shell 
be half empty. (This suggests that the binding energy should be similar 
in chromium and copper, and this is indeed the case, as evidenced by the 
fact that the heats of sublimation for Cr and Cu are 80.0 and 80.3 kg-cal/ 
mole, respectively.) Furthermore, it turns out that the energy required 
to demote a 4s electron decreases from 2.5 eV in calcium to 0.3 eV in 
vanadium and again from 2.1 eV in manganese to 0.02 eV in nickel. 
Now, in determining the occupation of allowed-energy zones in a crystal, 
additional interactions between atoms must be considered. It is not 
surprising, therefore, that the above distributions for isolated atoms are 
not obeyed exactly in crystals. For example, the very small energy 
required to demote a 4s electron in nickel helps explain why the 4s zone 
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of Ni contains, on an average, only 0.6 electron per atom, while the 3d 
zone contains 9.4 electrons per atom. 

It is now possible to attempt to account for the crystal structures 
adopted by some of the transition metals. Copper, silver, and gold have 
completely filled d shells, and nickel, palladium, and platinum have very 
nearly filled d shells. These filled shells produce a repulsion between 


all have parallel spins according to Hund’s tule. Because the 3d orbitals 
of adjacent chromium atoms overlap, it can be shown that the energy 
of the crystal is lowered if the spins of electrons in overlapping orbitals 
are oppositely directed, (This is analogous to the He molecule formation 
discussed in Chapter 9.) This Suggests that the most stable structure 
for Cr is one in which each atom is completely surrounded by atoms 
having oppositely directed Spins, Now, such an arrangement is not 
Possible in a closest packing, in which all atoms must be identical, but is 
Possible in the body-centered cubic structure, Thus chromium has 2 
body-centered cubic structure in which each Cr atom has eight nearest 
neighbors with opposite spins. By analogy to the exchange integral 
discussed in connection with ferromagnetism in the preceding chapter, 
it can be shown that an exchange integral favoring antiparallel spin 


orientations in overlapping 3d orbitals lowers the crystal’s energy and 
increases its cohesion, 


gonal prism; how- 
ever, in the case of a hexagonal closest Packing, it has the shape shown 
in Fig. 1. The reduced volume of this zone decreases the number of 
available states in the zone to slightly less than two per atom. Conse- 
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Table 2 
Characteristics of hexagonal closest packings 


Number of available 
mets states per atom Ec/Ea cla 


Be 1.731 1.196 1.585 


Mg 1.743 1.137 1.625 
Zn 1.799 0.863 1.861 
Ca 1.805 0.859 1.890 


quently, the valence electrons of divalent metals in hexagonal closest 
packings must occupy states in the next highest zone; that is, the zones 
overlap. Because the structure is anisotropic, however, the energy 
surfaces in the two zones can overlap normal to either the C face or the 
A face, depending on which face has the lower energy. Table 2 lists 
the number of available states per atom and 

the ratio of the energy value at C to that at A = oe 

(in Fig. 1) for several metals having hexagonal 

closest-packed structures. The value of the BaL 
c/a ratio for these metals is also listed in 

Table 2. It can be seen that when the ratio 

of the energy values at C and A is such that A 

Ec/E4 > 1.0, then c/a < 1.633, the value of 

this ratio for a hexagonal closest packing of 

equal spheres. Conversely, when overlapping a 
takes place normal to the C face, then 

c/a > 1.633. Note that the c/a ratio is Fic. 1 

much nearer to the ideal value in Be and Mg 

than in Zn and Cd. This suggests that overlap parallel to the c axis 
distorts the hexagonal closest packing to a greater extent than does 
overlap along a. That this is indeed the case is brought out when the 
structures of zinc and cadmium are considered in detail below. 

The way that zone overlap affects the size of atoms in crystals can also 
be seen in the case of aluminum. The interatomic distance between 
two Al atoms in the face-centered cubic structure (2.86 A) is much larger 
than the diameter of a fully ionized Al** ion. This has been explained 
as being due to partial ionization of the aluminum atoms in elemental 
aluminum, a hypothesis that is consistent with its very low melting 
point (660°C) which is only 10° higher than that of divalent magnesium. 
More recently, Hume-Rothery and Raynor have suggested that the 
large interatomic distances can be explained more correctly by the zone 
theory. It turns out that the zones of aluminum overlap along the 
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{{100}] and [[110]] directions. Since the occupation of the zones is not 
completed until the second zone contains at least one electron per atom, 
this overlap implies that the outer electrons are not tightly bound, lead- 
ing to a larger effective atomic size. This suggests that the effective 
size of aluminum atoms should be smaller in an alloy in which the zones 
do not overlap. The observed diameter of aluminum in copper and in 
silver alloys (face-centered cubic) is 2.71 A, bearing out the above con- 
clusion. Moreover, the effective size of Al is 2.83 A in the direction of 
presumed zone overlap in a magnesium alloy (hexagonal closest packing) 
parallel to the c axis. 

Complex structures. All the elements lying to the left of the vertical 
line in Table 1, except manganese, have one of the structures discussed 
above. Manganese exists in four 
allotropic modifications whose 
stability is strongly temperature- 
dependent. The alpha modifica- 
tion is stable up to approximately 
720°C and has a complex cubic 
Structure containing fifty-eight 
atoms distributed among four sets 
of equipoints. The coordination 
numbers of the atoms range from 
12 to 16, and the interatomic dis- 
tances vary from 2.24 to 2.96 A. 
Fig. 2. p Mankinen structure. (The P te oe ai ware 
circles indicate the relative locations of tag 1100 C andels hes a 
the 20 atoms in the cubic cell.) ompiex cubic Structure, shown in 
Fig. 2, which contains twenty 
of equipoints. The coordination 
> 1S 12; however, the interatomic 
The density of available states 


| 


( ons per atom. Certain alloys of 
monovalent metals, such as silver, with higher-valency elements also 


empty 4s shell, which has been shown t 
existence of monovalent manganese at 
cates that this is also a possible electro 
The reasonableness of the above des 
is supported by the large number of different valencies that manganese 
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exhibits in the different compounds that it forms. Nevertheless, the 
relative complexity of the a-Mn and $-Mn structures has prevented a 
quantitative elucidation of the reasons for their formation. Above 
1100°C, the stable modification is called y-Mn and is face-centered cubic 
although it becomes body-centered tetragonal if rapidly quenched. 
From 1137°C up to the melting point the stable modification is the body- 
centered cubic structure of delta manganese. 

The elements lying to the right of the vertical line in Table 1 all have 
structures that are more complex than those encountered among the 
elements on the left side. Zinc and cadmium have structures which can 
be described as a distortion of the hexagonal closest packing in which 
c/a~1.9 (Table 2). As a consequence, each atom has six nearest 
neighbors in a closest-packed layer, which are closer than the three 
nearest neighbors above and below, which are farther removed. The 
two kinds of interatomic distances are 2.66 and 2.91 Å in Zn and 2.97 and 
3.29 A in Cd. The resulting “layered” structure can be explained by 
assuming that the twelve electrons of one atom (3d'° and 4s’) are not all 
paired so that they can form electron-pair bonds with six neighbors in 
accordance with the 8 — N rule. In the absence of a more quantitative 
theory, however, such speculations are not very meaningful. Interest- 
ingly enough, the next element in this column, mercury, also has a 
crystal structure in which each atom has six nearest neighbors that are 
close (3.00 A) and six that are somewhat farther (3.46 A). Unlike zinc 
and cadmium, the six closest neighbors in mercury lie in sets of three 
above and below each atom, while the farther nearest neighbors lie in 
the same plane. This arrangement is also a distortion of a closest pack- 
ing obtained by compression along one of the 3-fold axes of a face-centered 
cube. The structure of mercury is anomalous in another way also in 
that mercury is a liquid down to —39°C. 

Similarly, it is probable that some peculiarities in the electronic 
structures of Ga, In, and Tl account for their crystal structures. Gallium 
crystallizes in a very unusual structure in which each atom has one 
nearest neighbor at 2.44 A and six others at 2.70 to 2.79 Å. The low 
melting point of gallium (~30°C) indicates that the bonds to these six 
neighbors are weak, whereas x-ray diffraction studies of liquid gallium 
indicate that the gallium atoms also tend to pair up in the liquid. Indium 
and thallium both have structures based on closest packings. Indium 
is actually body-centered tetragonal and has a structure obtained by 
elongation of a cubic closest packing along one of the 4-fold axes to give 
an axial ratio of 1.07. Thallium occurs in either the cubic closest pack- 
ing or the hexagonal closest packing. Both structures are very nearly 
equally stable at room temperature, as evidenced by the similarities of 
the interatomic distances in both structures (3.45 and 3.43 A). These 
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interatomic distances are unusually high, however, and distinguish TI, 
along with face-centered cubic lead (3.49 A), from the other elements 
that have closest packings. (In this connection, note that the inter- 
atomic distances in the closest packings of so-called rare earths are also 
of the order of 3.5 A) It should be realized that these abnormally large 

5 atomic diameters need not persist 
in alloy structures in which the 
bonding may be different from 
that prevalent in the pure metals, 
similar to the case of aluminum 
discussed above. 

A high-temperature form of 
thallium is body-centered cubic 
with an interatomic distance of 
3.36 A. Since the low-tempera- 
ture form of thallium is a closest 
packing, the decrease in the in- 
teratomic distance in the high- 
temperature modification creates 

an interesting paradox. Both the 
Fic. 3. White-tin structure. (An ex- less efficient packing and the in- 
ploded view of the coordination of an indi- creased thermal motion of the 
vidual tin atom is shown in Fig. 4.) atima suggest that theinteratomic 
separations should increase. The actually 
observed decrease in the interatomic dis- 
tances, therefore, must be explained on the 
basis of a change in the bond type. The 
metallic bond in closest packings is nondirec- 
tional whereas the bonding in the body- 
centered cubic modification apparently has a 
directional character similar to covalent or 
electron-pair bonding. This leads to a 


| greater attraction and, hence, a decrease in 

Q the interatomic separation between adjacent 

M atoms in the high-temperature form of 
3 thallium. 


Tin exists in two polymorphic modifications, the so-called gray tin 
below 18°C and white tin above this temperature. Gray tin has the 
so-called diamond structure shown on page 355 in which each atom is 
tetrahedrally coordinated by four other atoms, Because gray tin is a 
semiconductor, its structure is discussed further in Chapter 13. The 
stable modification at room temperature, white tin, has a more complex 
structure shown in Fig. 3. (This can be thought of as a distortion of the 
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diamond structure.) In the body-centered tetragonal structure, each tin 
atom has four nearest neighbors at 3.02 A, disposed at the corners of a 
flattened tetrahedron, and two nearest neighbors above and below this 
tetrahedron, as shown in Fig. 4. The slight zone overlap that must exist 
in the white-tin structure probably accounts for this atomic array, whereas 
the zone overlap disappears in the more symmetric gray-tin structure 
and the zones are separated by a very narrow energy gap. 


Simple alloys 


Substitutional solid solutions. It has been shown in Chapter 4 
that it is possible to replace atoms of one kind in a crystal by atoms of 
another kind, provided that the atoms are of similar size and valency. 
This results in a crystal structure called a solid solution or, more specif- 
ically, a substitutional solid solution. A rapid survey of Table 1 shows 
that there are many pairs of metals which can form binary solid solutions 
with each other. Very few metals, however, can form continuous solid 
solutions because most metals are only partially soluble in each other. 
The thermodynamic relations governing the formation of actual solid 
solutions have been discussed in Chapter 8. The principal physical 
factors that determine the degree of solid solubility are discussed below. 
Although the empirical rules established by Hume-Rothery are derived 
from observations of a large number of alloys, certain exceptions are 
known to exist. It turns out that two metals can form substitutional 
solid solutions for all composition ratios only when all the -ollowing 
conditions are fulfilled. 


1. Condition for atomic size. In order for extensive substitutional 
solid solution to occur, it is necessary that the atoms have atomic radii 
that differ by less than 15 per cent. Generally, the more nearly alike 
they are, other things being equal, the greater the degree of solid solu- 
bility. It is necessary to be careful in selecting the appropriate values 
to use for this comparison, however. For example, it has already been 
shown that the effective radius of Al varies from 1.35 to 1.40 A in solid 
solutions as compared with 1.43 Å in the pure metal. Also, when using 


the values for metal radii given in Appendix 3, it is necessary to take into 


account any changes in the coordination number of the atoms in a solid 


solution. > ‘ 
2. Condition for crystal structure. In order for continuous solid solu- 


bility to be possible, the two metals must have identical crystal struc- 
tures, except for the dimensions of the unit cell which are governed by 
the atomic-size condition above. Thus continuous solid solutions are 
Possible between face-centered cubic Cu-Ni and Au-Ag, or body-centered 
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cubic Mo-W, but not between body-centered cubic molybdenum and 
face-centered cubic silver, even though their radii differ by less than 
6 per cent. , 
3. Condition for elecironegativity. If the two kinds of atoms in a solid 
solution are respectively electronegative and electropositive, then it is 
likely that they prefer to form stable structures rather than continuous 
solid solutions. Because these structures frequently have compositional 


erally true that elements of high valency dissolve to a larger extent in a 
lower-valency solvent than the reverse case. This is an example of the 
so-called nonreciprocity rule of solid solutions. A few examples are given 
below for alloys in which the conditions of size, structure, and electro- 
negativity favor continuous solid solutions, 


Solubility of Up to 
Cd in Ag 42.5% Cd 
Ag in Cd 6.0% Ag 
Zn in Cu 38.5% Zn 
Cu in Zn 2.5% Cu 
Si in Cu 11.5% Si 
Cu in Si 2.0% Cu 


smaller metal.) It turns out that this law is obeyed fairly well by most 


, however, form notable 
exceptions. The observed deviations may be negative or positive, aS 


shown in Fig. 5. It is generally found that Vegard’s law is followed most 


increased thermal motion of the atoms tends to blur the differences 
between unlike atoms so that the solubility of larger atoms and of atoms 
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having higher valencies increases with temperature. In fact, the stability 
of a structure having a particular composition is strongly dependent on 
temperature, as shown in Chapter 8. Now, except for some short-range 
order usually present, the atomic array in most solid solutions is com- 
pletely random; that is, unlike atoms are distributed among the same 
equipoints of the structure. At certain temperatures, however, it is 
possible that the free energy of the solid solution is lower when the two 
kinds of atoms occupy different equipoints. As shown in Chapter 8, 
this transition from a random to an ordered array takes piace at a charac- 
teristic temperature and, in practice, is usually helped along by annealing 
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the alloy. Some examples of the crystal structures of ordered and dis- 
ordered solid solutions are considered below. 

As an example of a substitutional solid solution that undergoes an 
order-disorder transformation, consider the copper-gold system. Because 
both copper and gold crystallize in the cubic closest packing, have radii 
that differ by less than 15 per cent, and lie in the same column of the 
periodic table, these two metals can form a continuous range of substitu- 
tional solid solutions, as shown by their equilibrium diagram in Fig. 6, 
The structure of this random solid solution can be represented by the 
face-centered cubic lattice array of “statistical” atoms shown in Fig. 7A. 
For example, at the 50-50 composition, CuAu, the statistical atoms are 
4Cu — 4Au, meaning that the probability of finding a copper atom at a 
particular site just equals that of finding a gold atom at woe same site. 
At the 75-25 composition, CusAu, the statistical atoms are {Cu — Au, 
and so forth. Below 500°C, the random solid solutions are no longer 
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stable for all compositions. According to the equilibrium diagram in 
Fig. 6, the 50-50 alloy transforms to the ordered CuAu structure shown 
in Fig. 7B and the 75-25 alloy transforms to the ordered Cu,Au structure 
shown in Fig, 7C. Both of these ordered structures are derivative struc- 
tures having lower symmetry than their disordered counterparts, This 
is a direct consequence of ordering. The individual equipoints of the 
face-centered cubic lattice array in the disordered crystal are occupied 
statistically at random; hence, a small primitive rhombohedral cell can 
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be chosen to describe the lattice. When the atoms order however, they 
occupy specific equipoints in a primitive, : 


Note that, in the case of CuAu, the 3-f 
ordering so that the space group goes fr 


P 4 : 
solution, to ae mm, in the ordered tetragonal crystal. (In addition, 


certain translations of the face-centered cubic lattice are suppressed, and 
the ordering into successive Cu and Au layers causes a slight distortion 
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along the 4-fold axis.) In the case of CusAu, the space group of the 
ordered structure, Pm3m, is obtained by suppressing only the centering 
translations of the face-centered cubic lattice. Note that the above 
structural information was derived from x-ray diffraction investigations. 
It is possible to detect the order-disorder transition by other means also, 


O'statistical" Au-Cu atom Au atom S Cu atom 


Fic. 7. Order-disorder in the copper-gold system. 
A. Random solid solution. 

B. Ordered CuAu structure. 

C. Ordered Cu;Au structure. 


for example, by noting the changes in the electrical resistivity. In fact, 
the phase boundaries indicated by the broken lines in Fig. 6 are based 
on such less-direct observations. 

Order-disorder transitions can take place in still another way also. 
When small amounts of copper are alloyed with the gamma phase of 
manganese, the resulting Mn-Cu alloy 
has the face-centered cubic structure 
of y-Mn. The energy due to the 
exchange integral in these alloys 
favors an antiparallel spin orientation 
in nearest neighbors. As shown pre- 
viously, it is not possible for each 
atom in a closest packing to surround 
itself entirely by unlike atoms. It is 
possible, however, to form an array 
in which each atom has more unlike 
than likeatomscoordinatingit. Such 
an arrangement is shown in Fig. 8 to 
consist of alternating (001) planes having opposite spin directions. Each 
atom in this array has four nearest neighbors in the same (001) plane with 
parallel spins and eight nearest neighbors, four in the plane above and 
four in the plane below, whose spins are antiparallel. (Because neutron 
beams interact with the magnetic moments of atoms, it as been possible 
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to demonstrate, by means of neutron diffraction experiments, that the 
antiparallel spin array shown in Fig. 8 actually exists in a Mn-Cu alloy.) 
The symmetry of the spin arrangement in Fig. 8, of course, has tetragonal 
symmetry. If a face-centered tetragonal cell is chosen to describe this 
structure, it turns out that the c/a ratio is less than unity. This supports 
Zener’s postulate that, because of the exchange integral favoring anti- 
parallel spins, the energy of the crystal is lowered by this distortion of 
the cubic cell. This is so because the bonding forces normal to (001) 
planes are greater than those within (001) planes. In the high-tempera- 
ture modification of this alloy (undoubtedly also in pure y-Mn), the 
thermal energy (kinetic) is greater than that due to the magnetic inter- 
action so that the spins of nearest neighbors are randomly oriented. 
Below approximately 250°C, the ordering effect of the exchange forces 
exceeds the randomizing effect of thermal motion so that the spins assume 
the ordered array in Fig. 8. Thus the cubic to tetragonal disorder — 
order transformation in this case does not involve atomic rearrangements 
(except for a small contraction parallel to c) but is occasioned by an 
ordered alignment of electron spins. This transformation is not unlike 
the paramagnetic-ferromagnetic transitions in Fe, Co, Ni, and their 
alloys. Further examples of similar transformations are also described 
in later chapters. 


Intermediate phases 


Electron compounds. As an example of a binary alloy system in 
which continuous solid solution is not possible because only 
so-called Hume-Rothery rules are obeyed, consider the e 
diagram of the Cu-Zn system shown in Fig. 9. Copper crystallizes in a 
cubic closest packing, zine in a slightly distorted hexagonal closest 
packing. Zine is divalent and Copper is monovalent so that more Zn 
can dissolve in Cu than the reverse case, Starting at the left, the 
æ phase is a random solid solution rich in copper and has the A 
cubic structure of copper. Skipping the mixed-phase region, the next 
pure phase is the so-called 8 brass phase having a composition of 45-50 
atomic per cent zinc. Above about 470°C, the body-centered cubic 
structure is disordered (Fig. 104), while below the transition temperature 
it orders into the cesium chloride arrangement shown in Fig. 10B. The 
specialized nature of this structure distinguishes it from the solid solution 
and it is called an intermediate phase, At a composition of 61.5 atomi 
per cent zinc, a new intermediate phase, called the Y phase ADHERA 
This phase has a complicated cubic structure with fifty-two atoms per 
unit cell and is stable over a rather limited compositional range. In 
fact, it more nearly approximates a stoichiometric compound than a 
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typical intermediate phase. On the other hand, the e phase is again a 
typical intermediate phase having a compositional range of 82 to 88 
atomic per cent zin and a hexagonal structure based on a hexagonal 
closest packing. Finally, the 7 phase is a zinc-rich solid solution accom- 
modating up to 2.5 atomic per cent copper in the hexagonal closest 
packing of zinc. 

If the normal valencies of +2, for zinc, +1, for copper, are assigned 
to the metals in this alloy, it turns out that the average ratios of electrons 
to atoms for the three intermediate phases in the Cu-Zn system are as 
follows: 


In the 8 phase, CuZn, the electron-to-atom ratio is 3:2, 
In the y phase, Cu;Zus, the electron-to-atom ratio is 21: B (0 
In the e phase, CuZn;, the electron-to-atom ratio is 7:4. 


Similar phases are found to exist in other alloys also. For example, 
in the Au- Zn and the Ag-Cd systems, three intermediate phases are found ‘ 
having identical structures and electron-to-atom ratios. In fact, as was 
first pointed out by Hume-Rothery, when the electron-to-atom ratio is 
about 3:2, the £ structure appears in many systems, for example, AgMg, 
CuBe, CusAl, and Cu;Sn. [In some alloys, when the electron:atom 
ratio is 3:2, the intermediate phase has the 8 manganese structure 
(Fig. 2), for example, Ag:Al and Cu;Si.] Further examples of these 
so-called Hume-Rothery compounds are AgsHgs, CusAls, CuaiSis, having 
electron:atom ratios of 21:13 and structures very similar to the y brass 
structure; and Ag,Sn, AgsIn, CuCds, Cu;Ge, having electron:atom ratios 
of 7:4 and structures that are based on hexagonal closest packings like 
that of e brass. It should be noted that alloys containing transition 
metals also form intermediate phases with similar Structures. These 
Structures can be shown to occur at the same electron:atom ratios pro: 
vided that the valency of the transition metals is assumed to be zero. 
‘Examples of such intermediate phases having the 8-phase structure are 
CoAl, FeAl, and NiAl, while Co;Zny, NisCd.;, and Rh;Zn.; have the 
y brass structures and FeZn; has the e brass structure, 

The importance of the electron:atom ratio to the Stability of these 
structures becomes clearer when use is made of the zone theory of solids. 
Suppose that the allowed-energy zones of a Particular structure are 
Separated by large forbidden regions. Then the Structure can con- 
veniently hold as many electrons as there are energy states available in a 
zone. If higher-valency atoms are added to a structure in which such a 
zone is completely filled, the structure becomes unstable because it 
cannot accommodate the additional electrons without a relatively large 
increase in its energy. When an alternate structure of lower potential 
energy exists, therefore, such a structure is preferred by the alloy. Jones 
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has calculated the electron:atom ratios at which the new phases should 
appear, and his values are compared with the empirical ratios of Hume- 
Rothery below. 
Phase B Y e 
Jones’s ratio: 1.480 1.538 1.70 
Hume-Rothery’s ratio: 1.500 1.615 1.75 


Although the calculations of Jones are based on certain simplifying 
assumptions, the agreement between the calculated values and the 
empirical values of Hums-Rothery is very good. In this connection, it 
should be realized that most of these intermediate phases can exist over 
fairly wide compositional ranges; hence, their electron:atom ratios can 
vary also. Owing to the importance of the electron:atom ratio in 
determining the stability of these intermediate phases, they are some- 
times called electron compounds. 

Ternary alloy phases. The equilibrium diagrams of some ternary 
alloys show that a considerable variation in the composition of certain 
intermediáte phases is possible provided that the electron:atom ratio is 
not affected by the compositional change. Such intermediate phases are 
found particularly frequently in alloy systems of transition metals with 
aluminum and silicon. For example, in the system Fe-Ni-Al, an inter- 
mediate phase having the cesium chloride structure can accommodate 
a continuously variable amount of iron or nickel. It is reasonable, 
therefore, to classify such intermediate phases as electron compounds, 
similar to the Hume-Rothery compounds already discussed. Raynor 
has suggested that the transition metals act as acceptors of valence 
electrons, donated by the “electron-rich” aluminum or silicon atoms, in 
such phases as CozAls, FeNiAls, FeAls, Ni¿MnıAlso, Mn,SiAls, and 
others.. He further predicted that, if Al and Si are assumed to contribute, 
respectively, three and four electrons per atom in these structures, then 
Cr, Mn, Fe, Co, Ni can accept, respectively, 4.66, 3.66, 2.66, 1.71, and 
0.61 electrons per atom. Careful investigations of some of these phases 
indicate that the transition metals do, indeed, act as acceptors of electrons 
but not to the extent predicted by Raynor. Nor has the systematic 
variation in the number of electrons accepted been observed. Pauling 
has suggested a completely different explanation of the formation of 
these phases, based on the formation of more nearly covalent than 
metallic-type bonds between the transition-metal atoms and aluminum, 
There is little doubt that the exact nature of the bonding is certainly 
important in determining the stability of these structures; however, 
factors other than the electron:atom ratio may play a decisive role. 
Probably the most important one is the size factor. It should be realized, 
however, that the size of an atom is a function of its environment so 
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that, like any single criterion that i 
independent of other factors. 

Laves phases. As a result of investigat: 
alloys, Laves and his co-workers found that i 
one of three Structure types 
These so-called Laves phases are s 
alloy systems in which the radiu: 
1.08 to 1.32, (Ideally, R4/Rp = 1.260.) The crystal structures of 
these phases are best understood by considering the two hexagonal 
closest-packed layers shown superimposed in Fig. 114. As discussed in 
Chapter 3, closest-packed layers alt 


ernatively can be Tepresented by 
wn in Fi 


s selected as a parameter, it is not 


into a single polyhedron shown in Fig. 12B 
polyhedra, arranged in a layer, are shown in 
Fig. 11B.) Now, if the central Sphere in 
shaped faces of the Laves polyhedron is r 


Fig. 120 (Compare with 
each of the four hexagon- 
emoved (this is equivalent 
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Fig. 12 


to removing the four spheres at the corners of the occluded tetrahedron), 
a much larger sphere can be accommodated in the central tetrahedron. 
This is the reason, of course, why this modification of a closest packing is 
preferred by alloys having atoms whose radii differ by 20 to 30 per cent. 
Since it is possible to take any two layers in a closest. packing and 
transform them into double layers of Laves polyhedra by removing 
Certain spheres, it is not surprising that the three Laves phases are simply 
three alternative ways of stacking such double layers. In fact, the 
MgCur-type structure also adopted by AgBe2, PbAu2, KBiz, and others 
Tesults from stacking these double layers in the sequence ...ABC...; 
Similarly, the MgZn.-type structure also adopted by CaMg:, TaMnz, 
Naz, and others has the simple hexagonal stacking sequence . . ABe ars 
and the MgNi,-type structure also adopted by CrBes, FeB2, and others 
as the stacking sequence ...ABAC.... These structures can be 
thought, of, therefore, in terms of the closest packings of Laves polyhedra 
either the three-layer cubic closest packing (...0¢ ...), the two- 
layer hexagonal packing (...4h.-.), or the four-layer topaz packing 
C. chch.. .). Although, undoubtedly, the electronic structure of the 
atoms is responsible for the stability of these structures, no simple 
relationships with their electron:atom ratios appear to exist, since the 
řatio varies from about 5:4 to 2:1 for the various phases. Other condi- 
tions which appear to favor the formation of Laves phases require that 
aoe be a small electronegativity difference between the constituent 
oms and that their valencies be similar. 
ME aa phases. An intermediate phase formed d w e 
ert metals Mn, Fe, Co, and Ni with Cr, V, ci D sashes ae 4 
britti o users of alloy steels because this so-called ¢ n aa a 
equi And nonmagnetic at ordinary temperatures. Conside 
quilibrium diagram of the Cr-Fe system in Fig. 13, which shows the 
®PPearance of the o phase at approximately the 50-50 composition. 
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Neither the composition range nor the Stability ran 
the same in different alloys, however. 


parison of alloys of chromium with Mn, 


Alloy Composition range of o Stability‘range of o 
Cr-Mn 17-28 at. % Cr Stable up to melting point, 
Cr-Fe 43-50 at. % Cr Formed in solid state only, 
Cr-Co 53-58 at. % Cr 


Formed in Solid state only, 
The sigma phase also occurs in 


ternary alloy Systems ey, 
relevant binary systems do not : 


Contain it. Thi 


a o phase formed in a 
binary system when small amounts of a third m 
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The crystal structure of the ø phase is known, but there is some uncer- 
tainty regarding the exact distribution of the different atoms among its 
equipoints. The large variation of its composition ratios in different 
alloys suggests that most of the equipoints are statistically occupied. 
The o phase has a complex tetragonal structure with thirty atoms in each 
unit cell. (For Cr-Fe, c = 4.559 A, a = 8.7990 A) The atoms are 
arranged in layers, and the interatomic distances between layers in the 
Fe-Cr system are 2.28 A, This distance is much shorter than either the 
Fe-Fe distance in a-Fe (2.48 A) or the Cr-Cr distance in chromium metal 
(2.49 A) and suggests that the electronic structure of the constituent 
atoms must be different from what it is in the pure metals.. The condi- 
tions governing the formation cf this phase have not been clearly estab- 
lished. The proposed Brillouin zone can contain up to 6.97 electrons 
per atom, and calculations show that the mean electron:atom ratio for 
most binary ø phases is 6.93. This calculation has been questioned by 
D. P. Shoemaker, who derives a ratio of 5.76 electrons per atom based on 
the ionization states deduced from the known interatomic-bond distances. 
Thus it is not possible to reach specific conclusions until the valencies 
that transition metals can have in alloys are better established. 

Size factors also appear to be important. For example, the stability 
of the o phase decreases as the radius ratio increases. The largest ratio 
occurs in W-Fe and W-Co, where the radii differ by approximately 12 per 
cent and the phase is stable only at elevated temperatures. Recently, 
Frank and Kasper have proposed that the structures of the and related 
phases can be considered as sphere packings containing 12-, 14-, 15-, and 
16-coordinated groups. Such polyhedra are accommodated by sys- 
tematically omitting certain atoms in hexagonal closest-packed layers 
to form so-called Kagomé nets. The nets can be stacked in several ways 
to form large voids surrounded by either thirteen, fourteen, fifteen, or 
sixteen atoms. These structures can be analyzed, therefore, in terms 
of different ways of stacking such double layers, similar to the stacking 
of layers of Laves polyhedra, as discussed in the preceding section. In 
fact, it should be noted that the packing schemes of Frank and Kasper 
can be used not only to explain the structures of o phases but also of 
Laves phases and a number of other intermediate phases that have been 
observed to form in transition-metal alloys. These phases are variously 
designated 8, u, tx P, and R phases, and all are structurally related to 


the o phase. 


Interstitial phases 


Interstitial carbides and nitrides. In addition to substitutional 
Solid solutions, alloys can be formed by interstitial solid solutions. It 
will be recalled from Chapter 3 that the octahedral voids in closest pack- 
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ings have r/R = 0.414 and the tetrahedral voids have r/R = 0.225. 
It is not surprising, therefore, that relatively small atorns like H, B, C, 
and N can enter into interstitial solid solution with larger metal atoms in 
closest packings. As might be expected, the smaller hydrogen and boron 
atoms tend to occupy tetrahedral voids in such packings while the larger 
carbon and nitrogen atoms prefer octahedral voids. From the physical 
properties of the solid solutions formed, it is deduced that the bonding 
between the solute and solvent atoms is metallic if the solvent atoms 
belong to the transition metals. It becomes more covalent in character 
for the more electropositive metals. Hägg has shown that stable 
solid-solution structures are formed if the radius ratio for octahedrally 
substituted atoms is less than 0.59 and that covalently bonded compounds 
form if the radius ratio exceeds this value. Many of the typical cova- 
lently bonded carbides, for example, SiC, adopt structures similar to the 
various polymorphs of ZnS, as described in Chapter 13. 

Among the transition metals, Ti, V, Zr, Nb, Hf, and Ta form particu- 
larly stable carbides and nitrides. The transition metals are arranged 
in a cubic closest packing, and all the octahedral holes are occupied 
either by carbon or by nitrogen. The resulting sodium chloride-type 
Structure is adopted by all these carbides and nitrides and is also found 
in the substitutional solid solutions formed by them. 
that the transition metal carbides or nitrides can for 
stitutional solid solutions with each other, since they have the same 
structure and their atomic sizes are similar. The only exception is 
ZrC-VC. Because zirconium is 21 per cent larger than the smallest 
metal in this series, vanadium 
exist. Other transition metals, 
metastable’ carbides at elevated 
temperatures, 


because of their importance in steels, 


It is not surprising 
m continuous sub- 


ter section 
Tungsten and molybdenum form 
ccupy only half of the octahedral 
Tanganese and iron can also form 
he octahedral voids, namely, the 
ntered cubes, are occupied, giving 
ructures can be obtained by placing 
voids of a hexagonal closest packing. 
oids between each layer are occupied 
© nitrogen atoms are nearest neighbors. If 


A ; hird and two-thirds of the available octahedral 
voids occupied by nitrogen, the structure of Fe:N results. More complex 


iron nitrides are also possible, in which case the structures can be analyzed 
as combinations of these two simpler types. Similarly, in V.C and Mo:C 
the carbon atoms occupy half of the octahedral holes in a hexagonal 


In Fe3N, one-third of the available v 
in such a way that no tw 
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closest packing. In all these struc- 
tures, the interstitial atoms tend to 
be as far apart as possible. 

It is interesting to note that, 
although in carbides having the 
sodium chloride structure the transi- 
tion metals are arranged in a cubic 
closest packing, these metals do not 
adopt this arrangement in the pure 
metal. Rundle suggested, therefore, 
that the bonding in these carbides is 
not purely metallic but has some 
covalent character. This approach 
is similar to the one used by Pauling 
to explain the formation of inter- 
mediate phases in transition-metal- 
aluminum alloys. It is assumed 
that covalent-type bonds are formed 
by the atoms through hybridized 
orbitals. Since there are not enough 
valency electrons available to form 
six electron-pair bonds, the electrons 
resonate between them and electrical 
conductivity is possible. Hume- 
Rothery also has shown that the car- 
bide structures owe their stability to 
hybrid bond formations, although 
the hybrids he proposes differ mark- 
edly from those proposed by Rundle. 
The very high melting points of these 
So-called refractory carbides, 3000 to 
4000°C, are cited as further proof 
of the covalent nature of the bonds 
formed. 

z Interstitial hydrides and bo- 
rides. If all the tetrahedral voids in 
a cubic closest packing are occupied, 
the fluorite structure results, whereas 
if only half of the tetrahedral voids 
are occupied, the zine blende struc- 
ture is obtained. This is illustrated 


a Fig. 14 which compares these two 
Packing. Note that, since there are twi 


Frc. 14. Transition-metal hydride 
structure types. 

A. MeH: (fluorite type). 

B. Cubic closest packing. 

C. MeH (zinc-blende type). 
structures with the cubic closest 
ice as many tetrahedral voids ina 
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closest packing than there are spheres, the fluorite structure has the 
formula MeX2, such as TiH: or CrH,, for example. Similarly, the zinc 
blende structure is adopted by compounds such as ZrH, CrH, and TiH. 
It is possible that even fewer tetrahedral voids are occupied. For 
example, one-quarter of the voids are occupied in Pd:H and one-eighth 
in Zr,H. The bonds formed by hydrogen in these structures are like the 
partially covalent bonds already discussed for the case of carbon. 

The structures of borides are more complex. Although not enough of 
these structures have been determined to allow a complete evaluation 
of the rules that govern their formation, it is clear that bonding between 


etween adjacent boron 
e unsaturated covalent 
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and ZrBz, exceeds that 
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exist in three allotropic modifications: body-centered cubic a-Fe below 
910°C, face-centered cubic y-Fe in the range 910 to 1400°C, and body- 
centered cubic 6-Fe up to the melting point (1534°C). Alpha iron is 
ferr: omagnetic up to 768°C and becomes paramagnetic, without change in 
crystal structure, above the transition temperature. (Older texts call 
his paramagnetic phase -Fe but it is current practice to refer to it 
Simply as nonmagnetic a iron.) Because of the larger voids in the face- 
Centered cubic structure, y-Fe is the only modification that dissolves 
Carbon interstitially to any large extent (up to 2.0 per cent by weight). 
It has been shown that the carbon atoms occupy the octahedral voids 
m a random fashion, and this interstitial solid solution is commonly 
called austenite. Compared with this, the interstitial solid solution of 
carbon in body-centered a-Fe, called ferrite, proceeds up to a maximum 
concentration of 0.025 weight per cent carbon, at the eutectoid tempera- 
ture. The intermediate phase in this diagram, called cementite, contains 
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6.67 weight per cent carbon so that its composition is Fes;C. The struc- 
ture of cementite is much more complex than that of the simple solid solu- 
tions and has an orthorhombic unit cell with a = 4.524 A, b = 6.743 A, 
and c = 5.089 A. Each carbon atom is coordinated by six iron atoms 
at the corners of the distorted trigonal prism shown in Fig. 16, and the 
Fe-C distances vary from 1.85 to 2.68 Å. The iron atoms in this struc- 
ture are divided among two equipoint sets so that they have either eleven 
or twelve nearest iron neighbors at distances ranging from 2.49 to 2.68 A. 
This coordination number is sufficiently similar to that of a closest pack- 
ing to indicate that the Fe-Fe bond is strongly metallic in character. 


3.00 


2.95 


2.90 


Unit cell edges (A°) 


y when it has a very nearly 
exclude the Possibility that 
e in cementite; in fact, Mn 


ed w ite to make it more stable 
fication of carbon. 


Liquid 


Austenite 
(y) 


” 
Ferrite 4 (FasSI 
er 5S) 


“ordered X 
FeCO 


0 20 40 
Atomic per cent B—> 
D 


Atomic per cent Au —= 


307 


308 Chapter 14 


the carbon atoms, which tend to push the iron atoms further apart, 
parallel toc. It appears that at least 2.5 atomic per cent of carbon must 
be present to produce the tetragonal distortion at room temperature. 
This is the reason why martensite containing less carbon has not been 
observed (Fig. 17). The austenite — martensite transformation pro- 
ceeds quite rapidly but is never actually completed, so that some retained 
austenite is invariably present. On the other hand, if austenite is cooled 
more slowly, it transforms into a lamellar intergrowth of ferrite and 
cementite called pearlite (see p. 199). 

An interesting feature of the equilibrium diagrams of iron alloys is 
the effect that different alloying metals have on the relative stabilities 
of the allotropic modifications of iron, Since the structures of a and 6 
iron are the same, a metal whose size 
solubility will alloy equally readily wit 
of many equilibrium diagrams is like th 
in which the @ and ô solid solutions cai 
the stability range of the y modification in this diagram i 
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Exercises 


1. Why is cesium, with one valence electron per atom, a conductor, since a body- 
centered unit cell of cesium contains two atoms? 

2. How do you explain that scandium, with three valence electrons per atom and & 
hexagonal closest packing, is & conductor? 

3. Look up the structures of gray and white tin and compare the interatomic 
distances in both structures. Why are the distances in gray tin shorter? 

4. The outer electronic configuration in Al is 3s? 3p!. Explain why these valence 
electrons must be distributed between two zones, since Al has a face-centered cubic 
structure with four atoms in the face-centered cell. Why must the two zones overlap? 
Relate the directions of overlap, [110] and [111], to the bonding in Al. 

5. If copper in CuO is divalent, why do you think only 2.5 per cent of copper can 
dissolve in divalent zinc? 

6. What is the structure of ordered and disordered CuAus? Deduce the answer 
from the discussion of the copper-gold system in this chapter. 

7. Assume that ordered structures having the composition Cu;Au and Cu;Aus 
were possible. Suggest probable ordered structures for these two alloys consistent 
with retaining high symmetry. Specifically, propose structures that belong to the 
cubic, hexagonal, and tetragonal systems containing not more than two formula 
weights per cell. 

8. Calculate the electron:atom ratios of the following intermediate phases: CusGa, 
NiAl, CusIn,, CusiSis, CuZns- Classify these phases, assuming that they are Hume- 
Rothery phases. 

9. Classify the following Hume-Rothery phases: NazPbs, Cu;ZrsAlz, and CusGe. 

10. Calculate the electron:atom ratios of various Laves phases listed in the text. 
What conclusions can you draw about the importance of this ratio in determining the 
stability of these phases? 4 D i 

11. The Laves phases are not known to exhibit polymorphism. Since their struc- 
tures are based on closest packings, why do you suppose this is so? 

12. Look up the paper by Frank and Kasper describing the 12-, 14-, 15-, and 16- 
coordinated atom groups in transition-metal alloys [Acta Cryst., vol. 11 (1958), p. 184]. 
Why is the 12-coordinated icosahedron not possible in closest packings in which the 
CN is also 12? What are the simple geometrical relations between the other coordina- 
tion polyhedra? r i 

13. The nitrogen atoms in Mn\N are in random interstitial solid solution. If the 
structure were to order, what would become of the symmetry of MaN? 

14. Relate the three structures of austenite, martensite, and ferrite according to 
the relative stabilities of the carbon atoms in the available interstitial sites. 
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Properties of semiconductors 


The importance of Semiconductors to modern technology is already 
well known to the reader, The utilization of semiconductors in radios, 
welders, solar batteries, and many, many more devices has stimulated 
i tand their Properties better. It is 
Particular measurement depends on 
al being investigated. In order to 


stic, therefore, it is often necessary 
to measure two or more properties that have this trait in co; 
example, the density of charge carriers j 


crystal. In fact, impurities and oth 
_in trace amounts, can seriously co 
measurements, Following the dis 


two crystals. Such studies have shown how 
the modifying effect of imperfections i 
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by incorporating certain impurities in the crystal, a process popularly 
called doping. This role of impurities can be best understood by con- 
sidering what their inclusion does to the allowed-energy values that 
electrons can have in a crystal. Before proceeding with this discussion, 
therefore, some of the energy relations are briefly considered below. $ 


Band theory 


Energy bands. According to the zone theory discussed in Chapter 10, 
the presence of a periodic potential field in a crystal leads to zones of 
allowed- and forbidden-energy values that electrons can have. The 
resulting energy distribution along some crystallographic direction 
through a row of atoms is shown in Fig. 1. The periodically varying 
potential energy of an electron is determined by the periodic field. 
Because it is inversely related to the binding energy, the potential energy 
exhibits minima at the atomic nuclei and maxima halfway between them. 
The total energy that the 1s, 2s, 2p, etc., electrons can have is shown by 
the shaded regions in Fig. 1. (The relative values of these energies can 
be compared with those shown in Fig. 9 of Chapter 9 at the equilibrium 
interatomic separation.) An interesting feature of this diagram is that 
the inner electrons appear to have allowed energies that are localized 


Distance through crystal—> 


Energy—~ 


ls 


Interatomic separation — 
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in the vicinity of the nuclei. This is physically reasonable because the 
inner electrons are very tightly bound to the nuclei. According to 
quantum mechanics, their wave functions are concentrated near the 
nuclei so that the probability of finding an inner electron farther away 
decreases markedly outside the regions indicated. By comparison, the 
3s electrons do not appear to be localized at any particular atom in 
Fig. 1. This is the case, for example, in sodium metal where the 3s wave 
functions of adjacent atoms overlap to such an extent that the allowed- 
energy values for these electrons are virtually independent of position in 
the crystal and constitute a continuous band extending through the entire 
crystal. It follows from the above that the energy-band model shown in 
Fig. 1 is particularly useful in discussing the energies that electrons can 
have in different parts of a crystal. Because the inner electrons do not 
play an important role in determining the properties of semiconductors, 
they are usually omitted in such models. In nonmetals, the broad bands 
that lie above the inner electron bands can be divided into two groups: 
the valence bands, whose available states are occupied by valence elec- 
trons, and the conduction bands, whose available states are occupied by 
electrons that can participate in electrical conductivity. As discussed in 
previous chapters, these bands are separated by forbidden bands of energy 
in all nonmetals. Moreover, at the absolute zero of temperature, the 
available states in the valence bands of a nonmetal are completely filled 
while those in the conduction bands are completely empty. At hi 
temperatures, transitions between states in the highest filled val 
band and the lowest empty conduction band are possible, 
two bands and the forbidden ban 
interest and are the onl 
model. 
The energy corres 

able in a band depe: 


gher 
ence 


Hence these 
d that separates them are of particular 


y ones normally considered in using the band 


Now, in order to show this 


ns, it is necessary to construct a three- 
dimensional model. Because such drawings are relatively difficult to 


construct and to interpret, it is more usual to consider the variations 
along a particular direction in the crystal. For most of the discussions 
in this book it is sufficient to consider the highest allowed energy in the 
uppermost valence band and the lowest allowed energy in the lowermost 
conduction band. Consequently, the energy-band models used in this 
chapter will not show the detailed variations in Fig. 2A. Assuming 
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crystal 
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that the width of the forbidden band in silicon is correctly defined by 
the maxima and minima along [100] in Fig. 2A, then the model used 
from now on appears as shown in Fig. 2B. 

Intrinsic semiconductors. The energy-band model of crystals 
lends itself particularly well to the discussion of their electrical prop- 
erties, It has already been shown that a crystal composed of N primitive 
unit cells has 2N energy states available in each allowed band. If the 
primitive unit cell contains an odd number of electrons, it is not possible 
to fill at least one of the allowed bands and the crystal must be a con- 
ductor. On the other hand, when the primitive unit cell contains an 
even number of electrons, the crystal is a conductor only if the valence 
and conduction bands are not separated from each other by a forbidden- 
energy band, When the bands are separated by a forbidden-energy 
region, then the crystal is an insulator. It is possible, however, that, 
when the energy gap is sufficiently narrow, some of the electrons occupy- 
ing states at the top of the valence band may gain sufficient thermal 
energy to transfer to empty states in the conduction band. Since such 


electrons can contribute to conductivity, the crystal then becomes a 


semiconductor, Because the temperature at which conductivity becomes 
he forbidden band which, in turn, 


appreciable depends on the width of t in turn 
depends on the crystal structure, such crystals are properly called intrinsic 


semiconductors. The difference between the electrical properties of a 


metal and a semiconductor is due to the difference in the density of 


Conduction (free) electrons present in each. Moreover, the density of 


Conduction electrons in a semiconductor increases with temperature so 
that its conductivity also increases. Conversely, the free-electron 
density in a metal changes little with increasing temperature while its 
conductivity decreases because of the increased thermal scattering. 
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The difference between an insulator and an intrinsic semiconductor can 
be described quantitatively with the aid of the Fermi distribution 
function 


1 
f(E) = e(B-Ea kT) $] (1) 


which expresses the probability for the occupation of a quantum state 
whose energy is E. As discussed in Chapter 10, this function can be used 
to determine the occupation of quantum states having energy values 
that are larger or smaller than the Fermi energy Ey, At the absolute 
zero of temperature, f(E) = 1 for E < Ey and f(E) = 0 for E > Eo. 
Since the number of available states in the valence ba 
just equals the number of valence electrons present, 
occupied at absolute zero so that E, must be greater 
the uppermost state in the valence band, £,. Similarly, because the 
conduction band is completely empty at absolute zero, the Fermi energy 

` must be less than the lowest allowed energy in the conduction band, E.. 
It follows from this discussion that the Fermi energy of an insulator hasa 
value that lies somewhere in the forbidden-energy region. Its exact 
position in the forbidden band depends on temperature in a way that is 
considered next. 


The probability that the quantum states at the bot: 


nd of an insulator 
all these states are 
than the energy of 


tom of the conduc- 


band can gain sufficient thermal energ 
of the conduction band. If there ar 
in the crystal at absolute zero, then 
conduction band, N., at some other 


N. = NE) =N S(E.) = 


N 
el E Eo IkT +1 i (2) 
The density of states of energy E, that remain occupied in the valence 
band is given by 


E N 
N(E.) = N f(E,) = aean (3) 
‘The density of unoccupied stat 


es of energy E, in the 
can then be determined by sub 


tracting (3) from N, 


a N 
N.=N- eF-EORT Ty" (4) 


valence band, N, 
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But the number of empty states in the valence band must equal the 
number of occupied states in the conduction band, so that in an intrinsic 
semiconductor 

N.= WN, 


N = xfi = l | (3) 


e(Fe-Eo/kT + ] eE ESKkT 4 1 


After dividing both sides of (5) by N and clearing fractions, it follows 
that a 
eE EDIKT 4 J = [eE EDIKT 4 1 — 1JfeEE9T 4 1) 

= QlErtE-2E)kT 4. eE EoIkT (6) 
and after canceling like terms on both sides of the equal sign 
1 = elEetE 2B kT, (7) 


Taking natural logarithms of both sides in (7), 


E, + E. — 2Eo 
Ini = O08 = — ap (8) 


and ; Eo = (LE, + E3). (9) 


According to this analysis, the Fermi energy lies halfway between the 
top of the valence band and the bottom of the conduction band in an 


Fie. 3 


intrinsic semiconductor, as shown in Fig. 3. It should be realized that- 
the above analysis is not rigorous because it was assumed that the elec- 
trons undergo transitions only from the quantum states of energy E, to 
those of energy E.. In real crystals, of course, transitions are possible 
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between other quantum states also. Although it is not shown here, it 
turns out that the result obtained in (9) is not appreciably altered if these 
other transitions are also taken into account. Note, however, that 
only electrons whose energies differ from Eo by ~kT can undergo such 
transitions. 

When all the quantum states in a band are taken into account, then 
(2) must be altered to include these other states. In such a ease, it is 
convenient to define the number of conduction electrons per unit volume 
as the effective density of states in the conduction band, n, by 


HE e Vd) dE = I, S(E) f(E) dE. (10) 


Assuming that the conduction electrons are like the free electrons in a 
metal, it is possible to use relation (44) of Chapter 10 to determine the 


density of available states in the conduction band. 
S(E) = Sem Vm i) (11) 


where E — F, is the kinetic ener 


(E. — Eo) Z 4kT the Fermi distri 
mated by 


gy of a conduction electron, For 
bution function (1) can be approxi- 


S(E) ~ e-E-Eoner (12) 


) and f(Z2) in (10), 
n= Sem Vm eEkT k (E — E.jie-EnkT qE. 
E. 


so that, on substituting relations (11) and (12) for S(# 


(13) 
Multiplying the right side of (13) by VETJET e-EkTe 


Sem Ir "(E-5 
tele VIMKT e(B—Ba 147 die (z me) e—E-E9T dE, (14) 


HART = ] 
3 


It is convenient to chan 
tion of the effective dens conduction band. Let 
z = (E — E.)/kT and dz = (1/kT) dE. Making this substitution in 
(14), note that the lower limit of i ion i 
when £ = F, and 


n= Semkir VIMET eEoronr k zhe-" de 


= SemiT VIMET el B-B0 kT 3) 


m 2,52 X 101 e(ZB)/T 


(number of electrons/cm?) (15) 
at room temperature (~300°K), 
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The meaning of (15) is that the number of electrons occupying quantum 
states lying in the conduction band .is equal to a constant times the 
probability that these states are occupied, since f(E.) ~ e~(2:—2o/k7 
according to (12). Note that the above calculations were carried out 
on the assumption that all the conduction electrons in a semiconductor 
were like the free electrons of a metal. Actually this is not the case, and 
a more complete analysis shows that an additional term must be included 
to allow for possible interactions between electrons and the periodic 
potential of the crystal structure. It is convenient to lump this addi- 
tional term with the mass of the electron m to give a single new term m*, 
called the effective mass of an electron. The effective mass is very nearly 
the same as the normal electron mass for a really free electron but becomes 
considerably larger when the electron occupies a quantum state lying 
near the edge of a band. In fact, it is possible for the effective mass to 
become negative. This is the case, for example, when Bragg reflection 
of a conduction electron occurs in the presence of an external field so 
that an increase in the electron’s energy increases its velocity in a direc- 
tion opposite to the applied field direction. Although not specifically 
employed in Chapter 10, the effective-mass concept is useful in explaining 
the conductivity in transition metals for this reason. Because most of 
the discussions in this chapter deal with quantum states lying near the 
band edges, the effective mass rather than the real electron mass is used 
in many equations. It turns out, moreover, that when the effective 
mass m* is substituted for m in (14), it has the correct form. Note that 
this substitution, however, changes the value of the constant in (15) 
which is different, therefore, for different crystals. 

Because the Fermi energy of an intrinsic semiconductor can be assumed 
to lie halfway in the forbidden-energy band, it is convenient to define the 
width of this band, or the so-called energy gap, by 


E, = XE. — Eo) = 2(Eo — E,). (16) 


Strictly speaking, this relation is valid only when the effective masses of 
clectrons in the conduction and valence bands are exactly the same. 
Nevertheless, this relation is quite useful in the determination of the 
energy-gap width in a semiconductor. Substituting (16) in the exponent 
of (15), 
n= Ce E/T (17) 
and Inn=InC- ah 


Figure 4 shows a plot of In n as a function of reciprocal temperature. 
As can be seen in this plot, the width of the energy gap can be determined 
directly whenever the effective donsity of conduction electrons at several 
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temperatures is known. Moreover, it is possible to determine the value 
of C by extrapolation to 1/T = 0. This extrapolated value can then be 
used to calculate the average effective mass of the electrons. 

Extrinsic semiconductors. In the previous section it has been 
tacitly assumed that only the electrons occupying quantum states in the 
valence band can transfer to states lying in the conduction band. Insofar 
as lower-lying energy bands are concerned, this assumption is valid 
because excessively large energies are required to free an electron lying 
in the inner shells of an atom. However, crystals are never perfect and 
usually contain some foreign atoms which may be present in substitu- 
tional or interstitial solid solution, These atoms have valence electrons 


which are bound to their nucleus 
by forces differing from those bind- 
ing such electrons in the other 
atoms. In terms of the band 
model, this means that there are 
quantum states present in the crys- 
tal which differ in energy from those 
shown in Fig. 3. If the electrons 
occupying these quantum states 
can contribute to conductivity in a 
crystal, then such a crystal is called 
an extrinsic semiconductor. Tech- 
nological developments in recent 


years have enabled the growth of 
rather pure crystals of germanium and silicon containing known amounts 


of impurity atoms of selected types. Since the impurity atoms enter 


these crystals in substitutional solid Solution, their effect on the band 
model is easily understood. 


Both germanium and 
each forms four electron 
in the next chapter. If 


silicon atoms have four 
-pair bonds in the dia: 
the substitutional i 
hey are said to 


valence electrons, and 
mond structure described 
mpurity atoms have five or 
“donate” excess electrons to the 


In this connection 
r atoms are spatially localized; 
sites in the structure, Accord- 
y-band model are also spatially 
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localized. Usually the horizontal axis in energy-band model representa- 
tions like those shown in Fig. 5 represents some direction in a crystal. 
It is conventional, therefore, to indicate these quantum states by short 
dashes in order to distinguish them from, say, the valence band which is 
continuous throughout the crystal. It is for this reason also that donor 
and acceptor states are frequently called localized states. 

The energy level of a donor state depends on the energy required to 
remove the excess electron from the impurity atom, similar to the 


Conduction band 


-= Donor 
states 


Acceptor 


Valence band 


Fic. 5 


ionization of an atom in a gas. By analogy to equation (20) in Chapter-9. 
these energy levels are given by 
2n?me* 
i a RR (18) 


where x, is the dielectric constant in the crystal and is equivalent to 
1/Z for the isolated atom. (xe = 15.8 for Ge and 11.7 for Si.) For 
n = 1 this equation gives a value of approximately 0.05 eV for the ioniza- 
tion energy of a donor atom in germanium. When calculating ionization 
energies in a crystal, however, it is necessary to replace m in (18) by the 
effective mass of a conduction electron, If the correct effective-mass 
value is substituted for m in (18), this value decreases by almost a factor 
of 5, so that the correct ionization energy is approximately 0.01 eV. 
Since this is the energy required to ionize an electron from the donor 
States to the conduction states, it means that the donor states lie approxi- 
Mately 0.01 eV below the bottom -of the conduction band in Fig. 5A, 
Similar arguments lead to the result that the acceptor states lie approxi- 
mately 0.01 eV above the top of the valence band. Experimental values 
for donors in germanium give 0.0127, Oe oo oo eV PH, 
As*®, and Sb+ë, respectively. Experimental values for acceptors in 
&ermanium give 0.0104, 0.0102, 0.0108, and 0.0112 eV for B+?, Alt, Gat’, 
and In+?, respectively. 
As in the tees cs intrinsic semiconductor, the relative occupation 
of the various quantum states at any temperature is predicted by the 
ermi distribution function. In the case of an extrinsic semiconducto1 
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containing donor atoms only, the Fermi energy must lie above E 
states and below the conduction states at absolute zero. Ata slig 7 
higher temperature, some of the electrons in the donor states may be 
ionized to the conduction band. The density of electrons pc 
quantum states in the conduction band n is given by (14). This number 
must be exactly equal to the number of vacant or ionized donor states. 


Defining nz as the number of donor states per unit volume, the number 
of vacant donor states is given by 


Na — Na f(Ea) = nfi aey] 


~ gE=EOnT I] 


eE EDT 4 | 
= Na | acer +1 


(19) 
œ ng Es Bok? 
when Eg — Eo X —4kT, that is, when Eo lies more than a few kT above 


the donor states. Equating the number of occupied conduction states 
(14) to the number of empty donor states (19), 


2 (N el EEDIT = pye FEDT, (20) 
After rearranging the terms in (20) and taking natural logarithms of 
both sides, 
2E — Ee — Fa _ Na 
kT ~ "OD (arm*kT RD: 
a kT Na s ý 
and Eo = (Ec + Ea) + In IEn ETK (21) 


It can be seen in 
donor states and the bottom 


ction, the second term in (21) 
T increases. Note, however, 


longer valid. 


So far in this discussion, the electrons occupying quantum states in 
the valence band have been i 


n ignored. As the temperature increases, 
however, the number of val 


ystal becomes an intrinsic semi- 


conductor. At this temperature, therefore, the Fermi energy lies 
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approximately halfway between the top of the valence band and the 
bottom of the conduction band. 

If a crystal contains predominantly acceptor impurity atoms (Fig. 5B), 
the electrons at the top of the valence band require relatively little energy 
to transfer to the unoccupied acceptor sites. Consequently, as the 
temperature increases from absolute zero, the Fermi energy moves from a 
Position halfway between acceptor states and the top of the valence band 
to a position halfway in the energy gap, as the crystal enters the intrinsic 
temperature range. Most crystals, of course, contain both donors and 
acceptors. Suppose that a crystal is grown containing an excess of 
donor atoms; then the smaller number of acceptor states are first occupied 
by electrons from the donor atoms rather than by electrons transferring 
from states in the valence band. At absolute zerò, all the states in the 
valence band are filled. Similarly, all the acceptor states are filled by 
donor électrons, as far as possible. At a higher temperature, the donors 
become ionized and the donor electrons transfer to empty quantum states 
in the conduction band. The number of effective electrons at this tem- 
Perature, therefore, is determined by the number of donor atoms less the 
number of acceptor atoms present. When the temperature is sufficiently 
high to allow most of the electrons occupying acceptor states to transfer 
to states lying in the conduction band, then the semiconductor is very 
Near to its intrinsic range. Nevertheless, such a crystal has a higher 
density of occupied states in the conduction band than of empty states 
in the valence band at all temperatures, except at or very close to absolute 
zero, This excess is equal to the difference in the densities of donor and 
acceptor atoms present. The reverse distribution obtains, of course, 
when a crystal contains more acceptor than donor atoms. The conduc- 


tivity in both kinds of crystals is considered next. 


Conductivity 


It has been suggested in the previous section that semiconductors can 
be distinguished from insulators by measuring their conductivity. Con- 
ductivity has been defined in Chapter 10 by 


o = Enc (22) 


Where e is the electronic charge yt rr 
n is the number of charge carriers contributing to conductivity 


u is their mobility. aA 
For a typical germanium crystal at room temperature, 7, 1s of the order 
of 2 X 101 electrons/em, and a = 3600 cm?/(volt-sec). Substituting 
these values in (22) gives a conductivity of approximately 1 mho/cm or a 
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resistivity of 1 ohm-cm. By comparison, the resistivity of an ideal 
insulator, of course, is infinite, and for most actual insulator crystals it 
is extremely large (~10'5 ohm-cm). On the other hand, the resistivity 
of a typical metal such as aluminum is of the order of 10-* ohm-cm. 
This is because the number of free electrons contributing to conductivity 
in a metal is of the same order as the number of atoms per cubic centi- 
meter (~10?%) which is approximately 107 larger than the number of 
conduction electrons in germanium. 

Electrons and holes. Under an externally applied electric field, the 
free electrons in a crystal gain sufficient additional energy to move into 
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higher unoccupied quantum states, provided that the Pauli exclusion 
principle is not violated thereby. In an intrinsic semiconductor, this 
means that the electrons occupying quantum states in the conduction 
band move into adjacent unoccupied quantum states and the electrons 
remaining in the valence band cau move into the quantum states that 
have been vacated by the thermal excitation of electrons to the conduc- 
tion band. These vacated quantum states are usually called holes 
When an external electric field is applied, the electrons Move in a direo- 
tion opposite to the direction of the applied field so that it appears that 
the holes are moving in the same direction as the applied field A very 
simple way to look at this process is to consider the quantum states near 
the positive end of the applied field as having lower energies than those 
near the negative end. This has the effect of skewing the band model, 
as shown in Fig. 6. If the applied field is positive to the left of Fig. 6 
and negative to the right, then the electrons (black dots) move “ down- 


Properties of semiconductors 323 


hill” from right to left, whereas the holes in the valence band (open 
circles: move “uphill” from left to right. 

The electric current produced by the applied field can be determined as 
follows: Each electron produces a current that is proportional to its 
charge —e and its velocity v. For comparison purposes, it is convenient 
to speak of the current density J, or current per unit volume V, defined by 

ev 


J=-7 (23) 


If there are n electrons per unit volume, the total current density is 
n 


(—e/V)v;. In the absence of an applied field, the motions of the 
i 
electrons are random so that the sum is essentially equal to zero. (An 
equal number of electrons have positive and negative velocities.) Sin- 
gling out one electron for consideration, the preceding statement can be 


written 


—e —e = 
y” + y i= 0 
i=2 
5 Fue Fo (24) 
i=2 


The meaning of (24) is that a positively charged electron moving with a 
Velocity v; (right side of this relation) produces exactly the same current 
density that is produced by all the electrons after one of them has been 
removed. Thus it is evident that a hole behaves like a posit ively charged 
electron. As will be seen later, it is frequently convenient to speak of 
Conductivity by holes as distinct from conductivity by een Since 
Conductivity is actually due to the motion of electrons, what is meant by 
Such statements is that electronic conductivity takes place by means of 
transitions in the conduction bant, ae hole conductivity takes 
Place b itions in the valence band. R ie 

Stir D E erystal (2, = 0.72 eV) DT 1 ee 
Part per million) of arsenic atoms jn substitutional solid solution. Since 


e 2G ;/em?, this means that 
the ¢ : oximately 1022 Ge atoms/cem*, this 

rysta ains approximate!) eny: 
a atoms/em®, Arsenic 1s a donor, and its 
a 


- the bottom of the conduction band. 
Accordiy œ the Fermi energy lies 0.16 eV below the 
s ig to (21), therefore, he agers E 
bottom of the conduction band (s 0.148 eV below the 
Onor states, For simplicity, let 
and equal zero so that the erysta 


the energy at the top of the valence 
l has the band model shown in Fig. 7. 
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The density of donor electrons occupying quantum states in the conduc- 


tion band at room temperature must equal the number of unoccupied 
donor sites. 


1 
m= me | 1 eE] 
= 1016 [1 en e~ (Eu—EDIkT] 
= 10916 [1 Š e™(0-708—0.560/0.025)) 
= 10% (1 — 0.0027) z 
= 10s (electrons/cm?). (25) 
The number of holes in the v 


similarly calculated with the 
Exercise 4), 


alence band, p, at room temperature is 
aid of a relation like (15) for holes (see 


P = 2.51 X 10% glen er 
= 2.51 x 1019 (0-90.56) /0.026 
= 101 (holes/em’), (26) 


It is clear from the above calculations that the bulk of the conductivity 
in a germanium crystal doped with 1 Ppm of arsenic takes place by 


electron transitions in the conduction 
band. Accordingly, such a crystal is 
called an n-type semiconductor, and the 
electrons are called the majority car- 
riers of current and the holes the 
minority carriers, Tf acrystalis doped 
With an excess of acceptor-type im- 
purity atoms, so that the holes become 
the majority carriers, it is called a 
P-type semiconductor. 

It should be noted that the product 
np, that is, the number of effective 
electrons occupying quantum states 
in the conduction band times the 
valence band, is constant at a specific 


on whether the Semiconductor is in 


l or rinsic temperature range. This is so because the 
product np is independent of the exact position of the Fi 


Eo. If n and p are determined by 


np = (2.51 X 10!9)eEoEo jer X (2. 
6.3 X 10%8e--ey er 
= 6.3 X 103%¢—Z£./0.026 


51 X 1019)e~(EE yer 


Il 


(27) 
at room temperature (~300°K). 
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The temperature dependence of conductivity. The conductivity 
of a semiconductor now can be expressed by 


o = enun + ep (28) 


where n is the density and yn the mobility of electrons occupying states 
in the conduction band, and p is the density and yu, the mobility of the 
holes. In an intrinsic semiconductor, the number of electrons occupying 
States in the conduction band just equals the number of holes or unoc- 
cupied states in the valence band so that (28) reduces to (22) with 
Ne = 2n = 2p and p = Hun + Hy). Some typical values of these quanti- 
ties for silicon and germanium at 300°K are given below. 


Hn Ho Tintrinsie 
Si 15 X 102 cm?/volt-sec¢ 4 X 10*cm?/volt-sec 4 X 10-5 mho/em 
Ge 36 x 10? 17 X 10? 2X 10-2 


Accordingly, the conductivity in the intrinsic range can be written 


2ne (Hn + Hp) 
ne (un + Hp). (29) 


o 


Substituting (15) for n, 
o = 2.51 X 10” e(un + wpe 20/4? (30) 


Where —E, = 2(Eo — E.). l i 

It is ilea Hal ‘this A the energy gap can be determined directly 
from conductivity measurements by plotting Ino as a function of 1/T 
since # varies very slowly with temperature. In practice, such a plot 
gives only an approximate value, however, because the constant coeffi- 
cient in (30) actually depends on the effective masses of the two types of 


carriers, The correct form of (30) is 
o = 2e (ar) (m*m*)*(un + up)e™® T. (31) 


nsic range is determined by the density 

he crystal and the relative mobilities of 
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etermine the temperature dependence of a n O be i : m 

region. Figure 8 shows a schematic plat, atte o as a function o 

Or a typical i ity-containing semiconductor. , 

obility eea carriers. One of the Tanton af i m 

ivity of a semiconductor is the mobility of the charg i 


The conductivity in the extri 
of donor or acceptor states in t 


uct: 


326 Chapter 12 
Mobility: was defined in Chapter 10 as the average drift velocity per = 
electric field (cm/sec + volts/em). As might be expected, the averag 
drift velocity is different for the 
two types of carriers in semicon- 
ductors because their mechanisms 
of motion are different. Figure 9 
shows schematically the migration | 
of a free electron and a hole under 
the influence of an applied field. 
The free electron moves in a ran- 
dom path between the atoms in a 
direction opposite to the applied 
field direction (Fig. 94), whereas 
the hole moves in the direction of 
the applied field by means of dis- | 
crete electron jumps, as indicated 
in Fig. 9B. As the electrons move 
through the crystal, they are scat- | 


‘tered by inhomogeneities in the crystal These inhomogeneities are 
caused by the following: 


Intrinsic 
range 


nao 


`y 
ur 


Fic. § 


1. Thermal vibrations of the atoms. 


2. Impurity atoms in substit tional solid solution. 
3. Interstitial atoms. 


4. Other imperfections such as vacancies, dislocations, ete. 


Eftective displacement of free electron Effective displacement of hole 
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Electric field 


F 
The time that an electron spends betwee 
It can be shown that the av 


free time r,. 
direction of the field & is given by 
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Clectric field 
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n collisions is called the mean 
erage drift velocity (v) in the 
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where the minus sign indicates that the velocity vector has an opposite 
Sense to the field vector. Defining the drift mobility by 


p= -& (33) 


o = neu 
= Met, y 


In carrying out an actual computation, it is necessary to pay strict 
attention to the units used. Assuming a conductivity of 1 mho/cm, and 
10:6 donor-electrons/cm® for an n-type semiconductor, 


= ne 
1 (mho/cm) 
= 10 (em~?) X 1.6 X 107" (coulomb/sec) 


6.25 X 10? (cm?;/'volt-sec) (35) 


[l 


since 1 amp = 1 coulomb/sec and 1 volt = 1 amp X 1 ohm. Using the 
value in (35) for the mobility, the méan free time can be determined with 


the aid of (34). 


H 
r= 


e/m 
6.25 X 10? (cm?/volt-sec) X 300 (volts/esvolt) 
E 48 X 10- (esu)/9.1 X 10-**(g) 


= 3.5 X 107” (sec). 


mine the mobility with the aid of the Hall 
he Hall constant. R is determined by the 


(36) 


It is also possible to deter: 
efect, For semiconductors, t 
carrier density n, (Chapter 10): 

: (37) 


whose sign determines the sign of the 
ween the applied electric field & and 
Fig. 10. It will be recalled from 


Where q is the charge of the carrier 
all constant. The relations bet 

cpenetic field B are illustrated in 
“Apter 10, equation (53), that 


&, = RIB. (38) 
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where B, is the magnetic field strength in the z direction and J+ is the 
current density along the z direction defined by 


Jz = ng (v). (39) 
Combining (37), (38), and (39), 


1 
& = ng 2 (vz) B: 


= (2) 
al 8:B, 
= uê,B, (40) 
so that the mobility can be determined by measuring & when a known & 
and B; are applied to the crystal. Note also in Fig. 10 that it is possible 


B, z 

el. 

= 
Ex 

ey ` 

Jy gy 
& 
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to use these quantities to define a Hall angle @ such that 


& 
t = a" 
an @ z uB,. 


z 


(41) 


Uni ae ee to measure the mobility of the charge carriers in a 
Semiconductor by means of the Hal i s 
so-called Hall angle defined in ae effect, that is, by Measuring the 
As already shown, it is 
also, namely, by Measurj 
measurements can be ç 
of the carrier density, 


Possible to measure the mobility in another way 
ng the conductivity. In fact, the two kinds of 
Ombined. Since the Hall constant R is a measure 
dividing both sides of (37) by u gives 


Rani i 
“u nq g 
so that u= Ro, 


Whether relation (4: 
be borne in mind t 
majority carriers. In order to d 


+e os Spective mobilities of 
holes and electrons, therefore, it ig Tecess 


ary to make Separate measure- 
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ments on p-type and n-type crystals. Such measurements should be 
conducted at temperatures corresponding to the extrinsic range of the 
semiconductors. 

Lifetime of minority carriers. The discussion of conductivity so 
far has ignored the role of minority carriers in extrinsic semiconductors. 
A crystal containing an excess of, say, donor atoms also contains some 
acceptor atoms. Some of the n-type impurities compensate for the 
p-type impurities present while the rest contribute conduction electrons, 
making the crystal an n-type semiconductor. As long as the density of 
p-type impurities is small relative to the density of n-type impurities, 
their effect on conductivity can be ignored in many considerations. On 
the oiher hand, the role of minority carriers can become important in 
certain applications of semiconductors, particularly when the mobilities 
of the two kinds of carriers are quite different. Because of their rela- 
tively smaller density, for example, the role of minority carriers is more 
markedly affected by any imperfections already present in a crystal (or 
artificially produced). For example, as discussed in later sections, it is 
Possible to inject into a crystal either electrons or holes from external 
Sources. In order properly to understand the resulting phenomena, it 
becomes necessary to distinguish between the majority and minority 
Carriers of current and the possible interactions between electrons and 
holes in a semiconductor. i 

In addition to donor or acceptor impurities, other kinds of imperfections 
ina crystal can also produce empty quantum states lying in the forbidden- 
energy band. Not too much is known about the relation bet ween various 
imperfections, such as interstitial atoms, vacancies, dislocations, ete., 
and the energies of the quantum states that they introduce. It is 
Possible, nevertheless, to discuss the role that these quantum states 
have in the conduction process. It is easy to show that these quantum 
states have definite energies and that they are localized in the crystal so 
that they contribute so-called localized energy states. In an n-type 
Semiconductor, the localized states lying far above the top of the valence 
band are normally empty. There exists a certain probability, therefore, 
that a free electron may transfer from a state In the conduction band to 
Such a lower-lying state. Because this state has a lower energy, the 
transition must be accompanied by the release of energy, usually in the 
form of a quantum of light or phonon (Fig. 114). The crystal imper- 
fection, therefore, appears to act as a trap for electrons, and it n aee 
Practice to refer to its localized energy state as an electron trap. imi ar y 
a p-type semiconductor can contain hole traps, as shown in Fig. 11B. 

en an imperfection first “captures” a hole and = se 
electron, it is called a recombination center (Fig. 11C). In principle, a 
imperfections can act as recombination centers. The distinction is 
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hole trap when the probabilities are reversed. If the probabilities are 
nearly the same, it is called a recombination center. 

The above transitions can be reversible. For example, an electron 
that is trapped in an electron trap may be later thermally excited to a 


quantum state in the conduction band. Similarly, an electron may be 
excited to a hole trap so that the hole in the valence band is restored. At 
a particular temperature, therefore, the crystal reaches an equilibrium 
between the number of filled and empty traps. By comparison, the 
probability of the recombination of a conduction electron with a hole in 
the valence band is very small. 


carriers is injected into a crystal, the equilibrium between the filled and 
empty traps is upset. (The way t 


» as usually measured, consists of two 
components, a bulk lifetime r, and a surface lifetime 7, 


Li 
c= ph 
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might be expected, the surface lifetime is very sensitive to the way that 
the surface has been treated. It can be increased by carefully etching 
the surface or decreased by abrading it. 


Optical properties 


Absorption spectrum. Many semiconductors such as Si, Ge, InSb, 
and others exhibit typical metallic luster when viewed with ordinary 
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Fic. 12. Absorption coefficients of two n-type germanium crystals at room 


temperature. 


light. When viewed with longer-wavelength infrared radiation, how- 
ever, the crystals are rendered transparent. Figure 12 shows the varia- 
tion of the linear absorption coefficient with changes in the wavelength 
of the incident light used for two germanium crystals. Starting with 
the longer wavelengths and moving toward the shorter wavelengths 
(move from right to left in Fig. 12), it is observed that the absorption 
Coefficient decreases, indicating that the crystals become more transparent 
to shorter-wavelength radiation. This is consistent with the greater 
energy of the photons of shorter-wavelength radiation (E = he/X). At 

u (1 u = 10-8 m), however, the absorption coefficient begins to rise 
Until at approximately 1.7 it becomes extremely high. The reason for 
this abrupt increase in absorption becomes evident when the band model 
of germanium is considered. The energy of the fadiatinn corresponding 
to a wavelength of 1.7 wis 1.15 X 107" erg or 0.72 eV, which is the width 
of the energy gap in germanium. Thus a photon having this energy is 
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capable of exciting an electron occupying a quantum state at the top of 
the valence band to a quantum state at the bottom of the conduction 
band. In the process, the energy of the photon is absorbed and the 
orystal appears to be opaque to radiation of this energy. Still shorter- 
wavelength radiation also can excite electrons from lower-energy quantum 
states to other states in the conduction band. The increased number of 
free electrons thus produced accounts for the metallic luster of ger- 
manium, since these electrons can absorb energy by transition to higher- 
energy quantum states in the conduction band and reradiate it by 
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Fie, 13. Transmissivity of polycrystalline p-type silicon at room temperature. 


transition to unoccupied lower-energy states. (Actually, these transi- 

t ron-phonon interactions because direct 
transitions are not allowed.) Note that a lower-resistivity germanium 
at all wavelengths for this reason, as is 
. 12. Lower resistivity, of course, means 
lectrons present, 


i tions take place between quantum states lying in the 
forbidden-energy region and the conduction band or between states in 


the valence band and the localized states. The energy vaiues of the 
localized states can be determined from the values of the wavelengths 
at which the absorption maxima occur. It can be seen from this discus- 
sion that absorption measurements can be used to determine the nature 
of the band model of semiconductors, Although it is possible to deter- 
mine the energies of donor or acceptor states by this means, it is necessary 
to perform the experiments at very low temperatures in order to minimize 
thermal excitation of the electrons. 
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Photoconductivity. The increase in the carrier density produced by 
the irradiation of a semiconductor contributes to the crystal’s conductiy- 
ity. When an electric field is applied to the crystal and radiation of an 
appropriate wavelength is allowed to fall on it, an increase in its con- 
ductivity is observed. This property of photoconductivity is utilized in 
a large number of device applications, the most obvious being simply to 
use the crystal as a detector of radiation. Since pronounced photo- 
conductivity occurs whenever the crystal is irradiated with radiation 
having an energy greater than the gap width, various kinds of radiation 
such as visible light, x-rays, electrons, or nuclear radiation can be detected 
in this way. Although the general nature of the photoconductive process 
has been studied extensively, an exact theory of this process has not been 
developed as yet. Some of the difficulties arise in describing the process 
whereby an electron excited to a quantum state in the conduction band 
by the absorption of a photon can recombine with the hole produced in 
the valence band. As previously stated, the electron and hole do not 
recombine directly. This is so because the probability for such a 
transition, measured by the so-called capture cross section, is very small 
(~10-2! cm?) as compared with the capture cross section of an imperfec- 
tion (~10-15 em2). Direct recombination becomes a significant factor, 
therefore, only when the concentration of free electrons is very high 
(~10!9/em3). Consequently, recombinations usually take place through 
recombination centers with a rate that depends on the nature of the 
imperfection, that is, its relative electron and hole affinity. The differ- 
ence in the mobilities of electrons and holes also affects the recombination 
Process, The description of photoconductivity given below is derived 
from empirical observations rather than from fundamental principles. 
Such theories are usually called phenomenological theories for this reason. 

If the absorption of photons produces f electron-hole pairs per unit 
time, the increase in the density of electrons and holes is given by 


An = frn and Ap = frp (44) 


respectively. Here 7 is the effective lifetime and the subscripts denote 
the type of carrier. The resulting change in conductivity can be deter- 


mined with the aid of (28). 


Ao = eAnu, + eApep 


= ef(taltn + Tpltp) (45) 


Some aspects of (45) are worth noting. The relative contribution to the 
Observed conductivity may be different for holes than for electrons. 

his can be caused by differences in either their relative lifetimes or their 
Mobilities or both. Also it is apparent that, in order to measure an 
Merease in conductivity, Ae must be of the same order as the conductivity 
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in the absence of radiation. This means that crystals having small 
values of dark conductivity, for example, certain insulators, generally are 
better photoconductors. 


If F is the total density of free carriers per unit time produced in the 
crystal, then the photocurrent 7z is given by 


I= PF (amp) (45) 


where T, is the time spent by an electron in transit between the two elec- 

trodes. This is called transit time, and it is determined by the inter- 

electrode separation L and the average drift velocity of the carriers 
according to 

L L 

= = 47 

” W) è Gn 

where y is the mobility and & the applied field. N 

field (volts/em) is equal to the applied voltage V 

electrode separation, it is often more convenient to 


2 
= > (48) 


Note in (46) that the larger the effective lifetime of the carriers relative 
to the transit time, the larger the photocurrent becomes, Physically, 
the following events take place. Suppose that the lifetime of the elec- 
trons is greater than the lifetime of holes. This means that a hole is 
quickly trapped while the free electron is Swept out of the crystal by the 
applied field. In order to preserve charge neutrality, another electron 
is emitted by the negative electrode, the Process continuing until the 
free electron recombines with the hole. Thus, for each Photon absorbed, 
there appears to he more than one free electron contributing to eonduc- 


oting that the applied 
divided by the inter- 
express (47) as 


T, 


tivity. This apparent gain can be expressed directly by a gain factor 
T 
G= T (49) 


It follows from the definition of the 
used as an indication of the efficience 
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It is possible to combine photoconductivity with the Hall effect to 
obtain an interesting new effect. The conduction electrons and holes 
produced on the surface of a suitably irradiated semiconductor tend to 
diffuse into the bulk of the specimen. When such a crystal is then 
placed in a transverse magnetic field B, the electrons and holes are 
deflected through the Hall angle to opposite sides of the crystal. This 
produces a current which can be measured, and the phenomenon is 
called the photoelectromagnetic effect, frequently abbreviated to PEM 
effect. If the PEM current Iz is measured simultaneously with the 
photocurrent Jy, it is possible to obtain a relation for the effective carrier 


lifetime in terms of both effects. 


of) o» 


where D is the diffusion constant for the crystal and & is the applied field. 

This is one example of the way in which different semiconductor 
properties can be combined to produce new effects. Such combinations 
are equally useful in the study of a particular property and in the design 
of a new device. The number of combinations possible is quite large 
and limited only by man’s ingenuity. Some of the more important 
effects utilized to date are described in the rest of this chapter. 

Photovoltaic effect. It is possible to grow a single crystal contain- 
ing both p-type and n-type regions. The boundary between two such 
regions is called a p-n junction and has some very interesting properties 
which are described in a later section in this chapter. Consider a crystal 
composed of two such different regions and a transition zone between 
them, as shown in Fig. 14. When light is incident on this crystal, 
clectron-hole pairs are produced in the crystal and the electrons diffuse 
into the n region while the holes diffuse to the p region. In the absence 
of an externally applied field, the light-induced current develops a photo- 
voltage across the crystal, and the phenomenon 1s called the photovoltaic 
effect. Such a crystal obviously can be used as a battery whose energy is 
derived from, say, visible light. In order to see how this so-called 
Photovoltaic cell functions, some of its important properties are described 
below, 

Suppose that an external voltage V 
way that the p region is biased positive wit 
then, in the absence of light, the current 1s given by 


I 2 To te 


is applied to the crystal in such a 
ive with respect to the n region; 


(52) 


Where Te is the so-called dark current and the second term represents a 
current in the reverse direction whose origin 18 discussed in a later 
Section. If light is now allowed to fall on the crystal, an additional 
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photocurrent Tz is produced. and the total current becomes 
I= IL + Io — Tyeev ier, (53) 


When no external voltage is applied to such a crystal, 7 = 0 and the 
crystal becomes a photovoltaic cell. The voltage developed across the 


two ends of the crystal then can be determined directly from (53). 
Denoting this photovoltage V 


I=0= [Ir + Ig — Lerh, (54) 


Rearranging the terms in (54), 


e YIT = To + I; 


T; (55) 
and taking natural logarithms of both sides in (55) 

eV a I, 

ET = In (: + E) 


This relation can be solved for the photovoltage 


on BBS. HDR 
Ves In (i + 1) (56) 


For very large light intensities, /,/I, >> 1 so that according to (56) the 
voltage varies logarithmically with the photocurrent. This is the reason 
why photovoltaic cells are so useful in ordinary light meters. 
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Luminescence. An electron that has been excited to the conduction 
band can return to a lower-lying allowed state provided that such a 
transition is accompanied by the emission of an appropriate quantum of 
energy. The number of different transitions possible is determined by 
the number and kinds of allowed states lying in the forbidden-energy 
band. Consequently, these phenomena can be rather complicated so 
that they are not discussed at length in this chapter; however, some of 
the more important ones are listed below. The term lwminescence is 
used to describe the phenomenon whereby a crystal absorbs energy, 
usually in the form of radiation, and reemits it in the form of visible 
light. If the crystal emits light simultaneously with its excitation, the 
Process is called fluorescence; if it takes 10-7 sec or longer to emit its 
light, then the process is called phosphorescence and the crystal is called a 
phosphor. Furthermore, there are two distinct processes for lumines- 
cence, both of which require that impurity atoms called activators be 
Present in the crystal. In the first process, the incident quantum of 
energy is absorbed by an activator atom by a transition of one of its 
electrons from one quantum state to another. When the excited atom 
returns to its ground state, it loses energy by emitting a photon of energy 


hy = Eoria — E oiia: (57) 


Because the allowed transitions are characteristic of the energy levels of 
the activator atoms, this process is called characteristic luminescence. 
The second process is more complicated. Consider a divalent metal 
sulfide in which a number of monovalent cations have been substituted 
for the metal normally present in the crystal. Other ions, called coactiva- 
tors, must be added to the crystal in order to preserve charge neutrality. 
When an electron-hole pair is produced by an absorbed photon, the hole 
wanders through the crystal until it is trapped at the site of an activator 
ion. (The actual process can be pictured as a diffusion of the extra 
electron belonging to the activator ion until it combines with the newly 
Created hole.) Thus the activator first acts as a hole trap. When the 
free electron later recombines with the trapped hole, a photon of light is 
emitted by the crystal. The color (frequency) of the emitted light 
depends on the nature of the trapping centers present which in turn 
depends on the type of imperfection introduced. For example, two 
Processes have been suggested to explain why copper-activated ZnS emits 
blue and green light. (Actually, emission bands having other frequencies 
are also observed but they are relatively much weaker.) Based on the 
known ionization energies for copper, it has been shown that the blue 
light is emitted whenever Cut! substitutes for Zn*+*?. On the other hand, 
in order to explain the strong emission of green light, it is necessary to 
assume that the substitutional copper is divalent and that the ionized 
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electron combines with interstitial Cu*! ions so that the interstitial 
copper atoms are neutral. 

The above example has been cited merely to illustrate the involved 
nature of the luminescence process. Without going into further detail, 
some other ways to produce luminescence in crystals are listed below. 
When luminescence is produced by either visible light or ultraviolet, 
infrared, or x-radiation, it is called photoluminescence. When a phosphor 
is irradiated with high-energy electrons that lose their energy by electron- 
electron collisions in the crystal, the secondary electrons lose their extra 
energy by recombinations at trapping centers and the process is called 
cathodoluminescence. It is also possible to produce luminescence by 


ing medium having a very high dielectric constant and an alternating 
electric field is applied across the crystal. The very large electric field 


o “empty” an activa- 


act to understand is the one formed 
between two metals. Consequently, metal-metal contacts are briefly 
considered first. l 
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Metal-metal junctions. The energy-band models of two dissimilar 
metals at absolute zero are shown in Fig. 15A. The work that must be 
done to remove an electron which is inside the crystal to a distance far 
removed from the crystal is called the work function © of that crystal. 
At absolute zero, this can be represented in the band.model by the energy 
required to raise an electron from the Fermi energy to the so-called 
vacuum level. When these two metals are brought in intimate contact 
with each other, some of the electrons in metal 1, shown to the left in 
Fig. 154, occupy quantum states that, have larger energies than those of 
unoccupied states in metal 2. The electrons near the Fermi level in 
metal 1, therefore, flow into metal 2 until at equilibrium the Fermi energy 
in both metals is at the same energy level. In the process, the surface of 
metal 2 becomes negatively charged while the surface of metal 1 becomes 
Positively charged, as indicated in Fig. 15B. This produces a potential 
difference between the two metals called the contact potential V deter- 
mined by 


eV = &, — 9. (58) 


Since a local electric field cannot exist inside a metal because of its high 
Conductivity, the change in the free-electron distribution in the two 
metals that produced the potential in (58) takes place on the contact 
surface between them. Note also that it is possible to measure the 
difference in the work function of the two metals according to (58) by 
Measuring the contact potential. . , 

When a potential is applied across the metal-metal junction so that a 
current J flows through it, heat is generated (or absorbed) at the junction 
in addition to the so-called Joule heat (I?R) normally produced. The 
enerated heat is proportional to the current, and the phenomenon is 
called the Peltier effect. If current flow from metal 1 to metal 2 gen- 
erates heat, the corresponding Peltier coefficient is said to be positive. 


Fie. 15 


340 Chapter 12 


When the current between these two metals is reversed, the Peltier coeffi- 
cient changes its sign and the reverse current absorbs heat. 

It is possible to take advantage of this effect in still another way. 
Suppose that the two sides of the junction are maintained at different 
temperatures. The electrons in the hot metal gain thermal energy so 
that they occupy higher quantum states. At equilibrium, the Fermi 
energy is at the same level in both metals so that some of the electrons 
must flow from the hot metal to the cold one. This produces a thermo- 
electric emf at the contact, and this phenomenon is called the Seebeck 


Metal Semiconductor etal Semiconductor 
A B 
Fig. 16. Energy-level diagrams of metal-n-type semiconductor 
m > Py. 
A. Before contact is made. 
B. After contact is made. 


contact with 


effect. It follows from the above discussion that the thermoelectric 
emf produced at the metal-metal contact can be used to measure tem- 
perature; this is, of course, the explanation of how a thermocouple 
operates. Similarly, the Peltier effect can be used to heat or cool the 
metal-metal junction by passing an electric current through it. This is 
the principle on which the so-called electronic refrigerator is based. 
Metal-semiconductor junctions, In the case of a semiconductor, 
the energy relations are slightly more complex because there are no 
occupied quantum states whose energy equals Eo. The energy-band 
model of an n-type semiconductor is sho 
The work function of the semiconductor 
two parts: the energy difference between the T 
of the conduction band, called the inte york 
work required to remove a free (condu 
called the external work function Ëa. 
work function ®,, and an n-type semiconductor having a work function 
P, = & + %;, such that 4, > ,, are brought in intimate contact with 
each other. If it is assumed that the donor levels in the semiconductor 
are completely ionized at room temperature, the electrons occupying 


ction) electron from the crystal, 
Suppose that a metal having 2 
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states in the conduction band of the semiconductor will flow into the 
metal until at equilibrium the Fermi energy in both the metal and the semi- 
conductor is at the same energy level. In the process, the surface of the 
metal becomes negatively charged and the surface of the semiconductor, 
which is now depleted of electrons, becomes positively charged. Now, 
the electrons occupying quantum states in the conduction band came 
from donors near the surface of the semiconductor crystal, so that the 
effect of the electron transfer is that an insulating region is produced 
near the surface of the semiconductor. This layer is called a barrier 
layer for reasons that will become obvious shortly. Since the Fermi 
energy in both crystals has the same energy, the energy levels in the bulk 
of the semiconductor are lowered by an amount ®,, — &,, as shown in 
Fig. 16B. Thus the region that has been depleted of electrons represents 
a potential barrier to further flow of electrons from the semiconductor. 
This barrier can be expressed in terms of a diffusion potential Vp by 


Vp = Om — Èe (59) 


Note that the height of the barrier on the metal side is Pm — e. At 
Toom temperature, some of the electrons in the metal gain enough energy 
to surmount the barrier and enter the semiconductor. Similarly, some 
of the electrons in the semiconductor may cross over into the metal. At 
equilibrium, however, the two currents are equal and opposite so that 
they cancel each other and no net current flows. 

Suppose that, after equilibrium has been established, a potential V is 
applied to the system. (Since the metal is assumed to be a perfect 
Conductor, this has the effect of making the semiconductor more positive 
or more negative relative to the conductor.) If a positive potential +Vo 
18 applied to the semiconductor, the height of the potential barrier at the 
Contact, for electrons flowing from the semiconductor to the metal, is 
Increased from eVp to e(Vp + Vo), as shown in Fig. 17A. If a negative 
Potential —V, is applied, then the height of the barrier decreases to 
eV — Vo), as shown in Fig. 17C. The height of the potential barrier 
for electrons flowing from the metal to the semiconductor is not affected 

Y the applied potential and remains #m — ® as can be seen in Fig. 17B 
for the equilibrium situation. This means that the current flowing 
rom the metal to the semiconductor remains the same whereas the cur- 
rent flowing from the semiconductor to the metal depends on the polarity 
of the applied field. Suppose that the voltage applied to the semicon- 
eictor is positive ; the current flow from semiconductor to metal is 
™peded, and it is said that the semiconductor is biased in the direction of 
Cificult current flow or that a reverse bias has been applied. Conversely, 
p, the applied voltage aids the current flow, then the semiconductor is 
tased in the direction of easy current flow, and it is said that a forward 
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Metal Semiconductor Metal Semiconductor Metal Semiconductor 
A B C 
Fic. 17. Rectifying, metal-n-type semiconductor contact. 


A. Energy-level diagram for a reverse bias. 
B. Energy-level diagram for equilibrium. 
C. Energy-level diagram for a forward bias. 


bias has been applied. This metal-semiconductor contact, therefore, 
acts like a rectifier, and it is called a rectifying contact. 

The contact behaves differently if the work function of the metal is less 
than that of the n-type semiconductor. The energy-band models for the 
case ®,, < ®, are shown before contact is made in Fig. 18A and after con- 
tact in Fig. 18B. Since, initially, the Fermi energy in the semicon- 
ductor is lower than the Fermi energy in the metal by an amount 4, — &n. 
electrons flow from the metal into the semiconductor, leaving a positive 
charge on the metal surface. These electrons collect on the surface of 
the semiconductor and form a negative surface charge. After equilib- 
rium has been established, the negative surface charge on the semi- 
conductor has the effect of depressing the bottom of the conduction band 
at the contact, as shown in Fig. 18B. When the potential is applied, 


Vacuum level —— 
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Fıc. 18. Energy-level diagrams of metal-n-type semiconductor contact witb 
Pn < $a. 

A. Before contact is made. 

B. After contact is made. 


Properties of semiconductors 343 


ml) 


+ 


Metal Semiconductor Metal Semiconductor 
A B 
Fıc. 19. Ohmic, metal-n-type semiconductor contact, 


A. Energy-level diagram when metal is negatively biased, 
B. Energy-level diagram when metal is positively biased. 


therefore, the energy of the quantum states in the bulk of the semi- 
conductor is shifted, as shown in Fig. 19. Suppose that the semicon- 
ductor is made positive with respect to the metal; then the energy levels 
shift as shown in Fig. 19A, and the current carried by the electrons from 
the semiconductor to the metal flows “downhill” without encountering 
an appreciable barrier. When the semiconductor is made negative with 
Tespect to the metal (Fig. 19B), then the current carried by electrons 
flowing from the metal to the semiconductor similarly flows ‘‘downhill.”’ 

he current flow in these cases is directly proportional to the applied 
Voltage in accordance with Ohm’s law, and the contact is said to be an 
ohmic contact not unlike a metal-metal contact. In making a metal- 
Semiconductor contact, therefore, an ohmic contact can be made by 
choosing two materials such that ®, < ,, or a rectifying contact can 
be made by choosing #m > #,. It should be noted that this condition 
applies only to n-type semiconductors. 

The situation is exactly reversed when a p-type semiconductor forms a 
Contact with a metal. The energy-band models of a metal and p-type 
Semiconductor, having #m > ,, are shown before contact in Fig. 20A 
and after contact in Fig. 20B. As in all cases of two substances in con- 
tact, at equilibrium the Fermi energy in both materials is at the same energy 

el. This is the key to understanding all contact phenomena. Since 
before equilibrium is established the Fermi energy is higher in the semi- 
Conductor than in the metal, electrons flow out of the semiconductor 
into the metal. Because the semiconductor is p-type, the electrons that 
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occupied acceptor states near the crystal’s surface move to the metal 
and leave a positive surface charge on the semiconductor while creating a 
“negative charge on the metal surface. Suppose that a potential is then 
applied in either direction. The holes in the semiconductor can flow 
“uphill” into the metal, or, if the field is reversed, the thermally created 
holes in the metal can flow “uphill” into the semiconductor, without any 
difficulty. The contact, therefore, is ohmic. On the other hand, if 
®,, < ,, a barrier layer is formed and the contact acts as a rectifier. It 
is left to the reader to work out the energy-band model for this case. 
(See Exercise 19 at the end of this chapter.) 


Vacuum level 


i Metal Semiconductor Metal a Semiconductor 
A B 


Fic. 20. Energy-level diagrams of metal-p-type semiconductor contact with 
bn > $.. 


A. Before contact is made. 
B. After contact is made. 


p-n junctions. The junction between the n-type region and a p-type 
region in the same semiconductor crystal is called a p-n Junction. Such 
a junction has already been encountered in the section describing the 
photovoltaic effect. There are several ways that such junctions can be 
prepared. If a crystal is grown from the melt by slowly withdrawing 
the solidified crystal, the change from p to n type is readily accomplished 
by suddenly adding an excess of donor impurities to the melt. Alter- 
natively, an alloy junction can be formed by placing a suitable metal in 
contact with a semiconductor, say indium wi 
heating them in a furnace until the metal melts. The molten indium 
dissolves the germanium in contact with it until the melting point of the 
solution equals the furnace temperature. Upon slow cooling, the molten 
region of the germanium crystal solidifies and retains the indium in solid 
solution. This region now is p-type whereas the host crystal was n-type. 
Alternatively, a semiconductor can be heated in the presence of a donor 
or acceptor gas so that these atoms can diffuse into part of the crystal 
to form a diffusion junction. Other procedures have also been developed 
and undoubtedly many more will follow. 

Since the density of electrons is larger in the n-type region than in 
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the p-type region, electrons on the n side of the contact diffuse into the 
p-type region where they recombine with free holes. As this process 
continues, the p side of the junction becomes negatively charged and the 
n side becomes positively charged until, at equilibrium, a potential 
barrier eVp deters further diffusion. The region on both sides of the 
contact is said to contain a space charge and is usually called the space- 
charge region or the transition region. At equilibrium, the Fermi energy 


SES 
p-type region ranger |. nape ses s 


Fic. 21, Energy-level diagram for a p-n junction. (See also Fig. 14.) 


has the same value throughout the entire crystal so that the energy-band 
model looks like Fig. 21. It is clear from this picture that the small 
number of thermally excited electrons occupying quantum states in the 
conduction band of the p-type region can flow “downhill into the n-type 
region. This produces a thermally generated current I, which is directly 
Proportional to the number of thermally excited electrons in the p-type 


SERD Np = en (Be Eo) kT : (60) 
where the superscript p denotes the energy values in the p-type region. 
At the same time, the number of electrons oceupying ie states in 
the conduction band of the n-type region is n, = ee p i These 
electrons can cross over into the p-type region and recombine with free 
holes there. To do this, however, they must be able to overcome the 
Potential barrier AE = E? — Ep. This produces a current J,, shown 
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INF 


p-type n-type 


Fic. 22. p-n junction. 


A. Energy-level diagram for a reverse bias. 
B. Energy-level diagram for equilibrium. 
C. Energy-level diagram for a forward bias. 


flowing to the left in Fig. 21. This current is proportional to the number 
of electrons that can surmount the energy barrier; that is, it is propor- 
tional to 

eUAEH(EC—Eo) kT = 9 (ERB o) (kT (61) 


But the right side of (61) is the same as that of (60). Consequently, at 
equilibrium, the current flowing to the right, given by (60), must equal 
the current flowing to the left, given by (61). The equilibrium situation 
is indicated by the two arrows drawn at the top of Fig. 21. 

Suppose that an external voltage is applied to the junction so that the 


p-type region is made even More negative with respect to the n-type 
region. The effect on the ba 


; ype region and the recombination 
current I, is very small. The so-called generation current I, is not 


particularly affected by the reverse bias, because the number of thermally 
excited electrons in the p-type region is not changed. The same energy 
relations apply to the currents produced by holes. The potential barrier 
due to a reverse bias limits the flow of holes from the p-type to the n-type 
region. (Remember that holes prefer to go “uphill.”) Thus I, for 
holes is reduced and J, remains unaffected, since the applied voltage does 
not alter the number of thermally generated holes appreciably. 

For comparison, the effect on the band model of applying a forward 

t By convention, V < 0 when the p side is negative and V > 0 when the p side is 


positive. Hence, when a reverse bias is applied, the potential barrier is 4E — (—|¥V1) 
=AE+V. 
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bias is shown in Fig. 22C. The thermal current J, again is not affected. 
Because the energy barrier is decreased by the applied voltage, J, increases 
according to the Boltzmann distribution law by a factor e*¥/*7, Since, 
at equilibrium, J, equaled J,, and since the value of J, is not changed, the 
increased current can be expressed by 


I, = I'T, (62) 


This relation applies to both the electron and hole currents and is repre- 
sented by a longer arrow in the direction of J, in Fig. 22C. 
The net current T is equal to the difference between the two currents, 


I, — I,, which, according to (62), can be written 


I, — I, = Ie" — I, 
= Toleta — ij. (63) 


If the combined current due to holes and electrons is represented by the 
so-called dark current Io, then (63) can be written in its more familiar 
formt 


I= IoleY!*T = tT: (64). 


It should be noted that (64) applies equally well to the case of a reverse 
bias. In such a case, the magnitude of eV is much larger, but since V is 
negative, eV/*T «1 when eV Z 4kT. This means that, when a reverse 
bias is applied, an increase in the applied voltage produces a saturation 
effect, at which point the current has the constant value — To. 
Transistors. Although a discussion of the device applications of 
semiconductors has been intentionally avoided in this chapter, the dis- 
covery of the transistor has had such a profound influence on semi- 
conductor physics as to place it in a category by itself. For this reason, 
a brief phenomenological description of the properties of transistors is 


given below. 

Historically, the first tra 
Brattain in 1949. It was cal 
known as a point-contacl transistor becau 


crystal to which two metal points were conni ; 
Suppose that the device shown in Fig. 23 consists of an n-type germanium 


crystal and is to be used as an amplifier. One of the metal points, called 
the emitter, is made positive with respect to the n-type crystal (forward 
ias) and the other point, called the collector, is made respectively negative 
reverse bias). The emitter injects holes into the crystal (note that these 
are minority carriers in an n-type crystal), and these holes are attracted 
i i z in the discussion of the photovoltaic 
Di ie pokisne OTa one that the applied voltage caused the 
Current to flow in the opposite direction from the photo-induced current. 


nsistor was discovered by Bardeen and 
led a type A transistor and later became 
se it consisted of a germanium 
connected, as shown in Fig. 23. 
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to the collector because of its large negative bias. The consequence of 
injecting a relatively small number of minority carriers is that there is a 
considerable increase in the current of the collector circuit and & corre- 
sponding voltage increase takes place. (Another way to see this is to 
note that the injection of holes creates a positive field in the space-charge 
region.) Thus this device acts as a power amplifier with a gain that can 
range up to a maximum value of about 100. 
Shortly after the discovery of the point-contact transistor, Shockley 
suggested that p-n junctions rather than metal-semiconductor junctions 
could be used in transistors. The resulting junction transistor has the 


— Saw i 
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= 


Fic. 23 


advantage of greater mechanical rigidity and is capable of attaining 
greater gains. Consequently, commercial transistors are normally 
made by arranging two junctions in the sequence P-n-p or n-p-n. The 
principles of operation are the same for junction transistors as for point 
contact transistors. Consider the n-p-n transistor Pictured in Fig, 24 
with the electrical connections arranged so as to form an amplifier, The 
n-type region on the left is called the emitter and contains many more 
donors than there are acceptors in the p-type region, which is called the 
base. Consequently, a much larger current of electrons flows into the 
base than the number of holes flowing in the reverse direction. The 
base is usually very narrow so that the electrons can easily diffuse across 
it into the n-type region, to the right, which is called the collector, In 
fact, in a properly made transistor, the collector current very nearly 
equals the emitter current. 

The energy-band model for a junction transistor can be readily con- 
structed by combining properly the energy-band models for two p-n 
junctions (Fig. 22), The resulting band model for an n-p-n arrangement 
is shown in Fig. 25A, when no external fields are applied, and in Fig, 25B, 
when the tert junction (n-p) is biased in a forward direction and the p-n 
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junction is biased in a reverse direction. Consider first, what hap- 
pens at the emitter-base junction. A relatively small applied voltage 
(V > 4kT/e ~ 0.1 volt) produces a large recombination current, accord- 
ing to (62). The increased number of electrons flowing into the base 
region reach the second junction without any appreciable loss in number 
due to recombinations in the p region. In fact, the-small voltage applied 
to the first junction is usually sufficient completely to saturate the base 


Input 
signal 


Output 
signal 


region, so that no electrons have to be injected by the electrode attached 
to the base. Since the second junction has a reverse bias, the electrons 
entering the collector (n-type region in Fig. 25B) are rapidly accelerated 
to the positive electrode. This results in a considerable voltage and 
power gain in the collector circuit. Because the forward impedance in 
the n-p junction is very small, while the reverse impedance in the p-n 
junction is quite large, the current flow across the first junction controls 
the amount of current flowing across the second junction. (In the 
absence of current flow across the n-p junction, a smaller current flows in 
the collector circuit because of electrons injected into the p-type region 
from the base electrode.) The increase in the collector current produced 
by the electron flow across the emitter-base junction, therefore, is the 


TAE ee 


Fig, 25, Energy-level diagrams for a n-p-n transistor. 


A. Before external voltages are applied. 
- After a forward bias has been applied 
applied to right junction. (See also Fig. 24.) 


to left junction and a reverse bias has been 
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basis of the amplifier action of this device. The fact that very small 
voltages and currents are required for their operation is one of the reasons 
why transistors.are preferred over vacuum tubes in many applications. 
Other reasons dre their much smaller size and virtually indefinite useful 


life. The chief limitation of transistors is their poor performance at 
elevated temperatures. 
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Exercises 


1, Assume that the conduction band and the valence band in an insulator both 
contain 102? quantum states/cm? and that all states in a band have the same energy- 
Show that in the intrinsic Tange n œ 1022 e~F,/4T, 

2. Assume that a germanium crystal contains 1 
0.010 eV). If the number of conduction electrons is 
number of vacant donor sites by 10's [1 — 

3. Derive the expression for Eo, for ho 
(21). 

4. Derive the expression for p by analogy to the derivation of n in equation (15). 

5. Calculate Ey for a germanium crystal containing 1018 phosphorus atoms/cm! at 
300°K. (Ionization energy for P is 0.0127 eV.) 


6. Calculate Eo for germanium containing 5 X 105 gallium atoms/cm? at 300°K. 
(Ionization energy for Ga is 0.0108 eV.) ` 


T. In germanium, the intrinsic electron density at 300°K is 2.5 X 10" cm™?. 
Assume that p = 50 ohm-cm and that the lowest impurity concentration that can be 
attained is 10!? impurities/om*. Can Ge be considered to be intrinsic at room tem- 
perature? (E; = 0.72 eV.) 

8. In silicon, the conduction electron density at 300°K is lA X Mtemi, Assume 
a value for intrinsic conductivity in silicon of (WW mho/cm and an impurity density of 

10% cm™. By analogy to Exercise 7, is this silicon crystal intrinsic at room temper 
ture? (E, = 1.09 eV.) 


0'6 donor atoms/cm? (Ea = 
given by equation (15) and the 
f(E. — 0.01)], what is the value of E; — Eo? 
les, by analogy to the derivation of relation 
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9. Assuming that intrinsic electron density in Ge at 300°K is 2.5 X 10!* cm~3, what 
is the value of ø in the intrinsic range? Use the values of mobility given just before 
equation (29). 

10. Using the values given just before equation (29) in the text, what is the intrinsic 
density of holes in silicon at room temperature? 

11. Suppose that a single crystal of germanium weighing 100 g contains 2 X 107! g 
of antimony in a random solid solution. What is the density of Sb atoms in this 
crystal? (The density of Ge is 5.46 g/em*.) Next, suppose that all these atoms are 
ionized. If the mobility of the electrons at room temperature is 3600 cm*/volt-sec, 
what is the conductivity of this crystal? What is the resistance of a prism 2 X 2 X 
20 mm cut from this crystal? 

12. Using the values given just before equation (29), what is the mean free time of 
an electron and a hole in germanium at room temperature? In silicon at room 
temperature? 

13. A dip in the transmission curve of silicon doped with boron is observed at liquid 
helium temperatures. If the dip occurs at a wavelength of 31.2 p, what is the energy 
level of a boron impurity? 

l4. Suppose that the prism-shaped crystal in Exercise 11 is irradiated by a pulse of 
light such that 1.70 X 10" photons are absorbed in the Ge crystal. Assuming a 
quantum efficiency of unity, that is, each photon absorbed produces one conduction 
electron, what happens to the resistance of the crystal following the irradiation? 

15. In the absence of an external light source, a potential of 20 volts is placed across 
the long direction of the prism-shaped Ge crystal in Exercise 11. What is the drift 
velocity of an electron in such a case? What is the transit time? 

16. A CdS crystal, 2 X 2 X 0.1 mm, is used as a photodetector. The electrodes 
are arranged at the two ends so that the receiving area is 4 mm? and the contact area 
is 0.2 mm?, Assume that electrons are the current carriers and that their mobility is 
100 cm?/volt-sec and lifetime is 107? sec. If the crystal is irradiated by violet light 
(A = 0.40 u) of 2 mv/cm! intensity, determine the following: 

(a) The number of electron-hole pairs generated per second, assuming quantum 


efficiency of unity. ate 
(b) The increase in the number of carriers in the crystal. 


(c) The transit time for electrons in the crystal. 

(d) The increase in conductivity in the crystal. s 
(e) The photocurrent produced if 100 volts are applied 
(f) The gain factor. 


to the crystal. 


17. Silicon, opaque when viewed with visible light, becomes transparent when 
viewed with feared light. Why is this not true of iron? Quantitatively, what can 
be inferred about the band model of a crystal which is transparent to visible light? 
To ultraviolet light? 


18. In describing trapping centers with the aid of the band model, the word deep 


State is used to denote a state far from the appropriate band res a sail kia 
for a state close to the appropriate band edge. Draw a ban uma a ee A at ypa 
crystal containing both deep and shallow electron traps. A on D oa 
shallow hole traps. How would a crystal containing deep and shallo 


w hole traps. Hi : a 
“a een miconductor-ntal contact with Ba < 8 
i 3 à go the energy-band 
chown in Fig 20B. Make two drawings showing sit BPESN ia t kect. 

Models when a reverse bias and when a forwsrd biss spplied = 
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20. The transition region in a p-n junction behaves as if it were an insulator that 
was inserted between a p-type and an n-type erystal. Using this model, draw an 
energy-band model showing the conduction and valence bands and the Fermi energy 
in the three crystals. 

21. Describe, in terms of holes acting as the charge carriers, what happens at a p-n 
junction when a reverse bias is applied. Repeat for an applied forward bias. 

22. Show a wiring diagram for a photovoltaic cell using a p-n junction. Show the 
polarity of the bias voltages and the direction of the currents. 

23. Draw the energy-band diagram for two metals that have different work func- 
tions separated by a very thin vacuum gap. Show what happens when a voltage is 
applied across the gap so as to make the metal with the larger work function (a) post- 
tive and (b) negative, 


24. With the aid of the energy-band model, explain the operation of a p-n-p 
transistor. 

25. When the voltage gain observed in a point-contact transistor is compared with 
similar values predicted by theory, the measured value is smaller than the predicted 
one. Bardeen explained this discrepancy by suggesting that there are traps which are 
localized along the surface of the crystal. Suggest several physical models to explain 
the origin of these so-called surface states. Why should the existence of surface states 
decrease the gain when the erystal is used as a transistor? 


13 


Structure of semiconductors 


Some of the most important properties of semiconductors were dis- 
cussed in the previous chapter. It is the purpose of this chapter to 
describe the crystal structures of some typical semiconductor crystals 
and to indicate how their structures are related to the properties of these 
crystals. The most important role that the structure plays, of course, 
is in determining the energy-band model of a crystal. Because the band 
model of all crystals consists of essentially similar energy bands, the 
extent to which the available quantum states in each band are occupied 
determines whether a crystal is classified as a conductor, semiconductor, 
or insulator. In a metal, the available states in at least one band are 
only partly filled. Conversely, in an insulator, all bands must be either 
completely filled or completely empty and the uppermost filled band is 
Separated by a forbidden-energy region from the lowermost empty band. 
A Semiconductor is a special case of an insulator in which this energy gap 
is relatively narrow so that thermally excited electrons can transfer from 
States near the top of the filled valence band to unoccupied states at the 
bottom of the conduction band. These so-called conduction electrons 
can be generated in still another way, namely, when a crystal contains 
Impurity atoms whose valence electrons have quantum states lying in the 
forbidden-energy band. Since these electrons require less energy to 
transfer to empty states in the conduction band, the same crystal can 
become conductive at lower temperatures, provided that it contains 
Such impurity atoms. In fact, it is possible to distinguish between an 
extrinsic temperature range, in which the properties of a semiconductor 
are modified by the presence of impurities as imperfections in the struc- 
ture, and an intrinsic range, in which the properties of a semiconductor 
are characteristic of pure ideal structure. : ee 

Tn addition to classifying a compound as a semiconductor, it is fre- 
ently of interest to decide whether a particular crystal has a real, 
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potential for possible utilization in device applications. A discussion of 
actual devices is considered to lie outside the scope of this book. At best, 
such a discussion can be only a status report because new applications of 
semiconductor properties are being constantly devised. Nevertheless, 
certain fundamental properties are required for virtually all device 
applications so that it is possible to assess the likely utility of a semicon- 
ductor material. These properties may be inherent in the pure material 
or they may be “built” into the semiconductor by proper manufacture 
of the crystals. For example, the conductivity of a crystal can be altered 
by introducing foreign atoms into the structure either in substitution for 
atoms normally present or in the interstitial positions of the normal 
structure. Similarly, other kinds of imperfections can be introduced 


tion of imperfections are given in this chapter. 

As discussed earlier in this book, many elements and compounds can 
adopt more than one crystal structure. Because the structure determines 
the band model, it is Possible that the same element (or compound) 


Fic. 1. Bonding model of diamond structure, 


| 
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behaves like a metal when it crystallizes in one form and like a nonmetal 
when it adopts another structure, for example, white and gray tin. 
Similarly, one polymorph may be an insulator and the other a semicon- 
ductor, for example, diamond and graphite. In all such cases, the 
structures of the semiconductor phases are described in this chapter. 


The elements 


Diamond structure. The elements carbon, silicon, germanium, and 
tin (gray) all crystallize with an identical crystal structure, the so-called 
diamond structure shown in Fig. 1. One of the interesting features of 
this structure is that normal to each a axis there is a glide plane whose 
glide componenis are $ + ? (0-3 + 5 org + i) In fact, the glide 
Operation is named after this structure the diamond glide d. (The space 
group of diamond is Fd3m.) The atoms in Fig. 1 are shown reduced in 
size so that the details of the structure can be better seen. Each atom 
is tetrahedrally coordinated by four like atoms, and the structure is most 
readily pictured as a stacking of sheets composed of continuously linked 


Fra. 2. Diamond structure. 
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“puckered” hexagonal rings of carbon atoms parallel to the ((111)) planes 
of the cubic crystal. This can be seen also in the dimensionally accurate 
drawing shown in Fig. 2, in which the top-front corner atom has been 
omitted from the drawing. The bonding between the atoms is pre- 
dominantly covalent in character and is due to sp? hybrid formation. 
The electron-pair bonds are strongest in diamond crystals and weakest 
in gray tin. This can be inferred directly from the decrease in the width 
of the forbidden-energy region, as shown below. 


C (diamond) Si Ge Sn (gray) 
Width of energy gap 7.0 1.09 0.72 0.08 eV 


There are several ways to express the relation between the width of the 
forbidden-energy region and the bonding in the diamond structure. The 
essence of the explanation is that the strength of the forces binding the 
valence electrons to their respective nuclei decreases in the order diamond 
> silicon > germanium > tin. The weaker this bonding becomes, the 
more metallike the properties become; that is, the valence electrons 
tend to resemble free electrons more and more. 

It follows from the above that diamond is an insulator at all ordinary 
temperatures, while silicon, germanium, and gray tin are semiconductors. 
Germanium is au intrinsic semiconductor at room temperature while 
gray tin, being unstable at room temperature, is an intrinsic semicon- 
ductor below its transformation temperature. It is interesting to note 
that the unit cell dimensions of these erystals, as indicated below, show 4 


steady increase that is due in part to the weaker binding and in part to 
the increased effective size of the atoms. 


C (diamond) - Si Ge Sn (gray) 
Cell edge a 3.56 5.42 5.62 6.46 A 
Interatomic separation 1.54 2.34 2.44 2.80 


Again note the rather abrupt change in going from carbon to silicon, 
whereas the cell edges and interatomic Separations in the three semicon- 
ductors are more similar. The short interatomic distance in diamond 
also explains why diamond has such a high melting point, hardness, and 
other properties determined by bond strengths. 

Of the four elements that crystallize with the diamond structure, tin 
can also crystallize to form the so-called white-tin structure described 
briefly in Chapter 11. In fact, this is the structure stable at room 
temperature, so that gray tin has to be crystallized at slightly lower 
temperatures. (The transformation temperature for tin is 13.2°C.) 
Similarly, carbon can crystallize with the diamond structure, the graphite 
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structure, and another modification as well. Actually, carbon is some- 
what unusual in that it can also exist in the solid state in a noncrystalline 
form called amorphous carbon or carbon black. 

Graphite structure. The structure of the other common poly- 
morphous form of carbon, graphite, is shown in Fig. 3. This modifica- 
tion of carbon is the stable phase at room temperature, very high pres- 
sures and temperatures being required to form diamond. Nevertheless, 
once formed, diamond is extremely 
stable at room temperatures also, 
because the transformation dia- 
mond — graphite is a reconstruc- 
tive transformation involving a 
change in bond type. The hexag- 
onal structure of graphite is some- 
what similar to that of diamond in 
that it consists of a parallel stack- 
ing of layers comprised of carbon 
atoms forming hexagonal rings. 
Unlike the puckered ((111)) planes 
of diamond, the atoms in the (0001) 
Planes of graphite all lie within the 
Same plane. The interatomic dis- 
tances in the plane are all equal 
(1.42 A). The planes, however, 
are spaced fairly far apart, so 
that the shortest interatomic dis- 
tance between the planes is 3.40 A. Fic. 3. Graphite structure. 

his immediately suggests that P 
the B eter ie plans is different from the bonding ee 
atoms of neighboring planes. It is believed that the carbon re sim 
ìn the (0001) plane form single electron-par bonds with eac he a y 
means of sp? hybrids. The fourth electron (the ground ae ole Can ni 
atom is 1s22s22p?) either resonates between three atoms me “4 nE 
Same plane (double-bond formation) or else forms a part-ume = TRE 
an atom in an adjacent layer. Note in Fig. 3 that only alterna he = 
în a ring can do this since only alternate atoms have nearest neig e i 
adjacent planes. Accordingly, the translation distance es p 

ese planes is equal to twice the interplanar spacing. (o=:0: $ 
3 noe A) 

© physi ties raphite 3 
of this eet aes T seed within a layer is strong, between 
ayers itis quite weak, so that graphite exhibits pronounced basal 
age, The resulting Aakmbss of graphite crystals accounts for its useful- 


can be readily explained in terms 
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ness as a lubricant and as the “lead” in pencils. The electrical and 
magnetic properties of graphite similarly show a marked difference when 
measured parallel and normal to the (0001) plane. For example, graphite 
can conduct parallel to the layers but not along the c axis. Careful 
calculations have shown that the conduction and valence bands actually 
touch at the corners of the Brillouin zone so that graphite can be con- 
sidered to be a semiconductor with a vanishing energy gap along certain 
directions of the crystal. This metallike behavior is directly related to 
the resonance of the fourth electron of each carbon atom, ; 

Recently, another modification of carbon has been reported. In this 
structure, the stacking of graphitelike layers is altered so that three 
layers are required to complete the stacking sequence along [000i] with 
the consequence that the hexagonal cell has a = 2.45 as before, 
„but c =$ X 6.696 = 10.044 À. By analogy to closest packings, 
this sequence is ... ABC... whereas the normal graphite sequence is 

--AB.... The third polymorph of carbon, therefore, is directly 
analogous to the diamond structure after the puckered (111) layers are 
flattened out and the interplanar separation is increased to 3.35 A. For 
reasons that will become apparent below, it is sometimes convenient tO 
choose a primitive rhombohedral cell to describe this form of carbon. 
(a = 3.635 A and a = 39.5°.) 

Complex structures. The structures of arsenic, antimony, and 
bismuth are closely related to the third form of carbon described above. 
Their primitive rhombohedral cells differ in size as indicated below. 


As Sb Bi C (3-layer graphite) 
Rhombohedral 
cell edge 4.123 4.498 4.736 3.635 A 
Rhombohedral 
angle 54.17 57.10 57.24 39.50 deg 


The observed increase in the interatomic Separations is responsible for 
the radically different physical properties. The bonding is predomi- 
nantly covalent although it apparently has a semimetallic nature which 


increases or, conversely, as the bond Strength decreases.) Other, les 
stable modifications of arsenic, antimony, and bismuth have bee? 
reported, but little is known about their properties. 

Sulfur and selenium can exist in several polymorphous modifications 
and in an amorphous state. Basically, their structures consist of ring’ 
or chains in which each atom has two nearest neighbors, as predicted bY 
the 8 — N rule, which suggests that the bonding is predominantly 
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covalent in character, Orthorhombic sulfur has a large unit cell con- 
taining 16 eight-member sulfur rings. The high-temperature form of 
sulfur is monoclinic and contains forty-eight atoms in a unit cell. The 
Polymorphous modifications of selenium are monoclinic and hexagonal, 
respectively. Red selenium is monoclinic and a virtual insulator like 
sulfur. The gray form of selenium has a small but measurable con- 
ductivity and can be safely classified as a semiconductor. Tellurium 
also has a structure composed of tellurium atom chains, and its structure 
1s quite similar to that of gray selenium. The unit cell dimensions of the 


two crystals are compared below. 


Se (hexagonal) Te (hexagonal) 


a 4.355 4.447 A 
c 4.949 5.915 Å 


The atomic chains spiral about the c axis, and the interatomic distances 
along the chain direction are 2.32 A for Se-Se, and 2.86 A for Te-Te. 
Although tellurium is properly classified as a semiconductor, it has a very 
high room-temperature conductivity, only about 10* less than that of 


Many metallic conductors. 


Intermetallic compounds 


General properties. The increased interest in semiconductors has 
led to the synthesis and study of a large number of crystals deemed suit- 
able to semiconductor applications. Among these, there is a large group 
of crystals that are composed of two (possibly three) metals or metalloids 
arranged in a specific crystal structure. Most of these structures are 
quite simple and are, in fact, isostructural with the structures of entirely 
Unrelated crystals. These so-called intermetallic compounds are analogous 
to other intermediate phases in alloy systems, with the distinction, 
however, that intermetallic compounds have more nearly covalent than 
Metallic bonding; hence, they are usually semiconductors rather than 
metallic conductors. It is possible to classify these compounds according 


to their structure type: 

re (Fig. 4) is a derivative 
lternate carbon atoms with 
it is a structure 
nd B may come 
II-VI, or I-VII, 
d InP. (Note 


m l. Sphalerite type. The sphalerite structu 
‘ructure of diamond, obtained by replacing a 
ne and sulfur atoms, respectively. Consequently, 
opted by a number of AB-type compounds where Aa 
= the following columns of the periodic table: IIL-V, 
®spectively. Examples are AgSb, HgTe, InSb, CuBr, an 
at the average valency per atom is 4.) 
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Fie, 4. Sphalerite (ZnS) structure. 


2. Fluorite type. These have the same struct , 
is adopted primarily by AB» compounds formed from elements lying in 
the second and fourth columns of the Periodic table. Examples are 
Mg.Si and Mg.Sn. 

3. Halite type. These have the same 
structure as NaCl (Fig. 6), which is 
adopted by AB compounds where -1 
and B may come from columns II, 
IV, and VI of the periodic table, for 
example, SnTe, CaTe, and MgSe. 

4. Complex types. This category 
includes all the intermetallic com- 
Pounds not already classified above. 
The structures of these compounds 
differ, depending on their composition. 
Examples are ZnSb (orthorhombic), 

Mg,Sb, (hexagonal), and AgTITe: 
Fic. 5. Fluorite (CaF) structure, (tetragonal), 

The bonding in these compounds is predomin 
mined by the 8 — N rule. Recently, 
has been postulated which is a mixturi 
types. According to the proposed me 


ure as CaF, (Fig. 5), which 
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atoms having incomplete shells are nearest neighbors. This leads to a 
modification of the 8 — N rule to 


Ne = 

te +b=8 (1) 
where n, is the number of valence electrons per formula unit; na is the 
number of elements from columns IV, V, VI, or VII of the periodic table; 
and b is the number of bonds formed by these clements with similar 


Fic. 6. Halite (NaCl) structure. 


my The applicability of this rule to some of the compounds described 
elow is left to the exercises at the end of this chapter. 
k Il-v compounds. The intermetallic compounds comprised of 
oe numbers of elements from the third and fifth columns of the periodic 
a are probably the first single group of intermetallic compounds to be 
Ea ied for semiconductor applications. Certainly, these so-called 
this ; compounds have been studied most extensively. The reason for 
silic interest is the similarity of these compounds to germanium and 
a he the two semiconductors best understood and most widely used 
€ present time, The similarity begins with their crystal structures. 
he III-V compounds crystallize with the sphalerite structure shown in 
ae 4. _ As can be readily seen, by comparison with Fig. 1, this is a simple 
ibe wa structure, derived from the diamond structure by the suppres- 
of certain symmetry operations. Since the coordination nuinber of 


362 Chapter 13 


each atom remains 4 (tetrahedral), it is reasonable to assume that, on an 
average, each atom also has four valence electrons. This suggests not 
only that the energy-band model of germanium and silicon is approxi- 
mately correct for these compounds but also that their other properties 
should be similar. That this is approximately the case can be seen from 
the comparison of their crystal duta given below, 


Si AIP Ge GaAs Sn InSb 
Unit cell edge a 5.42 5.42 5.62 5.63 6.46 6.48 
Interatomic 
separation 2.34 2.34 2.44 2.44 2.80 2.80 
Energy gap 
(300°K) 1.09 2.5(?) 0.72 135 0.08 0.17 eV 


The three intermetallic compounds listed above were selected because 
their constituent atoms bracket, in the Periodic table, the element pre- 
ceding them in the above table. 

Actually, only the crystallographic dimensions show a very close 
agreement. There are several 
reason, probably, is that the bonding in the intermetallic compounds has 
Some ionic character because o 
ments in the fifth column. The interatomic forces differ 
also, but these differences ar 
germanium, like diamond, cleaves most readily along the octahedral 
((111)) planes, This is a reflection of the layerlike structure of these 


A m?/volt-sec at room temperature. This is such an 


tr : l hat 1 crystals can be readily 
utilized in device applications. By comparison, the electron mobilities 
in germanium and silicon are 3600 and 300 em 


perature. These differences, rather than the si 


least two kinds of 
SiC formed and called them Type I and Type II, respectively. He 


also found that the crystals were electroluminescent, Type I crystals 


Structure of semiconductors 363 


pai ear a greenish-blue light, whereas Type II crystals emitted, suc- 
o one orenen yellow, green, and violet light as the applied voltage 
s a from 6 to 28 volts. Since then, it has been found that 
a me ide has other interesting semiconductor properties as well, 
nl — Eps of its photoconductivity, rectifying properties, 
e — a other properties has followed. In the process, a, 
iy er o polymorphous modifications of SiC have been prepared, 
pe one is cubic and is called B-SiC while all the others are hexagonal 
a - commonly called a-SiC. Different values for the energy gap 
et een measured in both forms, depending on whether electrical 
z uctivity or optical measurements were used. The energy-gap 
alues for the alpha and beta modifications are given below. 


a-SiC (hexagonal) 6-SiC (cubic) 


E, (electrical) 2.80 1.90 eV 

E, (optical) 6.0-6.2 6.0-6.2 eV 
eU between the values obtained from the two kinds of meas- 
A eine can be explained by postulating an energy-band model con- 
fining valleys” so that the minimum gap width corresponds to the 
oo. value and the maximum width exceeds the optical value. 
fee pon is consistent with the observed luminescence properties 
4 th en can be explained in terms of trapping centers lying at different 
epths in the forbidden-energy region. 
hk y he designation -SiC was given to t 
= the same structure as sphalerite (g-ZnS), shown in Fig. 4. The 
ength of the cubic cell edge is 4.34 Å so that the spacing between closest- 
Packed layers of SiC is 2.512 Å (=4.349/+/3). The alpha or hexagonal 


Table 1 
SiC polytypes 


he cubic modification because it 


Hexagonal cell dimensions 


Ttampdell’s | 


notation 
a c 
lira 

4H 3.073 Å 10.053 Å = 4 X 2.512 Å 

6H 3.073 15.079 = 6X 2.512 
15R 3.073 37.70 =~ 15 X 2.512 
21R 3.073 52.78 =~ 21x 2.512 
33R 3.073 82.94 = 38 X 2.512 
51R 3.073 128.18 ~ 51 X 2.512 


Pe + The numerical coefficient designates the number of layers in the stacking sequence 
the the last column). The letter H denotes that the hexagonal cell is primitive and 
e letter R signifies that the hexagonal cell is centered, the primitive cell being 


thombohedral. 
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modifications can then be described as different stacking Sequences of 
closest-packed layers. In fact, because the various polymorphs differ 
only in their stacking period, the term polytypes instead of polymorphs 
has been proposed to describe them. 

© More recently, L. $. Ramsdell has 
Proposed that the different types 
should be named according to the 
number of layers needed to com- 

plete the Stacking sequence. Some 
of the polytypes and their unit cell 

h Ô dimensions are listed in Table 1. 
It should be noted that other clas- 
sification schemes have been pro- 
7 posed also; however, Ramsdell’s 
notation describes the structural 
features most succinctly. The fact 
A Ô that only one type of closest pack- 
ing can have cubic symmetry 

whereas all others have hexagonal 


h 


a Symmetry (Chapter 3) explains why 
only the alpha modification can 

c exist in several polytypes. 

h E The reason why the particular 


polytypes listed in Table 1 occur 
and not others is not fully under- 

stood. Nevertheless, a certain reg- 
5 ularity in their Structures can be 
observed, For example, all the 

Stacking sequences consist of sets 
A bd of three and two repeat units of 
Fic. 7 which the sets of three occur most 

frequently, The occurrence of 
these so-called zz 


9249 sequences can be Seen best by considering the actual 
Stacking Sequences of some of the Polytypes shown below. 


6H .. .hechee. a 

15R .. -hechchechcheche. es 

83R .. “hechechechchcchcchechchecheche. fia 
The zigzag sequence in 6H, clearly, is 33; in 15R it is 39. and in 33R it is 
3332. These sequences can be observed in Sections parallel to (1120), as 
shown in Fig. 7 for the 4H Polytype. The Silicon atoms in this figure are 
represented by open circles and the carb 
The polytype formed most frequently is 6H, with 15 


Structure of semiconductors 365 


and 4H the third most common type. The crystals appear to grow by 
means of the spiral-growth mechanism described in Chapter 7. In 
fact, spiral-growth steps can be observed quite easily on SiC crystals 
because the very large c values make the step heights normal to the 
growing (0001) faces readily visible. A number of investigators have 
suggested that screw dislocations are also responsible for the formation 
of the various polytypes. Recently, Mitchell has suggested that all the 
polytypes can be arranged in three groups whose structures can be derived 
from the three most common polytypes, +H, 6H, and 15R, by screw dis- 
locations having Burgers vectors of appropriate length. It turns out, 
however, that a fairly large number of polytypes remain that do not fit 
into this scheme, It should be noted that the polytype most commonly 
formed in the absence of impurities is 6H, whereas polytypes such as 
51R and 141R and others occur when the melt contains a relatively large 
concentration of impurity atoms. This suggests that the impurities aid 
in the formation of dislocations which, in turn, lead to the formation of 
the more complex types. 


Sulfides 


Sulfides can be classified according to their crystal structure into 
three groups: 


l. Wurtzite and halite types. These binary sulfides are covalently 
bonded and usually have stoichiometrically accurate compositions, The 
wurtzite type frequently can also crystallize with the sphalerite structure; 
however, the latter modification is not commonly used in semiconductor 
applications. 

2. Other binary sulfides. The bonding in these sulfides is usually a 
mixture of covalent and ionic bonds with the result that it sometimes 
has a strong metallic character. The sulfides in this category are usually 
isostructural with simple AB- or AB2-type compounds. : 

3. Complex sulfides. The sulfides in this category include those with 
More complicated structures as well as the ternary sulfides. The bond- 
ing in these sulfides can range from nearly pure covalent bonds to more 
complex mixed types. 


The physical properties of sulfides probably include a wider assortment 


than can be found in any other single group of compounds. For example, 
there are sulfides that exhibit the properties of paramagnetism, diamag- 
hetism, ferromagnetism, antiferromagnetism,} or ferrimagnetism.+ On 
the basis of their composition, the sulfides that contain transition metals 
are of particular interest because they exhibit a large variation in prop- 


t Antiferromagnetism and ferrimagnetism are described in the next chapter. 
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erties. Since sulfur, like selenium and tellurium, can exhibit semimetallic 
properties, the compositions of many sulfides resemble closely those of 
intermediate compounds in alloy systems. Because sulfides are not 
metals, however, this compositional variation merely accents the variety 
of properties that sulfides can and do have. Therein also lies one of 
their limitations for device applications. It is often extremely difficult 
to prepare materials that are either acourately stoichiometric or free of 
unintentionally included foreign atoms. Because of this, most naturally 
occurring sulfides cannot be used in careful investigations. On the 
other hand, the synthesis of sulfides is 
complicated by the relatively low vapor 
pressure of sulfur. Nevertheless, suc- 
cessively more attention is being turned 
toward investigating sulfide semiconduc- 
tors because of their real potential utility. 

Wurtzite and halite types. Wurt- 
zite is the name given to the hexago- 
nal modification of zine sulfide. The 
crystal structure of wurtzite is illustrated 
in Fig. 8 and, as can be seen by com- 
Parison with the sphalerite structure 
Fic. 8. Wurtzite (ZnS) structure, Shown in Fig. 4, the two polymorphs 


differ only in the stacking sequence of 
the sulfur tetrahedra layers. If the sequence is ...AB..., the hex- 


agonal wurtzite structure results; if it is ...ABC.. ., then the cubic 
sphalerite or zine blende structure results. Both structures have 
similar interatomic distances and, hence, binding energies, so that the 
energy gaps are also quite similar. The greater ease of preparing the 
hexagonal form of ZnS and particularly of CdS, the two most com- 
monly used sulfides in this group, has focused attention on the wurtzite- 


type sulfides. The Similarity of these sulfides can be seen from the 
information tabulated below. 


ZnS ZnS CdS Cds HgS 
(hexagonal) (cubic) (hexagonal) (cubic) (cubic) 
Interatomic 
separation 2,33 2.36 2.52 2.52 253 Å 
Energy gap 3.55-3.70 3.60-3.64 2.38-2.48 a ey 


The veriation in the cnergy-gap values listed above is due to variations in 
the methods used to determine the gap width. Note that, as in other 
semiconductors, the substitution of a heavier metal atom Iicrenseà the 
interatomic separation and decreases the energy-gap width. 
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The similarity of the structures of the two polymorphous modifications 
has a very interesting consequence. The c/a ratio for both ZnS (1.63) 
and CdS (1.62) is very nearly that for an ideal hexagonal closest packing. 
Accordingly, it is not surprising that closest packings with other sequences 
can also occur. In the case of ZnS, a large number of different closest 
packings, having tens of layers in the stacking direction, have been 
reported. (Some of the ZnS polytypes are similar to the SiC polytypes 
discussed in the previous section.) None have so far been observed for 
CdS. This is not too surprising since the bonding in the heavier metal 
sulfide is weaker. Note that the stronger the bonding between nearest 
neighbors in these closest-packed structures, the more polytypes are 
formed. Thus SiC forms the strongest bonds and the most polytypes 
whereas closest-packed metals form the least. It may well be, however, 
that factors other than the bond mechanism determine polymorphism. 
For example, zinc sulfide has a much greater affinity for interstitial and 
substitutional impurities. As already shown in the case of silicon carbide, 
it is possible that the presence of impurities may be responsible for 
initiating the formation of the polymorphs in ZnS. k: 

The sodium chloride or halite structure shown in Fig. 6 is adopted by 
several alkaline-earth and rare-earth sulfides. In addition, it is the 
structure of lead and tin sulfides, selenides, and tellurides. These com- 
pounds, like the zinc and cadmium sulfides, are particularly useful semi- 
conductors because they are good photoconductors. It will be recalled 
that photoconductivity is the phenomenon whereby a semiconductor is 
rendered conducting when irradiated with electromagnetic radiation 
whose energy is sufficiently large to excite valence electrons to quantum 
states lying in the conduction band. For example, PbS, PbSe, and PbTe 
crystals can be used as detectors of infrared radiation. As in all such 
isomorphous semiconductors, the energy gap of the crystals decreases 
upon substitution of heavier atoms. In fact, it is possible to grow solid- 
Solution crystals in which the energy gap varies continuously from one 
end of the crystal to the other, in direct proportion to the concentration 
gradient of the heaviest metal atom present. The variations in the 
energy-gap width of PbS, PbSe, and PbTe are compared below. 


PbS PbSe PbTe 


Interatomic separation 2.96 3.07 317 A 
Energy gap 0.40 0.31 0.25 eV 


Binary sulfides. The sulfides in this category exhibit a variety of 
Properties and hold forth great promise for future semiconductor applica- 
tions. The sulfides whose already known properties suggest them for 
Primary consideration are the compounds containing transition metals: 
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These sulfides crystallize in many different crystal structures, some of 
which are known and others are not. They bear certain resemblances to 
transition-metal oxides, and yet there are many more differences between 
their properties than there are similarities. This can be partially 
explained by comparing Pauling’s electronegativity values, which are 
2.5 for sulfur and 3.5 for oxygen. 
Accordingly, the bonding in sul- 
fides has less ionic character than 
is present in the structurally re- 
lated oxides. Furthermore, the 
sulfides often crystallize in two 
or more polymorphous modifica- 
tions. Their stoichiometric com- 
positions also do not bear a simple 
relationship to the number of va- 
lence electrons present. Thus, 
for example, perfectly stable sul- 
fides can have compositions like 
FeS2, SbS3, CoS, Cr¢S;, CuS, 
CosSs, CusSs, NiS, Cu:S, ete. 
Fio. 9. Nickel arsenide (NiAs) structure, This similarity to intermediate 
The dark spheres represent Ni and the light phases encountered in metal alloys 
spheres As. Although not immediately is undoubtedly due to a resonance 


apparent, note that the dark spheres are between covalent and ionic bond- 
arrayed in a hexagonal closest packing. ing, with the result that the valence 
(This becomes more apparent if neighbor- : 


ing unit cells are considered.) electrons aro not localized in the 
vicinity of individual atoms but 


occupying all the octahedral voids. 
selenides, tellurides, stannites, and 
metals also crystallize with this structure. 


of atoms Present, which also aids in 
(Sulfur has 6-fold coordi- 
This, in turn, is the probable 
stable over a fairly wide com- 
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Position range. For example, FeS crystallizes with the nickel arsenide 
structure with an iron content that can vary from 43.8 to 50 atomic per 
cent. The crystal having the correct stoichiometric ratio of 50 atomic 
per cent Fe is antiferromagnetic. In the composition range 50-46} 
atomic per cent Fe it is paramagnetic, and in the range 45-43.8 per cent 
Fe it is ferromagnetic. For intermediate compositions between these 
two ranges, iron sulfide has an anomalous magnetic behavior which is 
believed to depend on the arrangement of the cation vacancies in the 
FeS structure. The ordering of these vacancies is also believed to be 
the reason why iron sulfide adopts a structure that is different from the 
NiAs structure at certain compositions. Although at least two poly- 
morphous forms of FeS are recognized, the elucidation of the exact 
nature of the polymorphism must await the determination of the exact 
crystal structures of these modifications. Similarly, nickel sulfide also 
crystallizes in a polymorphous modification, the so-called millerite 
structure, in which both nickel and sulfur have 5-fold coordination. 

By comparison, MnS can crystallize with either the halite, sphalerite, 
or wurtzite structure, all of which are antiferromagnetic at room tem- 
Perature, As the name implies, antiferromagnetism is a phenomenon 
that is inversely related to ferromagnetism and is caused by an anti- 
Parallel alignment of spin moments in neighboring atoms so that no net 
Magnetization is possible. HgS can crystallize with either a hexagonal 
structure in the mineral cinnabar or with the sphalerite structure in the 
mineral metacinnabarite. The structures of SnS and GeS have different 
arrangements which can be derived, however, by suitably distorting the 
sodium chloride structure. The structures of PtS and PdS are of interest 
because the noble-metal atoms, in both structures, are coordinated by 
four sulfur atoms which are coplanar with the metal atoms. The struc- 
ture of platinum sulfide is shown in Fig. 10, and the square bonds formed 
by platinum are clearly visible therein. These unusual bonds are formed 
by dsp? hybrids and are strongly covalent in character. It is reasonable 
to expect, therefore, that both of these crystals should prove to have 
interesting semiconductor properties. 

Complex sulfides. Iron disulfide, 
related structures as the minerals pyrite and marcasite. 
Chapter 1.) These compounds are of interest because they contain 
Pairs of sulfur atoms that are very close to each other, almost as if they 
formed S; molecules in these compounds. The iron atoms in both struc- 
tures have octahedral coordinations, and the pyrite structure can be 
likened to the halite structure shown in Fig. 6 by substituting Fe for Na 
and S, pairs for Cl. These compounds are more nearly insulators than 


Semiconductors, however. 
The structures of most other sulfides are more complex. 


FeS», crystallizes in two closely 
(See Fig. 2 of 


The struc- 
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tures of CuFeS: and Cu2FeSnS, and their derivation from the sphalerite 
structure have already been discussed in Chapter 4. Many other 
sulfides, including CuFe.S;, CuSbS., CusSbS;, CuzAsSs, to name just a 
few, are similarly based on three-dimensional networks of sulfur tetra- 
hedra. The structure of cubanite, CuFe.S;, is of some interest because 


Fie. 10. Bonding model of PtS structure. 


the sulfur tetrahedra containing iron share a common edge. The result- 
ing shortening of the Fe-Fe separation allows direct interactions between 
the spin moments of these atoms, with the result that cubanite is weakly 
ferromagnetic. A very large number of sulfides, such as the two poly- 
morphs of Ag2S or compounds like 7PbS-6Sb283, are not discussed in 
this chapter because not only their semiconductor Properties but also 
their crystal structures are not fully known. Sulfides, therefore, con- 
stitute one of the few remaining groups of solids that are relatively 
unexplored and unexploited. 


Oxides 


The similarity between transition-metal oxides and their sulfides has 
been pointed out in the previous section. In both cases, the crystal 
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structures usually consist of either a hexagonal or cubic closest packing 
of anions in which the cations occupy either octahedral or tetrahedral 
voids, The differences between such pairs of compounds arise primarily 
because oxygen is more electronegative than sulfur. Consequently, the 
bonding in most metal oxides is predominantly ionic. (Some exceptions 
such as silicates, in which the bonding is believed to be 50 per cent 
covalent, are further discussed in Chapter 15.) Because the ionic bond 
is very strong and does not involve the sharing of electrons by two or 
more atoms, the electronic conductivity in ionic compounds is usually 
negligibly small. In this book, therefore, such compounds are classified 
as insulators. The transition-metal oxides, on the other hand, can 
become electronic conductors by having compositions that deviate from 
the stoichiometric ratio. One way that this can happen is through loss 
of oxygen by the crystal, with the result that the structure contains an 
excess of metal ions. To preserve charge neutrality, the extra electrons 
are usually located in the anion vacancies. These electrons occupy 
quantum states lying in the forbidden region so that the electrons can 
readily transfer to states lying in the conduction band. Some of these 
so-called defect structures are further discussed in this section. 

Binary oxides. The oxides of some of the metals in the first long 
Period are the only oxides belonging to this group that are discussed in 
this chapter. Iron and manganese form a series of compounds at differ- 
ent stoichiometric ratios, for example, FeO, Fe:0;, and FesO., of which 
Fe:0; is dimorphic, crystallizing with a structure similar to the ilmenite 
structure, described in the next section, or the spinel structure also 
described in the next section. The latter polymorph is called y-Fe.03 
and is a defect structure having deficiency of iron. The monoxides of 
manganese, iron, cobalt, and nickel have the sodium chloride structure, 
and FeO usually has a deficiency of iron atoms. All these crystals 
become semiconductors when deviations from stoichiometry occur. The 
way that this can happen is described for the case of ZnO, NiO, and Cu,0 
crystals below. 

Stoichiometric zinc oxide is an insulator that crystallizes with the 
wurtzite structure, shown in Fig. 8, to form transparent needle-shaped 
crystals. As can be seen in Fig. 8, the structure contains large voids 
which can easily accommodate interstitial atoms. Consequently, it is 
virtually impossible to prepare really pure crystals so that the room- 
temperature resistivity of very carefully grown crystals ranges between 
1 and 100 ohm-cm. When these crystals are heated, they tend to lose 
oxygen. In fact, if they are heated above 1000°C, they become yellowish 
in color following a brief annealing period at 1000°C. It is believed that 
the coloration is due to the diffusion of the zinc atoms left on the surface 
into the interstitial sites in the crystal. In order to test whether the. 
excess zinc atoms actually do go into interstitial sites, other experiments 
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have been conducted in which the “pure” crystals were placed in an 
atmosphere containing zinc vapor and heated to various temperatures, 
causing some of the vaporized zinc to diffuse into the crystal thereby. 
After such treatments, an increase in the conductivity of the crystal 
is observed. Although the processes occurring in both cases are undoubt- 
edly similar, it is easier to see what happens when a crystal loses oxygen 
upon heating. In the crystal, oxygen exists in the form of 0-? ions but, 
when it escapes, it does so as neutral O atoms which pair up to form O% 
gas. Consequently each departing oxygen atom leaves two electrons 
behind. ‘There are three ways that these excess electrons can be accom- 
modated in the crystal. One possibility is that both electrons combine 
with a Zn*? ion to form a neutral Zn atom according to the reaction 


ZnO —> Zn? + ©". (2) 


Alternatively, one or both of the electrons may occupy empty quantum 
states in the conduction band of the crystal and lead an existence that is 
essentially divorced from the zinc atoms. This can happen in two ways. 


ZnO > Zn! + 0+0 (3) 
ZnO > Zn*? + 09+ 29 (4) 


where © denotes a conduction electron. 

Density measurements and radioactive tracer studies indicate that the 
excess zinc atoms enter interstitial sites in the crystal. The increased 
conductivity of the crystals implies that these zine atoms are not elec- 
trically neutral. If the process in (2) is operative, this means that the 
conduction electrons come from initially neutral zinc atoms. Here, 
again, there are two possibilities, namely, that each interstitial zinc atom 
contributes, on an average, one or two electrons. It is unlikely, however, 
at the elevated temperatures at which the interstitials are created, that 
such neutral atoms are formed to any large extent. Hence, the con- 
ductivity must be explained by either (3) or (4). Pecause the ionic 
mobility is many orders of magnitude smaller than the electronic mobility, 
the conductivity can be considered to be due to the conduction electrons 
alone. This means that it should be possible to determine which of the 
two processes-is operative from conductivity measurements at elevated 
temperatures. In the temperature range 500 to 700°C, it has been shown 
that the formation of Zn+! ions predominates. At lower temperatures, 
the presence of additional impurities, inadvertently included in the 
original crystal, complicates the analysis of the conductivity data. In 
fact, recent Hall-effect measurements have shown that hydrogen and 
lithium donors behave just like interstitial zinc in increasing the con- 
ductivity. The name electron-excess semiconductors has been proposed 

for these crystals. 
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A related change in the conductivity is observed in transition metals 
crystallizing with the halite structure shown in Fig. 6. The atomic 
mechanism responsible for the conductivity, however, is different. 
Whereas it is observed that the conductivity of a nonstoichiometric ZnO 
crystal decreases when it is placed in 2n oxygen atmosphere at elevated 
temperatures, the conductivity of NiO, for example, increases under 
these conditions. The increas in the conductivity of nickel oxide, 
therefore, must be due to tne absorption of oxygen by the crystal. 
Because the interstices in the halite structure are too small to accom- 
modate the large oxygen atoms easily, it is most likely that the absorp- 
tion of oxygen is accompanied by the formation of cation vacancies. 
In order to become an integral member of the NiO structure, each 
oxygen atom enters the crystal as an O-* ion. Charge neutrality is 
preserved, therefore, by the creation of an equal number of Nit? vacan- 
cies. The electrons that combine with the absorbed oxygen to form O-? 
ions must come from among the electrons already present in the crystal. 
This means that holes are created in the valence band of such a crystal. 
This is confirmed by Hall-effect measurements which show that the con- 
ductivity in NiO is primarily due to positive-current carriers. Because 
the motion of vacancies requires atomic movements, the mobility of holes 
is much greater than that of the vacancies and the observed current is 
produced by the holes. 

A similar process is operative in Cu.0. The conductivity of cuprous 
oxide, like nickel oxide, increases with increasing oxygen pressure. This 
means that the conductivity is due to an excess of oxygen atoms or, 
restating this, due to a deficiency of copper atoms. What apparently 
happens is that the copper atoms diffuse to the surface of the crystal 
where they recombine with oxygen atoms from the atmosphere. Each 
departing copper atom leaves behind a cation vacancy and a deficiency 
of one electron. The resulting hole can be trapped at such a vacancy 
and, as shown previously, can act just like a conduction electron when 
thermally excited. The name electron-defect semiconductor has been 
proposed for such crystals. 

Complex oxides. The crystal structure of Fe20s is similar to that of 
the so-called ilmenite structure shown in Fig. 11 except that all the metal 
atoms are alike. The ilmenite structure (Fig. 11) is adopted by a large 
number of mixed transition-metal oxides, for example, FeTiOs, NiTiOs, 
CoTiO;, and others. Because the relatively more stable titanium ion 
has a charge of +4, the other transition-metal ions are divalent in this 
structure so that the average metal valency is +3, the same as the 
valency of iron in Fe:0;. It is possible to substitute pairs of metal atoms 
in this structure in any ratio, provided only that the average valency of 
such pairs is +3 and that the usual rules governing substitutional solid 
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solutions are obeyed, for example, (Cu,Ti):Fes.O3. (See Chapter 4.) 
Although the conductivity in such crystals can be due to either a defi- 
ciency of oxygen atoms or a deficiency of metal atoms, depending on the 
composition, it has been shown that the crystals are usually p-type 
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Fic. 11. Ilmenite (FeTiO;) structure. The oxygen octahedra surroun aingaxesintel 
atoms are shown for the unit rhombohedron. Note that Fe+? and Tits segregate 
into alternate layers normal to the 3-fold axis. [If all the metal atoms are the same, 
then this becomes the hematite (Fe203) or corundum (A1204) stricture] 


semiconductors. Thus they must be electron-defect semiconductors 
like NiO and Cu:0. 

A large number of oxides having the general formula AB,O, crystallize 
with the spinel structure shown in Fig. 12. The structure consists of 
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oxygen atoms arranged in a cubic closest packing, the cubic unit ceil 
containing thirty-two oxygen atoms. The metal atoms are distributed 
among the tetrahedral voids (A atoms) and octahedral sites (B atoms). 
The space group of a spinel is Fd3m, and the sixty-four available tetra- 
hedral sites in this structure give rise to two sets of equipoints of rank 8 


Fic. 12. Spinel (MgAl:O,) structure. The origin of the outlined unit cell has been 
placed in a tetrahedral void of the oxygen closest packing occupied by Mg. 


and one set of equipoints of rank 48. Similarly, the thirty-two octahe- 
dral voids can be divided into two sets of equipoints of rank 16. If the 
origin of the unit cell is placed at one of the tetrahedral equipoints. of 
rank 8, then the octahedrally coordinated B atoms occupy the equipoints 


given below. (See Fig. 12.) 

A atoms in (a) 000; 344; ete. 

B atoms in (d) $$$; $835 F535 FHF; ete. 

O atoms in (e) zxz; E82; fet; F302; —2x,¢—2,¢—Z}4¢—2,¢4+2, 
+ ag+ 2, Fo, $4235 + a, F+ a, $ — 2 ete., 


where x = § for an ideal closest packing. 
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The distribution of the cations among the tetrahedral an 1 octahedral 
sites is of interest. The spinel structure is adopted by a large number of 
crystals having a variety of atoms present in different ratios. Never- 
theless, it is possible to divide these compounds into groups according 
to their composition, commonly called aluminates, MeAl:O4; ferrites, 
MeFe.0.; titanates, MesTiO;; and so forth. The true nature of the 
bonding that exists between the atoms in these structures is subject to 
controversy; however, everyone agrees that it is predominantly ionic in 
character. As discussed below, the controversy is limited primarily to a 
few compounds in which it is believed that the bonding may be pre- 
dominantly covalent in character. According to the compositional 
formula AB2O., the total positive charge of the three cations must 
equal +8. It is possible to satisfy this condition by combinations of 
divalent and trivalent ions, or divalent and quadrivalent ions, ete. 
These are usually designated as 2-3 spinels, 2-4 spinels, and so forth. 
At first glance, it may appear that the natural distribution of cations in, 
say, a 2-3 spinel is to place the divalent ions in the tetrahedral sites and 
the trivalent ions in the octahedral sites. This is, indeed, the structure 
adopted by many compounds, such as ZnFe.0,4, for example, and is 
called a normal spinel structure. It is also possible, however, to dis- 
tribute the cations in another way. In MgFe.0,, for example, the 
tetrahedral sites are occupied by Fe? ions and the octahedral equipoints 
are statistically shared by Mg*? and Fe+? ions. Such an arrangement is 
called an inverse spinel structure and is best represented by the struc- 
turally correct formula B(AB)O,. 

The structure of magnetite, Fe30u, is believed to be of this type. The 
structural formula, therefore, is written Fet?(Fet?Fe+s)Q,, Magnetite 
is a semiconductor at room temperature with a gap width of 0.05 eV. 
Unlike the other transition-metal oxides discussed above, the conduc- 
tivity in Fess is not due to either cation or anion deficiencies, Instead, 
it is believed that the conductivity comes about by an exchange of elec- 
trons between Fe*# and Fe+? ions occupying octahedral sites į 
structure. Deviations from Stoichiometry in F, 
conductivity to decrease, Furthermore, below 120°K, the conductivity 
decreases abruptly and, below 115°K, the gap width increases discon- 
stone the stabeah Tas Probably duo to an ordering among th 

ahedral positions and a consequent decrease in the ease 
of electron exchange between them. This transformation causes the 
symmetry of Fe;0;, to become orthorhombic below — 158°C, 

By comparison, the mineral hausmannite, Mn,0,, is an insulator at 
room temperature. The crystal structure of hausmannite js quite 
similar to the cubic spinel structure except that two of the a axes of the 
pseudo cube are slightly shorter than the third so that the crystal is 
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actually tetragonal (c/a = 1.16). Above 1025°C, the crystal structure 
becomes cubic, and the conductivity increases markedly. The tetragonal 
distortion of hausmannite and structurally related manganates such as 
ZnMn.0O, has been variously attributed to an ordering of Mn+? and 
Mn* ions, assumed to be occupying octahedral sites in an inverse 
2-4 spinel, and to the formation of covalent bonds in a normal 2-3 spinel. 
According to this postulate, the manganese atoms in octahedral sites are 
believed to form square dsp? hybrid bonds which tend to orient themselves 
parallel to each other. This has the effect of lengthening the Mn-O 
distance normal to the plane of the square bond and is believed to cause 
the tetragonal distortion. 

Recent neutron diffraction experiments with structurally related 
cobalt and nickel manganates seem to support this view. Nickel atoms 
occupy octahedral sites and cobalt atoms occupy tetrahedral sites in the 
spinel structure. Because both of these metals are more stable in their 
divalent states, it is expected that, when divalent cobalt is substituted for 
divalent manganese in the tetrahedral sites, the tetragonal distortion 
should not be affected. Except for small variations in the c/a ratio, 
this is, indeed, the case in (Mn,Co;)Mn20, and CoMn:04. Conversely, 
when divalent nickel is substituted for the hybrid-forming manga- 
nese atoms in octahedral sites, it randomizes the orientation of these 
bonds sufficiently to destroy the tetragonal distortion. Consequently, 
Mn(NijMn,)O, and Mn(NiMn)O, have cubic symmetry. Similarly, 
(Mn,Co,)(NiMn) 0s is also cubic. 
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Exercises 


1. Explain the relationship between interatomic distances in a crystal and the 
width of the forbidden-energy region in its energy-band model. 
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2. Using the modified 8 — N neighbor rule of relation (1), classify the following 
compounds as semiconductors or not, depending on whether they obey the modified 
rule: InSb, Mg2Sn, SnS:, CuS, Co:Sa, AIP, and GaAs. (Assume that similar atoms 
do not form bonds with each other.) 

3. Certain intermetallic compounds have the antifluorite structure in which the 
cation has 4-fold coordination and the anion 8-fold coordination. For what values 
of the radius ratio. do you expect ionic compounds to adopt the fluorite structure? 
The antifluorite structure? The wurtzite structure? 

4. Make a drawing of the structure of the 15R polytype of silicon carbide showing a 
cross section parallel to (1120). What is the zigzag sequence in this structure? 

5. Starting with the structure of the 6H polytype of SiC shown in Fig. 7, show 
how it can be altered by dislocations to give the 332 polytype. What is the zigzag 
sequence in a 33R polytype? 

6. Why do you think it is that wurtzite containing excess zinc does not behave like 
an electron-excess semiconductor? (Hint: Compare the bonding of ZnS and ZnO.) 
What do you think the energy-band models of these two crystals are like? 

7. Describe the step-by-step mechanism whereby excess oxygen atoms are absorbed 
by NiO, accompanied by the formation of Ni*? vacancies. To begin, assyme that 
neutral oxygen atoms are adsorbed on the surface of a stoichiometrically pure NiO 
crystal. j 

8. The phenomenon of ferrimagnetism is named after the ferrites in which it is often 
observed. It occurs whenever a larger number of ferromagnetic atoms have electrons 
with parallel magnetic moments than the number of antiparallel moments present, 
It is thus like ferromagnetism except that not all the moments are parallel. Suppose 
that the moments of all the Fe*? ions in NiFe.O, are parallel and those of Ni*? are 
antiparallel. What is the relative orientation of the magnetic moments in the 
octahedral and tetrahedral sites if NiFe.0, has the inverse spinel structure? Normal 
spinel structure? ` 

9. Magnetite has the structural formula Fet:(Fetap, 
Suppose that the divalent and trivalent iron atoms ord 
that alternate atoms in the (001) plane are divalent. 
symmetry in this case, (See Fig. 12.) 


e*3)O, at room temperature. 
cr at a lower temperature so 
Show what would happen to the 
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Properties of insulators 


The energy-band model of an insulator is not unlike that of a typical 
semiconductor except that the forbidden-energy region separating the 
conduction band from the valence band is much larger, of the order of 
several electron volts. Although insulator crystals may contain impuri- 
ties, the prospective donor or acceptor states have energies that are 
sufficiently far removed from the band edges so that their contribution 
to conductivity at ordinary temperatures is negligibly small. As dis- 
cussed elsewhere in this chapter, conductivity can occur by means of the 
diffusion of atoms, or, more correctly, ions, through the crystal. Ions 
have much lower mobilities than electrons so that the Hall effect, which 
is proportional to the charge-carrier mobility, is very much smaller for 
such crystals than for semiconductors. In fact, for purposes of classi- 
fication, it is convenient to distinguish semiconductors from insulators 
on the basis of whether the Hall effect of the crystal can be measured or 
not. 

Another way of describing an insulator is to note that the electrons are 
so tightly bound to the atoms that at ordinary temperatures they cannot 
be dislodged either by thermal vibrations or with ordinary fields. The 
negative and positive charges in each part of the crystal can be considered 
to be centered at the same point, and, since no conductivity is possible, 
the localized charges remain that way essentially forever. When an 
electric field is applied to the crystal, the centers of the positive charges 
are slightly displaced in the direction of the applied field and the centers 
of the negative charges are slightly displaced in the opposite direction. 
This’ produces local dipoles throughout the crystal, and the process of 
inducing such dipoles in the crystal is called polarization. The dipole 
moment induced in a unit volume of a polarized insulator can be con- 
sidered as the average of the dipole moments of all the atoms in that 
unit volume, and the ratio of the induced dipole moment to the effective 
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field is called the polarizability of the atom. It is possible that certain 
groups of atoms (complex ions or molecules) already possess permanent 
dipole moments. In crystals containing such atomic groups, an external 
field has the effect of orienting the dipoles parallel to the field direction. 
In the absence of an external field, the dipoles are randomly oriented 
because of their thermal motion so that the crystal has a zero net moment. 
The polarization of these so-called polar crystals is strongly temperature- 
dependent since, even in the presence of an applied field, thermal motion 
tends to randomize the dipole orientations. On the other hand, the 
polarization of nonpolar crystals is independent of temperature since, 
in the absence of an external field, no dipoles exist in the crystal, The 
‘temperature dependence of polarization, therefore, can be used to dis- 
tinguish polar insulators from nonpolar insulators. 


Electrical properties 


Dielectric properties. When a voltage V is applied to two parallel 
metal plates, a charge whose magnitude is proportional to the voltage 
develops on each plate according to 


Q=cV. a) 


Here C is called the capacitance of the parallel-plate capacitor and is 
determined by: the area of the plates A and the separation of the plates J. 


a (2) 


where eo is the permittivity of empty space. Relation (2), therefore, 
applies only if the two plates are separated by a vacuum. Insertion of an 
insulator or dielectric material between the plates increases the capaci- 
tance without altering the charge on the plates. According to ( 1), there- 
fore; this increase in the capacitance must be accompanied by E corre- 
sponding decrease in the potential difference between the plates. When 
all space between the two plates is filled by the dielectric material, the 
capacitance is increased by a factor x, called the dielectric constant of the 
material. It is often convenient to express the increase in capacitance 
by another factor e, the permittivity of the material, since according to 
elementary electrostatic theory 
ap 
-5 (3) 


where D is the electric displacement or flux density and & is the electric 
field intensity. The relationship between x, and ¢ is given by 


e = Keo. (4) 
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If cgs electrostatic units are used, ¢ = 1 and e = xe. If MKS units are 
used, however, eo = § X 10-1! farad/m.t Since the difference between 
the two systems of units involves the introduction of electric charge as a 
fundamental physical quantity, it is necessary to exercise care in applying 
these relations to actual calculations. The relations between these two 
systems are described further in Appendix 2. Because the magnitude 
of the dielectric constant x. is not affected by the units used, the egs 
electrostatic units are used in this book, so that eo = 1. 

The observed increase in the capacitance of a parallel-plate capacitor, 
when a dielectric material is inserted between the plates, is due to a 
decrease in the electric field inside the dielectric. This, in turn, is due 
to the electric field of the dipoles, which are induced inside the material, 
and can be expressed by a polarization density P which is defined as the 
total dipole moment induced in a unit volume of the material. If the 
capacitance of the vacuum capacitor is denoted Cys. then the new capaci- 
tance is C = K.C and the decreased field in the presence of a dielectric 
is & = (1/k,)&ssc. The polarization density is a measure of the change in 
the capacitance (or field), so that 


Pit Ogg = E 
Evae _ E 
~ Ge” Se ©) 
6 
= (ke — VE 


or, by rearranging the terms in (5), 


mete 


1+ 47x. (6) 


where x. = P/é is called the electric susceptibility. 
The polarization density is determined by three factors: 


1. The electronic polarization a produced by opposite displacements 
of negative electrons and positive nuclei within the same atoms 

2. The ionic polarizability a; produced by opposite displacements of 
positive and negative ions in the material 

3. Contributions from the permanent dipole moments of complex ions or 
molecules whenever such permanent dipoles are present in the material 


t Frequently, the factor 1/4 is included in eo and omitted from the equations. In 
these cases eo = 8.854 X 10-!? farad/m in'the MKS system of units. It is good 
practice, therefore, always to specify the units being used. 
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It i» possible to express this analytically. Let the number of atoms ol 
molecules per unit volume be NV ; then 


P = N (a + a + fh) 5 0) 


The electric susceptibility is then obtained by substituting (7) in (6): 


G ae 
t= Sg TN (a tot fh) (8) 


Note that the contribution to P, from the permanent dipoles present in 
the material, is temperature-dependent. It is thus possible to measure 
these dipole moments by observing 
the temperature dependence of the 
electric susceptibility. On the other 
hand, if no temperature dependence 
is observed, then it can be safely 
assumed that there are no perma- 
nent dipoles present. 

So far the discussion has been quite 
general in that no restrictions have 
been placed on the nature of the di- 
electric material, that is, whether it 
is a gas, a liquid, or a crystalline 
substance, If attention is limited to 


I 


Fic. 1 


plate capacitor shown in Fig. 1. 
the electric field inside the dielectri 
imaginary cavity in the dielectric 
a charge. When the cavity is needle- 


appears on the two surfaces and the force acting on a test 
such a cavity is 


gD = q(& + 4xP). (9) 
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Here 4P is the field due to the charge density P on the two surfaces of 
the disk-shaped cavity. Equation (9) expresses the fundamental relation 
between the three quantities D, 8, and P, 


D = 8 + 4rP. (10) 


The force on a test charge inside a spherical cavity (cavity c in Fig. 1) 
can be determined as follows: An enlarged view of the cavity is shown in 
Fig. 2. The charge density on a surface element dA of the sphere is 
equal to the normal component of 
the polarization times the surface 
element, that is, P cos 0 dA. Ac- 
cording to Coulomb’s law, this 
charge element produces a force 
dF, acting on the test charge q at 
the center’ of the sphere in the di- 
rection of r (Fig. 2). 


= gimit, (11) Fia. 2 


The effect of the charge on the whole surface of the sphere can be cal- 
culated by considering the spherical ring shown in Fig. 2, whose area 


dA = 2nr sin 6 rdð = 2rr? sin 0 dé, 
and integrating over the whole sphere by integrating with respect to 6 
from 0 to x. Since it is desired to calculate the force in the direction of 


the electric field, Fz = —F, cos 6, it can be calculated with the aid of (11). 


dF, = —q Eicon p 2xr? sin 6 dé cosé 
f 


F, = —2rqP is cos? 0 sin 6 dé. (12) 
This integral can be evaluated directly by making the substitution 
z = cos 0 and dz = —sin 0 d0 
-1 
so that F = 2ngP'f, 2 dz 
= uP q- (13) 


This force is called the Lorentz force because Lorentz was the first to 
-show how to determine the local field 8 acting on an atom in a dielectric 
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material. This local field is the sum of four fields, 
Sie = &1 + 2 + 8&3 + & (14) 


where & is the field intensity due to the charge density on the plates 
D = 8 + 4P. 

&2 is the field intensity due to the charge density induced on the 
two sides of the dielectric opposite the plates. Since this con- 
tribution to the field is opposite in direction to that of the 
applied field (Fig. 1), it is equal to —4xP. 

&3 is the field intensity at the center of a spherical cavity whose 
radius is large compared with the size of an atom but small 
compared with the size of the dielectric. According to (13), 

s: = F: MP. 
TE 

&4 is the field intensity at the center of a spherical cavity due to 
the dipoles of the atoms contained in that cavity. If the 
symmetry at the center of the sphere is cubic (as distinct from 
the crystal’s symmetry). it can be shown that this term is 
equal to zero. 


In the case of dielectric isotropy, therefore, substituting the above values 
in (14), 
= 4xP 
Bie = (E + 4rP) + (—4xP) + 3° +0 
4rP 
6+, (15) 


the so-called Lorentz field is obtained. It has been assumed in the 
derivation of (15) that the region outside the sphere is a continuum 
having a dielectric constant ke Note that the field intensity at the 
atom, that is, the Lorentz field, is larger than the applied field by an 


P = abi (16) 
where « is the electrical polarizability of the atom. Thet 
of an insulator containing N atoms is 

N 
P = p Niat; Bion (17) 


otal polarization 
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where n; is the number of 7 atoms having polarizabilities a; and acted on 
by local field ‘8r. 

In an insulator with dielectric isotropy, the local field inside the 
crystal is everywhere the same so that it can be taken outside the summa- 
tion sign in (17). Substituting the Lorentz field (15) into (17) then gives 


P= (e + a) x Nits 
3 ai 
or, after rearranging terms, 
D Nia; 
P m 


EE a (18) 
E 1 — (4/3) X nia 


By substituting the left side of (8) for P/& and rearranging terms, one 
obtains the Clausius-Mosotti equation 


= 1 m = Nii (19) 


Equation (19) can be used to determine the electrical polarizabilities of 
the atoms if the dielectric constant is known. Conversely, the dielectric 
constants of new materials can be predicted from a knowledge of the 
individual polarizabilities of the atoms since, according to (19), the 
polarizabilities are additive. This relation is also valid for electronic 
polarizabilities æ. and dipolar polarizabilities ag. If all these are taken 
into account, the Clausius-Mosotti equation (19) can be written 


teol = H Waa: + Nea + Naoi) (20) 
Ke + 2 3 
where N,, Ne, and N, are the total number of atoms in the crystal with 
ionic, electronic, and dipolar polarizabilities, respectively. It should be 
noted that the dipolar polarizability for permanent dipoles of moment p 
is given by u?/3kT if the dipoles are completely free to align themselves 
with the field and by 2u2/3¢ if a so-called activation energy p must be 
overcome before the dipoles can line up. This latter case is called 
hindered rotation of the dipoles. 

Piezoelectricity. Consider a crystal having a centrosymmetric 
structure composed of positively and negatively charged ions as shown 
schematically in Fig. 3A. It will be recalled from Chapter 2 that such 
crystals must belong to one of the eleven centrosymmetric crystal classes. 
When a mechanical stress is applied to the crystal, the atoms are slightly 
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Fic. 4 


displaced, as shown in Fig. 3B. Since the ionic displacements are sym- 
metrical about the symmetry centers, the charge distribution inside the 
crystal is not appreciably altered by the applied stress. On the other 


the alternating field, at some frequency, called the resona 
the two are exactly in phase. This effect, therefore, can be used to 
determine whether a crystal is piezoelectric and hence whether its struc- 
ture is centrosymmetric or not. Alternatively, because the frequency 
range at which resonance occurs in most Piezoelectric crystals is very 
sharp, such crystals (for example, quartz) can be used for frequency 
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controls in radio transmitters and have-also been used in electronic 
clocks. 

In general, any mechanical stress can produce an electric polarization 
in a piezoelectric crystal; that is, it does not matter whether the stress is 
applied in compression, dilation, or shear. 

For example, consider a piezoelectric crys- |- 

tal placed between two metal plates, as 

shown in Fig. 5. If the crystal is com- lal 
pressed by an applied mechanical stress ø, D 
a mechanical strain Em is produced in the 

crystal, 4 


_o_ Aw f 
fn = Ey (21) É 
Fie. 5 


where E is Young’s modulus. The ap- prs 
plied stress also produces a polarization density P in the crystal which is 


proportional to the magnitude of the applied stress: 

P = no (22) 
where 7 is the piezoelectric constant. If the two plates are connected, that. 
is, short-circuited, 8 = 0 and, according to (10), the electric displacement 


D = 0 + 4rP 
= dro. 
On the other hand, if an electric field is applied to the erystal in Fig. 5 
in the absence of an applied stress, then the induced strain is propor- 
tional to the applied field: 
Em = 76. (24) 


Note that according to (3) the electric displacement D is also proportional 
to the applied field intensity. When both an external field and a stress 
are applied to the crystal, therefore, the electric displacement becomes 


D = k«& + tro (25) 


(23) 


and the internal strain 
En = n& + (26) 


Ferroclectricity. The structures of some piezoelectric crystals are 
asymmetric in such a way that they are spontaneously polarized in the 
absence of an external field. The electric field produced by the perma- 
nent dipoles inside the crystal, however, is usually masked by charges 
on the crystal’s surface or by twinning inside the crystal. Since, accord- 
ing to (7), the polarization due to permanent dipoles present inside an 
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insulator is temperature-dependent, a change in the temperature of the 
crystal produces a change in its polarization which can be detected. This 
is called, therefore, the pyroelectric effect, and it turns out that crystals 
belonging to ten out of the twenty piezoelectric crystal classes exhibit 
this property. If it is possible to reverse the polarization direction of a 
pyroelectric crystal by applying a sufficiently intense external field, then 
the crystal is said to be a ferroelectric and the phenomenon of reversing 
the direction of polarity is called the ferroelectric effect. It should be 
noted that both piezoelectricity and pyroelectricity are inherent prop- 
erties of a crystal, due, entirely, to its atomic arrangement or crystal 
structure. Ferroelectricity, on the other hand, is an effect produced in a 
pyroelectric crystal by the application of an external electric field. 

The term ferroelectricity is applied to this phenomenon because it is 
quite similar to the phenomenon of ferromagnetism described in Chapter 
10. Many ferroelectric crystals undergo a transformation at a certain 
temperature; frequently called the Curie point, above which they are no 
longer polar even though they may still have noncentrosymmetric struc- 
tures. The dielectric constant of these crystals increases anomalously 
at these temperatures and, in general, behaves quite similarly to the 
Curie-Weiss law of ferromagnetism. 


C 
Ke = T_T. + ko (27) 


where C is the so-called Curie constant, Te is the transformation tempera- 
ture, and «o represents the contribution due to electronic polarization as 
distinct from the ionic contribution. When T ~Te, ke >> xo and the 
electronic contribution can be neglected. 

Below the transition temperature, ferroelectric crystals usually consist 
of multiple twins. Each twin individual is Spontaneously polarized in 2 
specific crystallographic direction ; however, the directions of polarization 
of neighboring twins are different. Consequently, ferroelectric domains 
exist in the crystals, similar to the domain structure of ferromagnetic 
crystals, as illustrated in Fig. 6 which shows an electron micrograph of 
domains formed in a BaTiO, crystal. The free electric charges present 
on the surfaces of a uniformly polarized insulator produce a depolarizing 
field which makes such a uniformly polarized crystal unstable. The 
presence of adjacent domains having opposing directions of spontaneous 
polarization, on the other hand, serves to reduce the depolarizing field 
and stabilizes the crystal. As in the case of ferromagnetic domains, this 
energy is stored in the domain walls and an equilibrium condition is 
reached between the number and size of domains present and the thick- 
ness of the walls that separate them. On an atomic scale, there is a 
difference between ferroelectric and ferromagnetic domains. This is so 
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because the crystal structure of a ferroelectric crystal undergoes con- 
siderable distortion below the Curie point, in a direction determined by 
the structure rather than by the applied field direction. (It will be 
recalled that magnetostriction depends on the relative field direction 
which can be arbitrarily chosen.) Consequently, the strains produced 
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Fig. 6. Electron micrograph of the surface of a single crystal of BaTiO; showing 
ferroclectrie domain pattern. (Photographed at a magnification of approximately 
30,000 times by D. P. Cameron.) 


by such a distortion play an even larger role in the behavior of ferro- 
electric domains than they do in the case of ferromagnetic domains. 

As might be expected, by analogy to ferromagnetism, the presence of 
domains in a ferroelectric crystal produces a hysteresis in the polarization 
when an alternating electric field is applied. Consider the hysteresis loop 
of a typical ferroelectric crystal shown in Fig. 7. To start, assume that 
the crystal has equal numbers of domains with oppositely directed 
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polarizations. When an electric field is applied parallel to a crystallo- 
graphic direction, the domains whose polarization is more nearly parallel 
to the field direction have a lower energy so that they grow in size at the 
expense of the antiparallel domains. As the field is increased, therefore, 
the total polarization of the crystal increases rapidly (curve OA in Fig. 7) 
until saturation value is reached (AB) at which point the crystal is a 
single domain. This is usually accompanied by a distortion of the 
erystal structure in the form of an elongation along the polarization 
direction. When the field later decreases to zero, & number of domains 
retain their orientation parallel to this crystallographic direction so that 
the polarization does not return to 
zero. This polarization is called 
the remnant polarization and is 
shown at C in Fig. 7. If the line 
AB is extrapolated backward to Cc’, 
then the polarization value of a 
single domain at zero applied field 
is obtained. This is so because the 
entire crystal acts as a single do- 
main in the AB region. Thus Ç 
represents the magnitude of the 


the crystal, its polarization again 
It is necessary, therefore, to apply a reverse field to the 


tions of a sufficient num- 


is not so large asto cause 

By comparison, ferroelectric crystals 
polarizabilities are frequently used in 
rection of polarization indicating, say, 


computers as memory cells, the di 
a plus or a minus sign. 


There are several groups of crystals that are known to be ferroelectrics. 
The crystals typifying each group are rochelle salt, NaK(C,H,O,)-4H20; 
potassium dihydrogen phosphate, KH.2PO,; barium titanate, BaTiOs; 
and guanidine compounds such as C(NH:2)sAl(SO,)2°6H2O0. It should 
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be borne in mind that each of these groups contains a number of iso- 
morphous or isostructural crystals all of which are ferroelectrics. As 
already indicated, the property of ferroelectricity is related to the crystal 
structure. So far it has not been possible, therefore, to devise a single 
theory to explain this effect in different crystals, although several phe- 
nomenological theories have been proposed for rochelle salt and for 
barium titanate. BaTiO; has the relatively simple perovskite structure 
described in the next chapter so that its ferroelectric behavior is briefly 
described below. 

Above 393°K, barium titanate has the cubic perovskite structure shown 
in Fig. 3 of Chapter 15 and it is not ferroelectric. By analogy to magnetic 
terminology, it is said to be paraelectric at these temperatures. Below 
393°K, the crystal structure becomes distorted by an elongation in the 
polarization direction along one of the cube axes and a contraction at 
right angles to it. The resulting structure is tetragonal (c/a = 1.01 at 
room temperature) with the polarization direction parallel to [001]. 
Below room temperature (~278°K) another transformation takes place 
resulting in a discontinuous change in the polarization direction parallel 
to [110] in the original cubic structure. The resulting orthorhombic 
structure is best described by taking a parallel to [110], b parallel to 
[110], and c parallel to [001] in the original cube. A third transformation 
occurs at approximately 193°K, at which point the polarization direction 
becomes [111] of the perovskite cube and the structure has rhombohedral 
symmetry. The reasons for the stability of these various structures can 
be explained by ‘applying known principles of thermodynamics. The 
result is a phenomenological theory which postulates that the local field 
produced by the polarization increases at a faster rate than the elastic 
restoring forces binding the ions in the crystal. The relative displace- 
ments of the titanium ions inside the oxygen octahedra coordinating 
them are then stabilized at different positions in the three different struc- 
tures. The resulting build-up in the local field’s intensity is sometimes 
called the polarization catastrophy. 

It is of interest to observe what happens to the dielectric constant near 
the transformation temperature. Assuming dielectric isotropy, (19) 
can be written after rearrangement of terms} 


1 + (87/3) X mas 
ke = ————_,— 28) 
1 — (4/3) y niai i 


t This assumption is strictly valid only for the metal atoms in BaTiO:. The 
environment of oxygen atoms is not cubic; however, the effect of the dipoles in the 
spherical cavity used in calculating the local field in (17) can be neglected for present 
purposes. 
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where n: is the number of 7 atoms having polarizabilities a; When 
Nios = Zr, the dielectric constant becomes infinite and P has some finite 


+ 
value and & = 0 according to (18). This is the condition for the so-called 
polarization catastrophy described above. 

For small deviations of the sum in (28) from its critical value, it is 


possible to substitute for 47/3 2 nia, the quantity 1 — 6, where 5< r 


Substituting in (28) then gives x, œ 3/ô, and assuming that the deviation 
ô is temperature-dependent accord- 
ing to 


~f qr = Te) (29) 


the Curie-Weiss law near the transi- 
tion temperature 


C 
Ke © TTo (30) 


is obtained. The plot in Fig. 8shows 
the dependence of the dielectric con- 
Stant on temperature in a ferro- 
electric crystal. This is another 
example of the so-called A curve 


E 


7 already discussed in Chapter 8 in 
Temperature —> connection with other cerystallo- 
Fic. 8 graphic transformations such as 


of ions is not possible, since there is no way for an ion to move without 
leaving its proper site. It is necessary to conclude, therefore, that the 
current carriers are either interstitial ions or else vacant ionic sites. The 
mechanism whereby interstitial ions or vacant sites can be created has 
already been described in Chapter 5. It will be recalled from that 
chapter that ion vacancies are called Schottky defects and interstitial ions 
plus compensating ion vacancies are called Frenkel defects. 

The generation of Schottky defects proceeds by the migration of, say, a 
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positive ion to the surface of the crystal, thereby leaving a positive 
vacancy behind in the crystal. In order to preserve charge neutrality, 
it is necessary that à negative ion also migrate to the crystal’s surface, 
creating a negative vacancy thereby. The result of the generation of 
such pairs of vacancies is that the volume of the crystal increases while 
its density decreases. On the other hand, a Frenkel defect is produced 
when an ion migrates into an interstitial position in the structure which 
is sufficiently far removed from the resulting vacancy so that direct 
recombination can be ruled out. This process does not disturb the 
macroscopic charge neutrality nor does it appreciably change the volume 
or the density of the crystal. It is thus possible to determine which of 
these two types of imperfections is present in a crystal by careful density 
measurements. 

The process whereby ions or vacancies move through the crystal is 
called ionic diffusion. Suppose that a layer of radioactive sodium (Na?) 
is deposited on one side of a sodium chloride crystal and the crystal is 
maintained at some elevated temperature for a finite period of time. It 
can be shown by subsequent sectioning of the crystal and measuring the 
radioactivity of successive sections that the radioactive sodium diffuses 
through the crystal in a regular way; that is, the concentration of Na? 
atoms varies regularly with depth in the crystal. The diffusion process 
can be expressed analytically by Fick’s law which states that the number 
of atoms crossing a unit area per unit time, that is, the flux of atoms, J, is 
proportional to the gradient of their concentration N. Considering 
diffusion in only one direction, G 


dN 
J= T2 as (31) 


where D is the diffusion coefficient and the minus sign indicates that the 
flux is in a direction opposite to the direction of the gradient; that is, 
if the gradient increases to the right, diffusion proceeds to the left. 

One usually distinguishes the diffusion of atoms normally present in 
the crystal from the diffusion of other kinds of atoms through the crystal 
by calling the former process self-diffusion. The atomic mechanisms 
whereby self-diffusion can occur are pictured in Fig. 9. Four distinct 
Processes are possible: 


A. Direct interchange between two atoms. Because of the need to dis- 
place neighboring atoms and, in the case of icnic compounds, the large 
repulsive forces between atoms of like charge, this mechanism requires a 
relatively large amount of energy. 

B. Migration of an interstitial atom subsequent to formation of a 


Frenkel defect. 
C. Atomic displacement into a neighboring vacancy subsequent to forma- 
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tion of a Schottky defect. This is usually described as a diffusion of 
vacancies in the opposite direction. 

D. Diffusion of pairs of vacancies by means of atomic movements into 
either of two adjacent vacancies. Since the pair moves by the motion of 
either vacancy, provided that the pair is not split up in the process, the 


energy required to move the pair is actually less than thet required to 
move an isolated vacancy. 


The energy required for any of the above processes to operate, that is, 
the sum of the energies of defect formation and subsequent migration, is 
called the activation energy of that process. Without distinguishing 
between the different Processes, it has been observed that the temperature 
dependence of the coefficient of self-diffusion is related to tae activation 
energy o by 

D = Deenslet (32) 
where Do is a constant for the crystal. 


The ionic conductivity due to monov 


alent ions of one sign, that is, 
Positive or negative ions but not both, is 


Fionie = eN picnic (33) 


where N is the number of ionic sites of o 


ne sign, and the mobility of these 
ions, according to Einstein, is 


eD 
Hionte = ET (34) 


Combining (33) and (34) and substituting (32) for D, the ionic conduc- 
tivity is given by 
Tionic = ET D 
N 
= ET Doe-vlkT, (35) 


Figure 10 shows an idealized plot of In ø as a function of reciprocal 
temperature for an alkali halide crystal. According to (35?, the slope of 
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the straight line in such a plot can be used to determine the activation 
energy. As shown in Fig. 10, the curve consists of two straight-line 
portions; hence there are two activation energies for the two different 
temperature ranges. For sodium chloride, yı = 1.80 eV in the high- 
temperature region, and yz = 0.77 eV in the lower-temperature region. 
The reason for the two slopes can be 
explained as follows: At high tempera- 
tures, the thermal energy is sufficiently 
great to create vacancies and the acti- |, g 1 
vation energy represents a sum of the 
energies required for vacancy genera- 
tion and the motion of ions into the 
vacancies. At lower temperature, the > 
thermal energy is only large enough to 
allow the migration of atoms into va- 
cancies already present in the crystal. TA 
Recent experimentalevidence hasshown $ 

s z és Fic. 10 
that these vacancies are primarily due 
to the inclusion of divalent metal atoms in substitution for the mono- 
valent metal atoms in the crystal’s structure. For each divalent metal 
thus incorporated in the crystal, a positive vacancy must be present 
nearby in order to maintain charge neutrality. Similarly to the case of 
semiconductors, the low-temperature conductivity is said to take place 


ith 


Fie. 11 


in the extrinsic region, because the presence of divalent impurity atoms 
is required for conductivity to occur in this temperature region. On the 
other hand, the high-temperature conductivity is characteristic of the 
crystal and is called the intrinsic conductivity for this reason. 

In view of the relatively small mobilities of ions, the Hall effect in 
these crystals is usually too small to be measured accurately, and it is not 
Possible to determine the sign of the charge carriers by this means. It is 
Possible to devise a simple alternative experiment for this purpose, how- 
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ever. Suppose that two identical crystals of silver chloride (AgCl) are 
placed between two silver electrodes and an electric field is applied, as 
shown in Fig. 11. Then the following situations are possible. If the 
electric current is carried by Ag+! ions, they will move toward the nega- 
tive electrode so that, after a while, the negative electrode is increased in 
size at the expense of the positive electrode. In this case, the salt acts 
merely as a conductor of positive ions and is not otherwise affected. If, 
on the other hand, the current is due to negative-ion migration, then they 
will collect on the positively charged electrode, where they will combine 
with the silver to form new AgCl. Thus, after a while, the positive 


Mo wires 


Fic. 12, Cu-CuZn-Cu diffusion couple. As the zine diffuses out of the brass into 
the adjacent copper, the Mo wires move toward each other, 


electrode will appear to have lost silver to the salt crystal adjacent to it 
which, concurrently, must increase in size. If both conduction processes 
are operative, an intermediate result should be obtained. It turns out 
that, in AgCl and in most alkali halides, the bulk of the current is carried 
by the metal ions. In barium and lead halides, conversely, the majority 
carriers are the negative halide ions, 

It is interesting to note, in passing, that the self-diffusion in metals 
also proceeds predominantly by means of vacancies rather than through 
the migration of interstitials or the direct exchange between pairs of 
atoms. Suppose that a piece of brass (CuZn) is surrounded on two sides 
by copper and that wires of some relatively inert metal such as molyb- 
denum are imbedded at the interfaces in the Cu-brass-Cu diffusion 
couple (Fig. 12). Upon subsequent heating of the sample to allow 
diffusion to occur, it is observed that zine diffuses out of the brass and - 
into the copper and the molybdenum wires on opposite sides of the brass 
core move toward each other. This is called the Kirkendall effect, and 
it is explained by postulating that the diffusion coefficient of zinc is 
greater than that of copper so that zine diffuses out of the brass faster 
than copper can diffuse into the brass. The net flow of mass out of the 
brass, or, in other words, the net flow of vacancies into the brass causes 
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it to decrease in size as evidenced by the motion of the wires. The 
Kirkendall effect has also been observed in Cu-Sn, Cu-Au, and other 
metal systems. 

Electric breakdown. When an insulator is placed between two metal 
plates and a very large electric field is applied, a relatively large electric 
current may fiow between the plates, provided that the electric field 
intensity exceeds a critical value. This process is called electric breakdown 
in an insulator. When the crystal is actually a semiconductor, the 


Energy 


Applied field direction Applied field direction 


A B 
Fig. 13 


breakdown can occur by two distinct processes. As described in Chap- 
ter 12, the application of an electric field skews the energy-band model, 
as shown in Fig, 13. If the applied field is sufficiently large, there exists 
a possibility that some of the electrons occupying states in the valence 
band can move into quantum states of like energy in the conduction 
band, as shown in Fig. 134. This mechanism was first proposed by 
C. Zener and is called Zener breakdown. Another possible breakdown 
mechanism is shown in Fig. 13B. If a free electron gains more kinetic 
energy from the applied field than it loses in electron-atom collisions, 
then it is possible for it to lose this excess energy in a collision with a 
valence electron. This process results, therefore, in the production of an 
electron-hole pair, and now the two electrons can, in turn, produce four 
more conduction electrons, and so forth.t This rapid increase in the 
number of conduction electrons is called the avalanche breakdown and 
requires relatively high fields (~105 volts/cm in Ge). 

The breakdown processes in true insulator crystals are not as well 


t Actually, the holes also contribute to this process. 
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understood. Nevertheless, it is possible to distinguish five distinct 
processes: 


1. Thermal breakdown is produced in insulators when heat is generated 
by the ionic currents faster than the crystal can dissipate it. Since the 
conductivity of heat in insulators occurs quite slowly, it is possible that 
temperatures in excess of the crystal’s melting point can be attained in 
parts of the crystal. The resulting local melting of the crystal increases 
the ionic mobilities and electrical breakdown ensues. 

2. Electrolytic breakdown can occur whenever conducting paths are 
present in the crystal. These paths form with the aid of imperfections in 
the crystal, such as dislocations, or along the dendritic or lineage struc- 
ture interfaces discussed in Chapter 7. 

3. Dipole breakdown may be caused in insulators either by polarizable 
atoms (molecules) or by permanent dipoles already present. When 
such dipoles surround a stressed region, they can produce local impurity 
or imperfection states lying in the forbidden-energy gap of the crystal. 
The much lower ionization potentials of electrons attached to dipoles 
then facilitate breakdown. When the breakdown occurs at the surface 
of a crystal, it is commonly called flash-over, 

4. Collision breakdown is similar to the avalanche breakdown in semi- 
conductors. Because of impurities in the crystal, there are some elec- 
trons available for conduction. When the energies of these electrons 
become sufficiently great they collide with other electrons, producing 
ever-increasing numbers of electrons and holes. 

5. Gas-discharge breakdown can occur whenever the insulator contains 
occluded gas bubbles. For example, the silicate layers in a micacious 
crystal are frequently separated by thin adsorbed layers of air or other 
gases. Since the electric field required to ionize the gas (~10! volts/em) 
is much less than that required for electric breakdown in an insulator 
(~10° volts/cm), the gas ionizes first, and the gas ions bombard the 
internal crystal surfaces, causing them to deteriorate, until complete 
electrical breakdown of the insulator occurs. 


Optical properties 


Refraction. Most insulator crystals are transparent to visible light. 
This is so because the energy gap separating the valence band from the 
conduction band is quite large. The energy of the incident light photons 
is too small, therefore, to excite any electrons from quantum states in the 
valence band to the higher energy states in the conduction band, and the 
photons are not absorbed by the crystal. i When a light ray passes from 
air into such a crystal, its propagation direction usually is altered by a 
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small amount. This phenomenon is called the refraction of light, and 
the angle of refraction r is related to the angle of incidence 7 (Fig. 14) 
according to Snell’s law, 


Bed =T (36) 


where n: is the index of refraction of air and nz is the index of refraction 
of the crystal. The index of refraction of vacuum is set equal to unity 
and the other indices are determined accordingly. Since the index of 
refraction of air then is 1.0003, air 
is frequently used as the reference 
standard instead. Usually some of 
the incident light is also reflected, 
and the angle of reflection equals 
the angle of incidence. Note that, 
if the index of refraction of the 
crystal ns is less than the index of 
the surrounding medium 7, it is 
possible that for some value of the 
angle of incidence (1/m2) sind > 1. 
Since sin r cannot exceed unity, 
none of the light is refracted; that 
is, all of it must bereflected. Thus, Fic. 14 


when the index of refraction of the 
first medium is less than that of the second medium, then, for angles of 


incidence greater shan some critical value, total reflection occurs. 

The physical reason for refraction is that light travels more slowly in a 
dielectric medium than in vacuum, The velocity of light in a dielectric 
is determined by the index of refraction, » = c/n, where c is the velocity 
of light in vacuum (c = 2.998 X 10*° cm/sec). Since light is a form of 
electromagnetic radiation, the retardation is due to the polarization of 
the atoms in such a way that the induced electric field opposes the electric 
field of the incident light. It can be shown that the dielectric constant 
of a dielectric crystal is equal to the square of its index of refraction so 
that the Clausius-Mosotti equation (19) can be written 
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Refracted 
ray 


nn—1_ 4r 
mE S 4 NAi (37) 
+ 
which is called the Lorenz-Lorentz equation. When n is very nearly, equal 
to unity, so that n? + 2 œ 3, equation (37) becomes 


n=x=1+4r X nia; (38) 
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which can be compared with (6). Multiplying both sides of (37) by 
M/D, where M is the molecular weight and D is the density, 


Mn?-1 č 4r A 
D mF T 3 Ne (ee 


where No is Avogadro’s number and a is the polarizability of a molecule, 
so that (39) can be used to calculate the molar polarizability or the molar 
refractivity. This equation allows one to relate the index of refraction 
of a crystal to its structure. 

Birefringence. The index of refraction of glasses and of crystals 
belonging to the isometric system is independent of the direction of 
propagation of the light. Such crystals are said to be optically isotropic. 
It is important, for the discussion in this section, to realize that, when 
light propagates along a certain direction, the electric field varies sinu- 
soidally at right angles to the propagation direction. The electronic 
displacements and the resulting dipoles, therefore, are also orthogonal 
to the propagation direction. In tetragonal and hexagonal crystals, a 
light ray traveling parallel to c encounters an isotropic structure, since 
aı = ain these crystals. (Note that this is just like a light ray traveling 
along a3 in a cubic crystal.) A light ray traveling in a general direction, 
however, encounters an anisotropic structure so that it is not surprising 
that it travels with a different velocity. The c axis is, therefore, an 
optically unique axis in such crystals, and it is called the optic axis. 
Since there is only one unique direction in tetragonal and hexagonal 
crystals, they are called wniazial crystals. 

In order to study the properties of anisotropic crystals it is necessary 
to use plane-polarized light, that is, light whose electric field is constrained 
to alternate in a single plane containing the direction of propagation. 
The polarization direction is usually called the vibration direction of the 
light. When a ray of plane-polarized light traverses a uniaxial crystal 
Parallel to the optic axis, then, regardless of the Vibration direction of 
the electric field, the index of refraction is the same and is usually denoted 
w. When a ray traverses the crystal along a direction which is normal 
to the optic axis, the index of refraction depends on the vibration direction 
of the electric field. If the vibration direction is also normal to the 
optic axis, then the index is, as before, w. When the vibration direction 
is parallel to the optic axis, the index of refraction is different and is 
called €. When the vibration direction lies between these two directions, 
then the light ray is split into two components whose clectric fields are 
constrained to vibrate in directions respectively parallel and normal to 
the optic axis, as shown in Fig. 15. The component parallel to the optic 
axis has a vibration amplitude & sin ¢, and its propagation velocity is 
determined by € while the amplitude of the other components is & cos ¢ 
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and its velocity is determined by w. The two indices of refraction € 
and w, therefore, are called the principal indices of refraction of a uniaxial 
crystal. If € > w, the crystal is said to be positive uniaxial, and if 
E€ < w, the crystal is said to be negative uniaxial. s 

Returning to Fig. 15, it is clear that, since the velocities of propagation 
of the two components are different, the two components emerge from 
the crystal with a relative phase difference whose magnitude depends not 
only on the relative propagation velocities (indices of refraction) but 


Optic axis Optic axis 


Fig. 15 Fia. 16 


also on the thickness of the crystal. Suppose that the thickness of the 
crystal is such that one component is exactly one-half wavelength behind 
the other components; that is, they differ in phase by 180°. Then the 
emerging light has the two electric field components directed as shown in 
Fig. 16, and the resultant electric field is rotated by an amount 2¢ from 
its original direction shown in Fig. 15. The phase of the component: 
whose vibration direction is parallel to the optic axis is equal to 2rvt/v,, 
where » is the frequency of the incident light, ¢ is the thickness of the 
crystal, and », is its propagation velocity. Similarly, the phase of the 
other component is 2rvt/vs. The difference in phase ô, therefore, is 


fe 2 ee 
Ve Vo 
ER (E — w) 
e 
= l e — a) (40) 


since ¢/y is the wavelength of the light in vacuum. Relation (40) can be 
used to determine the thickness of a so-called half-wave plate by setting 
ô= xr. Note that the relative phases depend on the frequency (wave- 
length) of the light. : 

Suppose that the incident light ray is neither parallel nor normal to 
the’ optic axis. For example, consider light incident at point A, in a 
direction which is normal to one of the natural cleavage faces of a calcite 
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rhombohedron, as shown in Fig. 17. The incident light ray is observed 
to split up into two rays. This phenomenon is called double refraction. 
One ray, designated the O ray in Fig. 17, traverses the crystal without 
refraction according to Snell’s law for normal incidence. (When i = 0°, 
sin 7 = 0, and sin r = 0.) The other ray is refracted, however, and 
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Fic. 18. Crystal structure of CaCO; compared with that of NaCl. Only the Ca 
atoms and CO; groups situated on the front faces of the calcite rhombohedron are 


shown. (The carbon atoms are hidden from sight by the much larger oxygen atoms.) 


violates Snell’s law. For this reason it is called the extraordinary ray E 
to distinguish it from the ordinary ray O. Regardless of the vibration 
direction of the incident light, the extraordinary ray is constrained to 
vibrate in a plane containing the optic axis and the incident ray called 
the principal plane (shaded plane in Fig. 17). The ordinary ray, on the 
other hand, is constrained to vibrate in a direction at right angles to the 
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principal plane. The relative velocities of the two rays are determined 
by the two principal indices of refraction, and the difference between 
these indices is used to measure the birefringence of a crystal. 

Calcite, CaCOs, is a negative uniaxial crystal (for the D line of sodium, 
A = 5893 A, e = 1.486, and w = 1.658) whose relatively large bire- 
fringence (0.172 for Na D) can be easily understood when its crystal 
structure is considered. The structure of calcite resembles that of a 
NaCl cube tipped so that its [111] direction is parallel to the c axis of 
calcite (Fig. 18). Note that the COs groups form triangles whose planes 
are oriented normal to the ¢ axis which is parallel to the optic axis of this 
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The large difference between the indices of refraction, for light 
vibrating parallel to and light vibrating normal to the optic axis, is due 
to this orientation of the carbonate groups. Consider a carbonate gi oup 
consisting of three oxygen atoms lying at the corners of an equilateral 
triangle and the carbon atom at its center, as shown in Fig. 19. When 
the vibration direction of the electric field is normal to the plane of the 
triangle (Fig. 194), the oxygen atoms are polarized 80 that the induced 
dipoles are also normal to the plane of the triangle. Their direction is 
such that it opposes the direction of the external field. Each dipole, 
therefore, tends to depolarize its neighboring oxygen dipoles. When the 
vibration direction of the field is parallel to the pląne of the triangle, 
then two of the induced dipoles tend to reinforce the third and, simul- 
taneously, the third dipole tends to reinforce the other two. This can 
be seen from the induced field directions indicated by small arrows in 
Fig. 19B. Although the fields in two adjacent oxygen atoms oppose 
each other, it can be shown that the average increase in the induced 
eiectric field intensity exceeds the average depolarizing field intensity. 
Accordingly, a light ray vibrating in the plane of the COs groups in 
calcite is retarded more than a light ray vibrating in a direction normal 


crystal. 
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to the plane. Since the optic axis of calcite is normal to the plane of the 
CO; groups and since the index of refraction is inversely proportional to 
the propagation velocity, € < w, and calcite is optically negative. 
Crystals belonging to the orthorhombic, monoclinic, and triclinic 
systems have two optic axes and are called biaxial crystals. There are 
three mutually perpendicular vibration directions and three indices of 
refraction called a, 8, and y. These directions of vibration bear definite 
relations to the crystallographic symmetry of a biaxial crystal and the 
magnitudes of the indices of refraction are intimately related to its struc- 
ture. Many examples of such relationships can be found among the 
silicates whose structures are briefly discussed in the next chapter. For 
example, Table 1 lists the refractive indices of quartz which has a three- 


Table 1 
Birefringence of silicates 


(Na D line à = 5893 A) 


* Mineral Indices of refraction Birefringence 
—— E e 

Quartz E = 1.553, w = 1.544 E€ — w = 0.009 
Hornblende a= 1.629, 8 = 1.642, y = 1.653 Yy — a = 0.024 
Muscovite a = 1.561, 8 = 1.590, y = 1.594 y — a = 0.033 


dimensional network structure, hornblende which has a double-chain 
structure, and muscovite which has a sheet structure. 


In fact, it turns out 
; ve i i parent crystals are as unique aS 
fingerprints. This immediately suggests that refractive-index deter- 
nalytical tool for identifying such 
long before the physica! causes 
] 1 understood and have compiled 
extensive reference tables for Just this purpose. In this connection, it 
agrams of crystals are also related 
to crystal structure and can be used in an analogous way for identification 
purposes. Moreover, x-ray diffraction has the advantage that the 
crystals need not be transparent. Both methods of analysis, neverthe- 
less, are in widespread use today. 

Color centers. As already noted, most insulator crystals are trans- 
parent to visible light. Occasionally, however, these crystals appear 
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to be colored. It is believed that the color of a crystal is due to the 
selective absorption of some component of the visible spectrum by certain 
imperfections, called color centers, which are present in the crystal. These 
imperfections may be interstitial impurity atoms such as transition-metal 
ions. Alternatively, they may be vacancies in the structure produced 
by deviations from stoichiometry so that there are present excess positive 
ions accompanied by negative vacancies, or excess negative ions accom- 
panied by positive vacancies. Thus, when excess Zn is present in ZnO 
it takes on a yellow color, whereas excess lithium in LiF turns the crystal 
pink and excess potassium in KCl makes the crystal appear violet. 
When an alkali halide crystal is heated in an atmosphere containing an 
excess of the alkali metal vapor, the excess metal atoms deposit on the 
crystal’s surface. Halogen ions then may diffuse to the surface where 
they combine with the metal atoms which have become ionized by losing 
a valence electron. This electron, in turn, can.¢c .use into the crystal 
until it encounters a negative-ion vacancy with which it combines. A 
similar end result is obtained when an excess of the alkali metal is incor- 
porated in the crystal during its growth. The quantum state of such a 
trapped electron lies somewhere in the forbidden-energy region. The 
exact energy value of this state depends only on the environment of the 
vacancy, that is, the crystal structure, and not on the metal atom from 
which the electron originally came. It does not matter, therefore, 
whether the excess metal present in the crystal is the same as the metal 
normally present in the host crystal or not. When the crystal is irradi- 
ated with white light, some component of this light has the appropriate 
energy to excite the trapped electron to a higher-lying quantum state, so 
that it becomes absorbed by the crystal in the process. Although the 
Process of absorption by these so-called F centers is only approximately 
understood, it is believed that the electron is excited to another quantum 
State also lying in the forbidden region. Actually, a range of energies 
can excite this electron so that an absorption band, called the F band, is 
observed. It has been shown that the total absorption is directly pro- 
Portional to the number of excess metal atoms in the crystal, that is, the 
number of F centers produced. The F absorption band is not symmetri- 
cal about a central energy value but has a tail on the short-wavelength 
side. This tail is believed to be due to electronic transitions to quantum 
States having higher energies but still lying below the bottom of the 
conduction band. The name K band has been proposed for this section 


of the absorption-band spectrum. 


As might be expected, the excited electrons should be able to contribute 


to electrical conductivity since they now occupy quantum states close to 
the bottom of the conduction band. Phetocurrents are indeed observed; 
owever, it is necessary that electrons flowing to the positive electrode 
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be replaced by other electrons injected into the crystal by the negative 
electrode, so that space charges do not build up inside the crystal. Alter- 
natively, in the absence of an external electric field, it is reasonable to 
expect that the excited electrons can return to their ground state by the 
emission of a photon of light. Luminescence is actually observed in 
additively colored alkali halides; however, it is necessary to maintain 
the crystals at low temperatures so that the electrons are not thermally 
excited to quantum states in the conduction band. 

It is possible to produce halide crystals containing excess halogen ions. 
Such excess ions are accompanied by positive-ion vacancies which serve 
to trap holes quite similarly to the way the anion vacancies trapped the 
electrons. In order to distinguish the color centers thus produced, they 
are called V centers. It turns out that the absorption spectra of crystals 
containing V centers show several absorption maxima so that there is 
apparently more than one kind of transition possible. These absorption 
maxima are usually designated V, bands, V, bands, ete. 

A curious effect is observed when a cryst 
is irradiated at elevated temperatures by light that is absorbed by these F 
centers. The absorption of the F ban 


aching), and a new absorption 
he F band appears. This new 
to be produced in the following 
by the incident light become 
nergy. These electrons subse- 
This produces an F” center 
ontains two electrons. AS 


s, the reversible effects described above are 
consistent with the energy-band model Proposed to explain them. 

It is possible to produce color centers i 
crystal is irradiated with high r 


trons to produce electron-hole pairs. 
crystals usually contain both F and V centers, Unlike the stoichio- 
metrically deficient crystals, however, the crystals that are colored by 
radiation can be easily bleached by reirradiating the crystals with visible 
light or by annealing them. This is so because the excited electrons and 
holes ultimately recombine with cach other. Although not discussed 
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here, other types of color centers have also been observed; however, their 
nature is not well understood. 


Magnetic properties 


Exchange interactions, The fundamental magnetic properties of 
Most crystals, namely, paramagnetism and diamagnetism, have already 
been discussed in Chapter 10. It is suggested that the reader review 
this material prior to reading this section. It has also been pointed out 
in that chapter that certain crystals, notably iron, nickel, and cobalt 
crystals, are ferromagnetic. The property of ferromagnetism arises 
whenever the magnetic moments, due to the spins of the valence elec- 
trons of atoms in the crystal, align themselves parallel to each other in 
the absence of an external magnetic field. In these crystals there is an 
exchange interaction between the spin moments of neighboring atoms. 
This exchange interaction is similar to covalent-bond formation in 
hydrogen, as was first suggested by Heitler,-and is due to the overlap of 
the outer electron orbitals of two adjacent atoms. Because the exchange 
forces decrease rapidly with increasing distance between the atoms, only 
nearest-neighbor interactions need be considered. Also note that the 
exchange interaction between the outer electron spin moments is much 
stronger than that between the magnetic moments of the atoms (ions). 
Consequently, ionic interactions can be neglected. 

In the discussion of the ferromagnetism of the iron-group elements in 
Chapter 10, the sign of the exchange interaction was assumed to be posi- 
tive, which is the correct sign for parallel orientations of spin moments. 
It is possible for the sign to be negative, however, which is the case when 
the spin-moment directions in adjacent atoms are antiparallel, that is, 
when they point in diametrically opposite directions. This is the case, 
for example, when two adjacent atoms have incomplete s and p shells. 
For atoms having incomplete 3d and 4f shells, the exchange interaction: 
may be either positive or negative, depending, on whether the spin 


Moments are parallel or antiparallel. l re 
Antiferromagnetism. The paramagnetic susceptibility xp. accord- 
mg to ihe Curie law, is 


Go (41) 
7 


where C is the Curie constant 
T is the absolute temperature 
M is the total magnetization 
H is the magnetic ficld strength. 
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When calculating the effect of the exchange interaction, it is convenient 
to make use of the so-called molecular-field approximation introduced by 
P. Weiss. The molecular field or Weiss field h is proportional to the field 
acting on an atom (or molecule) due to the other atoms in the surround- 
ing crystal structure. For a positive interaction, h = yM, where y is a 
positive constant, so that the effective field acting on an atom is 


Henie = H + yM. (42) 
Substituting the effective field for H in the right side of (41) gives 


M = Su + yM). (43) 
Remembering that x = M/H, divide both sides of (42) by H so that 
i x= 4 Py Sx 
and x(1 — 7$) = g 
and, finally, 
A re r ee 


where © = yC is called the Curie temperature. Below this temperature, 
there is a magnetic field present inside the crystal even though no external 
field is applied; that is, there exists Spontaneous magnetization in the 


crystal. This is the phenomenon of ferromagnetism. For comparison, 


es ee a 
Temperature > e 


Temperature—-» 
a B 
Fic. 20 
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the susceptibilities in (41) and (44) are plotted as a function of tempera- 
ture in Fig. 20A and B. 
For a negative exchange interaction, h = — yM, and (44) becomes 


M _ g C 


x=H TF0 TEO gs) 


where © now is called the asymptotic Curie temperature because the 
transition from paramagnetic to antiferromagnetic behavior occurs not 
at © but at another temperature Ty called the Néel temperature. The 
reason for this is discussed below. ; 

As already stated, a negative exchange interaction results from anti- 
parallel spin moments in adjacent atoms. In a crystal, this means that 
alternate atoms have their spin 
moments oriented parallel to each 
other but adjacent atoms do not. 
It is convenient to picture such an 
arrangement by considering the 
atoms to be arranged on two inter- 
penetrating sublattices} so that the 
spin moments of atoms in one sub- 
lattice array have an opposite sense 
from the spin moments of atoms in 
the other sublatticearray.t Below 
the transition temperature, the spin 
moments of both sublattice arrays 


are ordered, as shown diagrammati- _— : ; 
cally in Fig. 21, and no spontaneous magnetization is possible, since the 


moments exactly cancel when summed over the entire crystal. Above the 
transition temperature, the order disappears because of thermal motion of 
theelectrons, and the paramagnetic behavior of the crystal can be described 
by describing the behavior of the atoms in the two sublattice arrays 
separately. Denoting the two sublattice arrays by the subscripts A 


and B, respectively, it follows from (43) that 


Fic. 21 


n that the 230 space groups can be extended to include 
have the property of repeating a white motif into a 
o a white motif. (Actually several such 


t Recently it has been show 
Qntisymmetry operators which 


black motif and the black one back int 
repetitions are possible before the cycle is completed.) These so-called color space 


groups inckide the symmetry groups of all possible arrangements of parallel a 
antiparallel spin directions and should prove very useful in the study of ferromagnetic 


and antiferromagnetic crystals. 

i f As might be expected, the one af a 
€rromagnetic crystals can be found in anti erroe lectrice 
adjacent atoms arc oriented antiparallel with respect to cach other. 


electricity has actually been observed in PbZrO; crystals. 


iparallel spin moments in anti- 


crystals in which the dipoles of 
Antiferro- 
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Ma = 5 (H — aM — BM3) (46) 
and Ms = 5 (H — aMs — 8M1) (47) 


where a is the interaction parameter for two atoms having like spin 
moments (AA or BB) and £ is the interaction parameter for two unlike 
atoms. 

The total magnetization is the sum of partial magnetizations like (46) 
and (47) so that 


M =Ma + Me 
= r (H — aMa — 6M») + (H — aMs — 6M 4)) 


= a (2H — (a + 8)(Ma + Ma)] 
= — Het aya], (48) 


Letting C = 2C’ and rearranging terms, 
M is as = £ = (39) 
“CHO TEC@+—) THREFA “THO 


which is the same as relation (45) already encountered above. 

The transition or Néel temperature is determined by equations (46) 
and (47) since it is the temperature for which M4 or M pn has a finite value 
in the absence of an external mag- 
netic field. Setting H = 0 and elim- 
inating M4 and Jf, in these two sim- 
ultaneous equations, a quadratic 
equation is obtained whose positive 
root gives the Néel temperature: 


Ty = ($ — a)C’ 
= (8 — aC. (50) 
This is the temperature at which a 
Fie, 22 kink in the magnetic susceptibility 


curve occurs, as shown in Fig, 22. 
Similar anomalous behavior can be observed at this temperature in the 


specific heat and the thermal coefficient of expansion of antiferromagnetic 
materials. 

Ferrimagnetism. [Ferromagnetism is observed in many crystals 
that contair the iron-group «.oments, including the oxides, sulfides, and 
other compounds formed by these metals. For a material such as 


x 
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magnetite, Fe0O4 which contains Fet*, Fet*, and O~? ions, it can be 
shown that the total saturation moment is 14 Bohr magnetons per 
formula weight, if positive exchange interactions, that is, parallel spin 
moments, are assumed. The measured value, however, is 4.08 Bohr 
magnetons. This discrepancy was explained by L. Néel who showed 
that some of the exchange interactions actually are negative even though 
the crystals are ferromagnetic. Negative exchange interactions are 
necessary to explain the ferromagnetism of a large group of compounds 
having the spinel structure described in Chap- 


ter 13 and, by analogy to the name ferrite, (1) 
given to all such compounds that contain iron, a i = 
this phenomenon is called ferrimagnetism. ©) 

Neel accounted for the low magnetic sus- a 
ceptibility of FesO, by assuming that the spins 
of the Fe*? ions are antiparallel to each other, Ou a 


thus canceling each other’s contribution to 


the total magnetization. The resultant mo- CO =: 


ment, therefore, is due to the magnetic mo- 

ments of the Fet? ions which have a net mo- © Fe’? and Fe’? (octahedral) 
ment of 4 Bohr magnetons. This value agrees h 

quite well with the measured value. As dis- Fe"? (tetrahedral) 
cussed in Chapter 13, the distribution of the Fic. 23. Spin directions in 


iron atoms in the structure of FesO. is such Fe:Ou Fe* ions in tetra- 
hedral sites and in octahe- 


that the Fet? ions are divided equally among dral sites have antiparallel 
the octahedral and tetrahedral equipoints, pls, "The neb TESA 
filling the latter entirely. Thus the magnetic tion is due to Fe*? ions in 
moments in FeO, can be pictured to be octahedral sites. 

distributed as shown in Fig. 23 which indi- 
cates schematically the ionic positions relative to a closest-packed oxygen 
layer. Note that the metal ions are separated by oxygen ions so that 
the interaction between them is indirect. It can be shown that this 
so-called superexchange interaction is strongest for a collinear configura- 
tion Me-O-Me and weakest when the two Me-O bonds form right angles 


with each other. ; 

Magnetic resonance. As discussed in Chapter 10, the paramagnetic 
behavior of crystals is explained by the cooperative alignment of elec- 
tronic magnetic moments parallel to an external magnetic field. In 
some respects, therefore, paramagnetism is similar to the orientation of 
electric dipoles in insulators, by an external field, as discussed in this 
chapter. These two effects, however, differ in one important way. 
Whereas the induced dipole field opposes the external electric field, the 
induced magnetic field aids the external magnetic field. 

Suppose that a paramagnetic erystal is placed ina magnetic field whose 
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direction is parallel to, say, the z axis. In the presence of such a field, 
the energy levels of the electrons split, as shown in Fig. 24 (Zeeman 
+B effect). The difference inthe energy 

of the two levels, 26H, is sometimes 


28H | H, written 


AE = gBH (51) 


where g is called the spectroscopic 
splitting factor or, simply, the g factor 
and is equal to 2.0 for electron spins. The energy that the electrons 
absorb can also be expressed by AE = hv. It follows from this that 
when the external field alternates with a frequency v such that 


hv = gBH (52) 


the field can induce transitions between adjacent levels and the crystal 
absorbs energy. When such energy absorption occurs, the phenomenon 
is called resonance or, more specifically, paramagnetic resonance. Note 
in (52) that there are two ways that resonance can come about; either the 
frequency is varied while the field strength H is maintained constant or 
the frequency is held constant and the field strength is varied. 

There are essentially two ways in which an external magnetic field can 
interact with the electrons in a crystal because the spin moments of the 
electrons in a crystal are affected by the magnetic field created by the 
moments of surrounding electrons. The strength of this internal field, 
acting on a single electron, ranges from a couple of hundred up to a 
thousand gauss. The effect that such a magnetic field has is that it 
causes the spin moments to precess about the field direction. At normal 
temperatures, the thermal motion of the electrons produces constant 
fluctuations in the internal field so that it assumes random directions. 
This, in turn, means that the spin moments precess about random direc- 
tions and no net magnetization results. The effect of applying an exter- 
nal field, therefore, depends on its strength relative to the internal field. 


-B 
Fic. 24 


is between the external field and the spin system of the crystal. It 
produces a net magnetization in the direction of the applied field and is 
commonly called the spin-spin interaction, Another type of mechanism 
becomes operative when the applied field Strength is larger than that of 
the internal field. The stronger field requires that all the spin moments 
align either parallel or antiparallel to the external field direction. Sup- 
pose that the magnitude of such a field is varied slightly. Since the 
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direction along which the spin moments must align remains unchanged. 
the only way that the magnetization can vary is for the relative numbers 
of parallel and antiparallel moments to change. These two mechanisms 
are not unlike the two ways in which ferromagnetic domains can align 
themselves in an external magnetic field. It will be recalled from Chapter 
10 that, in a weak field, favorably oriented domains grow in size by small 
changes in the orientations of spin moments along domain walls, whereas, 
in strong fields, the spins within entire domains can simultaneously 
reorient themselves. The ease with which such complete reversals in 
spin direction can occur depends on the crystal structure. Accordingly, 
such an interaction between a strong field and a nonferromagnetic crystal 
is frequently called the spin-lattice interaction. t 

The role of different atoms in crystals is primarily determined by their 
electrons rather than by their nuclei, because the nuclei are relatively 
immobile. It is true, however, that the atomic nucleus has an angular 
momentum and, associated with it, a magnetic moment that can interact 
with an external field. The torque of the force acting on the nucleus acts 
at right angles to its angular momentum and cannot change the magni- 
tude of the angular momentum. Instead, it causes the angular-momen- 
tum vector to precess about the direction of the applied field (similarly 
to the precession of a gyroscope). The precession induced by a magnetic 
field is called the Larmor precession, and the angular frequency of the 
precession is called the Larmor frequency. In addition to causing the 
Larmor precession, the external magnetic field produces a splitting of the 
energy levels of the atom (Zeeman effect). Transitions between these 
levels are determined by the selection rules which allow transitions 
only between adjacent levels. If an alternating magnetic field has a 
frequency equal to the Larmor frequency, its energy is just right for 
transitions to take place and resonance can occur. This phenomenon 
is called nuclear magnetic resonance (NMR) and for a field strength of 
10‘ gauss occurs at radio frequencies of 1 to 50 megacycles. The width 
and structure of the resonance absorption curves is determined by inter- 
actions between magnetic moments of neighboring atoms. Since this 
interaction is, in turn, determined by the crystal structure, nuclear 
magnetic resonance can be used to study structural features in crystals. 
For example, metal isotopes can be located in a erystal’s structure and 
used to study such phenomena as order-disorder transformations in 


crystals. 
Quite similarly, 
The resonance phenomenon for 


electrons in crystals. 


it is possible to locate isolated 
4 : frequencies that are a 


electrons occurs at 
y called a spin-siructure interaction. This is 
he word lattice, since the exchange 
th the imaginary lattice 


t This mechanism is more correctl. 
another example of the incorrect popular use of t! à! 
interaction takes place with the crystal structure and not wi 
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thousand times larger than those used in NMR because the mass of an 
electron is a thousand times smaller than the mass of a nucleus. The 
name given to this phenomenon is electron paramagnetic resonance (EPR), 
and it can be used to study isolated electrons such as occur at F centers 
where an electron is trapped in a negative vacancy. The width and 
structure of the resonance absorption curves in EPR are due to the 
atomic environment of the electron and can be used to study the nature 
of the trapping center. 

A related effect is observed when a semiconductor is placed in a steady 
magnetic field. The conduction electrons (or holes) in the crystal are 
caused to travel in spiral orbits about the magnetic field direction. If 


the radius of their orbit is r, the centrifugal force acting on an electron 
moving with a velocity v is 


moi (53) 


At the same time, the electron feels a force due to the applied field, the 
so-called Lorentz force 


Pas (54) 


m*v? eH 
r c 


and the angular frequency of the electron is 


_2_ eH z 

DRTE (66), 
Next, suppose that an alternatin 
steady field H. When the freq 
then resonance absorption takes 


g fields in the radio-frequency 
e effective mass of electrons or 
In fact, it is one of the most 
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Exercises 


1. Two parallel plates, 10 X 15 cm in area, are separated by sodium nitrate, 
xe = 5.2, and are permenently connected to a 250-volt battery. 


(a) What is the capacitance of this capacitor? 


(b) What is the charge on the plates? f $ : m 
(c) What is the induced dipole moment per unit volume in the dielectric? 


(d) What is the electric field intensity in the dielectric? 


2. A capacitor is constructed from two concentric metal spheres aE Sa 
3 and 4 cm, respectively. The space separating the two spheres is R etely fille 
with sulfur, xe = 4.0. What is the capacity of this spherical mes ee 

3. Consider the parallel-plate capacitor in Fig. 1. Why must a aa a prate 
needle-shaped cavity be small? ae a Piae n an area of 4 mm?, 
is i arge placed into suc ? 

ee ie pede a a NaCl molecule in a vapor? Assume that the 


molecule consists of Na+! and Cl~ ions separated by 2.5 A. i 
5. The resonance frequency of a piezoelectric crystal is given by 
v 1 ,/E 


fo= 35 = 2w VD 


where v is the velocity of sound in crystal 
w is the width of crystal 
E is Young's modulus 
D is the density of crystal. 
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What is the resonance frequency of a quartz crystal 2.6 mm wide? What must be 
the size ọf a crystal to be useful in the frequency control of oscillators in the kilocycle 
range? In the megacycle range? Is quartz suitable far use in both ranges? (Look 
up the values of density and Young’s modulus in a handbook.) 

6. Consider the piezoclectric crystal shown in Fig. 5. 


(a) When the electrodes are not connected to each other, what is the open-circuit 
voltage when a stress ø is applied? 

(b) What is the mechanical strain in this case? 

(c) What is the electrical polarization in this case? 

(d) How do these quantities compare with the case of short-circuited electrodes? 


7. Assume that only Nat! contributes to the ionic conductivity in NaCl. If the 
measured conductivity of NaCl at 600°K is 10-6 mho/em, what is the value of the 
diffusion coefficient per unit area for sodium in NaCl? (anacı = 5.63 A) 

8. Why is the ionic mobility in alkali halides small? Why is the electronic mobility 
also small in these crystals? 

9. It is often convenient to represent the optic properties of a crystal by drawing a 
prolate or oblate spheroid whose major and minor axes are the 
Make a sketch of this so-called tndicatriz for a uniaxial positiv 

10. Consider the principal planes of the two indicatrices in 


indices of refraction. 
c and negative crystal. 
Exercise 9. 


(a) Show the vibration directions and relative wave fronts of the ordinary and 
extraordinary rays for light incident at 30° to the optic axis of n Uniaxial positive 
crystal whose indices of refraction are € = 2.5, w = 1.5. 

(b) Repeat above for light incident at 49° to the optic axis of a uniaxial negative 

crystal for which € = 1.8, w = 2.0. 


1l. Na D light (à = 58934) passes through a uniform wed, 
w = 1.544). At what thickness of the 


traveling parallel to [1120]? 

12. Using the Lorenz-Lorentz e 
calcite by assuming that the mola 
ionic refractivity of Cat? (R = 1.9 
11.32). Why do you think that the c 
ratio 1.486/1.658 but the actual magni p: 


13. Make separate sketches showing the energy. 
the following: 


ge of quartz (€ = 1.5533, 
edge will the phase difference ô = x for light 


(a) F centers. 
(b) F and F" centers. 
(c) F and V centers. 


unit cell in this crystal. Is the symmetry of the crystal changed if differences in the 
spin moments are considered? 

15. ZnFe,0, is antiferromagnetic. Assuming that zinc atoms Occupy the tetra- 
hedral voids in the spinel structure, suggest a model that explains the antiferromagnet- 
ism in zinc ferrite. 

16. An alkali halide crystal contains some divalent metal impurities. List and 
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‘perfections present in such a crystal and by what resonance 


describe some of the i 
urrangements one could study these imperfections. 

17. When an EPR experiment is performed on a ferromagnetic crystal, the g factor 
determined is several times larger than its free-electron value of 2.0. It has been 
shown that if the field H in relation (52) is replaced by (BH)}, where B = H + 4nxM, 
the g factor has more nearly the free-electron value. For example, g then equals 
2.2 in FeO.. At what frequencies do you think this co-called ferromagnetic resonance 
can be observed? (Assume that H ~ 5000 oersteds.) 


15 


Structure of insulators 


` 


Following the classification scheme adopted in this book, all those 
compounds that are not conductors, namely, all nonmetals, can be sub- 
divided into two groups. The nonmetals in one group can conduct 
electricity in readily measured amounts via electronic conduction and 
are called semiconductors. The nonmetals in the second group, called 
insulators, can conduct electricity only by the ionic conduction process 
described in the previous chapter, since their electronic conductivity is 
negligibly small. This does not mean that all these compounds find use 
as dielectric materials but rather that their electrical resistivity is nor- 
mally very high (~10!5 ohm-cm). This group contains by far the largest 
number of known inorganic compounds. It is possible, therefore, to 
discuss only a very small number of compounds representative of this 
group. Accordingly, the following plan is adopted in this chapter. 
The crystal structures of the clements not as yet described are first 
discussed. It turns out that the only elements in this category that are 
important in solids are the halogens. Because these elements form an 
important group of compounds called halides, the structures of halides 
are also briefly reviewed, The oxides of metals not discussed in Chap- 
ter 13 are considered next, This group includes the silicates which are 
of particular interest because they compose the bulk of the earth’s crust. 
It is obviously not possible to consider the thousands of different silicates 
individually, so that only their common structural features are described. 
Finally, the structural arrangements found in another important class of 
solids not discussed elsewhere in this book, namely glasses, are briefly 
considered. 


Halogens and halides 


The crystal structures of the inert gases and oxygen and of elements 
heavier than bismuth are not described in this book because the former 
418 
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ure guses at ordinary temperatures and the heavy elements are too little 
used and too incompletely known to warrant discussion here. This 
leaves the elements fluorine, chlorine, bromine, and iodine unaccounted 
for. These elements are strongly electronegative, as shown below, and 
tend to form negative ions by the addition of one electron. 


F Cl Br I 
Electronegativity 4.0 3.0 2.8 2.5 


Alternatively, since they each have seven electrons in the unfilled shell, 
a halogen can form one electron-pair bond in covalently bonded crystals. 
It is also possible for the halogens to act as singly charged positive ions 
in certain compounds. i 

Fluorine and chlorine are gases at ordinary temperatures. 
— 185°C, chlorine crystallizes with a tetragonal structure containing pairs 
or chlorine atoms in molecules of Cle, as evidenced by Cl-Cl distances of 
1.82 A within a molecule and 2.52 Å between molecules. Bromine is also 
a gas at room temperature and crystallizes below —150°C in an ortho- 
rhombic structure containing Brz molecules. The same crystal structure 
is adopted by iodine, which is the only element in this series to crystallize 


at room temperature. The interatomic distances within each molecule 


and the separations between molecules found in these crystals are com- 
pared with the intramolecular separations in these molecules in their 


vapors below. 


Separation within Separation between 


Below 


Separation within 
molecules in vapor 


a molecule molecules 
Br 2.27 3.30 2.28 A 
I 2.70 3.54 2.65 Å 


affinities of the halogens suggest that these elements 
The crystal structures of the halides 


range from simple alkali halides, having either the halite structure 
shown in Fig. 6 of Chapter 13 or the cesium chloride structure shown in 


Fig. 1 of this chapter, to considerably more complex structures in such 
The halogens also sometimes 


compounds as TIAIF, and NasAlsFus- 
form compounds with oxygen. Such compounds are called oryhalides, 
for example, CaQ2Clz, MoO2Brz, and SbOsCl2. Some of these com- 
Pounds, for example, calcium hypochlorite, Ca0.Cle, contain complex 


ions of the form ClO! in which the halogen ion has an effective positive 


charge of +1. 

Returning to the simpler 
ter 8 that the structure wit 
determined by the relative radius ratio of t 


The large electron 
prefer to form ionic compounds. 


will be recalled from Chap- 
lar halide crystallizes is 
It follows from the 


alkali halides, it 


h which a particu 
he ions. 
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discussion in that chapter that only those crystals for which this ratio 
has values between 0.414 (octahedral coordination) and 0.732 (cubic 
coordination) should crystallize with the halite structure. It turns out, 
however, that all alkali halides except CsCl, CsBr, and CsI adopt the 
NaCl structure at room temperature. This is very surprising, particu- 
larly since the radius ratio for KF, RbF, and CsF is 0.98, 1.09, and 1.24, 
respectively, indicating that the coordination number for both ions should 
be.8. It is not as yet possible to explain this anomaly theoretically 


Fia. 1. Cesium chloride (CsCl) structure, 


because the cohesive energies that have been calculated for both struc- 
tural arrangements indicate that the cubically coordinated CsC] struc- 
ture is preferred. It may be that secondary effects such as van der Waals 


in the crystal can move about. This process is called Ueman oo 
described in the previous chapter, when an external electric field is 
applied, it leads to ionic conductivity. The mobility of the ions is much 
smaller than the electronic mobilities encountered in semiconductors so 
that it is not possible to measure the Hall effect, Also, the total ionic 
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conductivity is relatively small. The electronic conductivity is limited 
to even smaller values in these crystals because the number of conduction 
electrons in an ionic crystal, as well as their mobility, is very small. 


Oxides 


Perovskite type. Some of the halides containing alkali metals, for 
example, KMgF;, crystallize with the perovskite structure shown in 
Fig. 2. The potassium and fluorine ions form closest-packed planes in 


Fic. 2. Perovskite (CaTiUs) structure. The atoms are reduced in size for clarity. 


this structure normal to the [[111]] directions of the cube so that the 
resulting structure can be thought of as a cubic closest packing of such 
sheets containing a magnesium atom in the octahedral void at the center 
of each unit cube. Perovskite is the mineral name of the oxide whose 
composition is CaTiO, and whose structure consists of similar (ets 
Packed sheets of calcium and oxygen atoms containing titanium at t le 
centers of the unit cubes. A large number of oxides crystallize with a 
structure, for example, SrTiOs, BaZrOs, BaTiO;, and ea ee 5 
these compounds also crystallize in several polymorphous modifica ae 
having slightly distorted perovskite-type structures. For oa 
barium titanate can transform to a tetragonal, orthorhombic, or thomt 0- 
hedral modification at lower temperatures. In each case, the displacive 
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transformation is accomplished by a shift in the titanium atom positions. 
This is best seen by considering Fig. 3, which shows the perovskite 
structure when the origin of the cube is placed at the position of a tita- 
nium atom. Because the polymorphs of, say, BaTiO; have interesting 
ferroelectric properties related to their structures, they are considered 
in some detail below. 

Consider the oxygen octahedra coordinating each titanium atom, as 
shown in Fig. 3. The titanium atom can shift in its position relative 


Fig. 3. Crystal structure of BaTiO;. The oxygen octahedra coordinating Ti+ arc 
shown at the corners of the unit cell. Note that the large Ba*? ion is coordinated by 
2 Se ioe since the Ba-O array is that of a cubic closest packing. (See also 


relative to the barium atom at the center of the cube. In the tetragonal 
distortion of BaTiO,, it turns out that the titanium at 
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sufficiently strong electric field is applied parallel to the c axis, it is possible 
to reverse the direction of the polarization, that is, the relative displace- 
ments of the ions. By analogy to the reorientation of magnetic dipoles 
in ferromagnetic crystals, this phenomenon is called ferroelectricity. 
Below room temperature, a further shifting of the atoms occurs so that 
dipoles are produced along the [110] direction. This produces an ortho- 
rhombic structure in which the a and b axes are parallel to the [110] and 
[110] directions and the c axis does not change its direction. Finally, 
below 193°K, another shift occurs so that the polarization direction is 


Fie. 4 


Parallel to [111] and a rhombohedral structure results. All these poly- 


morphs of barium titanate are also ferroelectric. i N 
Borates. Boron is quite unlike the other elements in the third column 
of the periodic table. In fact, it is far more similar to silicon when it 


comes to compound formation. Similarly to silicates, the fundamental 
unit in the so-called borates is a complex ion. In this case, it is [BOs i 
which consists of three oxygen atoms lying at the corners of an egies 
triangle containing the boron atom at its center. The atoms a + sae 
according to Zachariasen’s rule, which states that the complex £ 2 = 
collinear and MX; is coplanar if v = 2p, or v = 3p, respectively. iu 

is the total number of valency electrons in the group and pis i ae 
of valency electrons in the inert gas that follows x in the perio! $ m A 
The borate ions can combine in various ways to give simple bora! i : 
CaB,O, or complex ones like MgzCl2B16Os0. It is for this reason tha 


the i es of borates are of interest. i 
Laie lassified according to the num- 


The possible borate structures can be c i 
ber of oxygen atoms each BO; group shares with another BOs; group, as 
follows: 
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1. No oxygen atoms are shared. Thus the [BO,]-? ions exist as sepa- 
rate groups in these crystals and act like typical complex ions, say the 
carbonate ion. An example of these so-called orthoboratest is the mineral 
hambergite, BesOHBO3. 

2. One oxygen atom is shared. The sharing of one oxygen atom by 
two borate triangles produces a pair complex [B20;]-*. This form of 
complex ion occurs in pyroborates,+ for example, Mg.B.Os. 

3. Two oxygen atoms are shared. This requires that a chain complex 
be formed in which adjacent triangles share corners, (Pauling’s rules 
forbid the sharing of edges by triangles.) The structural formula of 
these so-called metaboratest is [BOs|-!, and an example of this complex 
is found in CaB,Q,. . 

4. Two and one-half oxygen atoms are shared. This type of sharing 
comes about when alternate triangles in a double chain share two and three 
oxygen atoms, respectively. The structural formula of this complex is 
[B.O7]-, and it is believed to exist in common borax, Na2B,07-10H20. 

5. Three oxygen atoms are shared. Since the borate triangle contains 
only three oxygen atoms, this is the maximum sharing possible. The 


is not necessary, however, for the triangles to be mutually coplanar. 
The resulting crystal has the formula B:0;, and such crystals have 
actually been synthesized although this o 


xide more commonly forms à 
glass, 


The structural units and the valence of the respective complexes are 
easily determined with the aid of Table 1. It is, of course, possible to 
conceive of other complexes consisting of a finite number of borate 
triangles. Such complexes actually occur; for example, potassium 
Pentaborate, KH,Bs010-2H,0, contains double rings formed by borate 
triangles. One of the boron atoms in this complex, however, has tetra- 


not fit into the scheme 
outlined in Table 1. 


Silicates. It is interesting to note that t 


The three major consti 
glasses in which the aluminum atoms either s 


¢ ‘Crally coordinated in the voids 
between the silicon tetrahedra. (The dual role that aluminum can have 


t The prefixes meta, ortho, and pyro are derived from 


the names given to the acids 
from which the salts are supposed to form. The relatio 


nship between them is that 
meta + H:O = ortho HBO. +H = H,BoO, 
2 ortho — H.0 = pyro 2H,BO; — H.0 = HBO; 
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in silicates became known only when the actual crystal structures of 
silicates had been determined.) It is not surprising, in view of the 
abundance of silicates, that they are utilized in many types of construc- 
tion materials used in building houses, bridges, and roads. Silicates 
are the main ingredients of brick, mortar, sand, cement, and su on as well 


Table 1 
Borate structural units 
No. of oxygens Structural unit hires Structural formula 
shared s compensation 
C-! 
B+3 
0 o | -6 (BO) 
-3 
Be 6: { 
1 0 | =10 | 1B:03] + = (B0417? 
a 
B +3 
2 | [BO] ~ 
-l 
B +12 
2} 0 -14 | (B0: = [BO] 
= 
B+6 
3 0 —6 [B:0;]° 
0 


s ant 
as most naturally occurring rocks. Also, most gems and semipreciou 


Stones are silicates. 

The anr ker na in existence is so large that even the ones that 
already have been identified form a rather voluminous catalog. A 
theless, the basic features of all silicates are quite similar. The funda- 
mental building units are [SiOJ-* complex ions in which the four oxygen 


atoms coordinating the central silicon atom are dispos 
i so 
of a regular tetrahedron. The silicon tetrahedra are frequently 


The 
arranged that the oxygen atoms actually form a closest earmen or 4 
other metal atoms present then occupy some of the remaining 
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Because of their structural similarities, it is possible to devise a general 
plan for the structures of silicates, similar to the one outlined for borates 
in the previous section. Many examples of each of the different struc- 
ture types are known although many more silicates remain to be classified. 
In the following discussion, the mineral names of a number of silicates 
are listed without further amplification. These names will be old friends 
to mineralogists but are probably unknown to other readers. Because 
the structural features of the minerals rather than their names are of 
interest to the purpose of this book, they are not discussed further here. 
It should be borne in mind that the differences in silicate structures are 
reflected in differences in their physical properties such as cleavage, for 


example. All the silicate structures determined to date fall into one of 
the following categories:f 


1. No oxygen atoms are shared. The resulting [SiO.]-4 groups, called 
individuals, are found in the orthosilicates: olivine, (MgFe):SiO4; chon- 
drodite, Mg:(Si04):(OH)»; garnet, FesAlo(SiO,)s; and others, Because 
of the random orientations of the individual tetrahedra, these crystals 
have virtually no natural cleavage planes 

2. One oxygen atom is shared. The sharing of one oxygen atom by two 
silicon tetrahedra produces pairs with the formula (SizO7]-* found, for 
example, in hemimorphite, Zn.Si20;(OH),-H,0, which is an important 
zinc ore. Like the silicates containing single individuals, the pyrosilicates 


containing pairs do not have Pronounced cleavage planes because the 
pairs are usually randomly oriented, 


3. Two oxygen atoms are shared. 
the structural unit is a single chain 
chain structures are commonly found in the Pyroxenes like enstatite, 
MgSiO,, or diopside, CaMg(Si0;)», and the infinitely long single chains. 
Yroxene chains. It is also possible for the 
s; that is, it is Possible that they form 

ite, BasTiSi,Os, and six- 
These so-called beryl rings 
r between sheets as tightly 
age is poor. Nevertheless, 
ounced than in the silicates 


When tivo oxygen atoms are shared 
With the formula [SiO,|-2, These 


member rings occur in beryl, BesAlSigQys. 
lie in sheets but they are bonded to each othe: 


the cleavage in most metasilicates is more pron 
belonging to the first two categories. 


ared. This combination is obtained 
a double chain share two and three 
oxygen atoms, respectively. The formula of the resulting complex is 


high pressures. As might be expected, the: 
It is interesting to note, however, that Pa 
pounds; that is, the silicon tetrahedra share corners only. 


Structure of insulators 427 


nge ‘, and these double chains are found in all amphiboles and 
bse amphibole chains for that reason. The minerals tremolite, 
OEO Me hOu and hornblende, CasMg:(OH)a(SisOu)2, are 
Sis a en amphibole group. The aluminum avoms in hornblende 
S he ra ne positions normally occupied by silicon, which is the 
enc emacs peg ining the two metals inside the parentheses in the formula. 
os g! e expected, amphiboles exhibit reasonably good cleavage 
cause the double chains tend to align parallel to each other. 

; 5. Three oxygen atoms are shared. Similarly to the borates, the 
sharing of three corners by the tetrahedra produces infinite sheets. There 
are different ways in which the tetrahedra can form such sheets, for 
example, by the joining of two out of three unshared corners in six- 
member rings or alternatively in eight-member and four-member rings. 
The structural formulas of all sheets are the same, namely, [SizOs}-*. 
Six-member rings forming an infinite sheet are found in the micas and 
clays, for example, in muscovite, KAI.(OH)2(SisAl) O10, and montmoril- 
lonite, (AIMg)s(Si«O10)3(OH) 10°tH2,0. The sheet structures cleave very 
easily because the sheets usually are bonded to each other by forces much 
weaker than the forces honding the atoms within a sheet. 

6. Four oxygen atoms are shared. When all four corners are shared 
by the tetrahedra, infinite three-dimensional networks are formed. This 
is the structure of the three polymorphous forms of Si:O: quartz, tri- 
dymite, and cristobalite. Each of these forms has, in addition, two or 
more high-temperature polymorphs. 


tallize with structures that are related 
Quartz has the densest structure of 
ll atoms can fit into the unoccupied 


A large number of silicates crys 
to the network structures of SiOz. 


the three so that only relatively sma 
interstices, for example, lithium atoms to form eucryptite, Li(SiAl) Ou. 


The more open structure of tridymite and cristobalite can accommodate 
larger atoms, for example, sodium in the high-temperature structure of 
tridymite to form nepheline, Na(SiAl)Os. It is not surprising that the 
common rock-forming minerals, the felspars, which also have network 


structures, can and do accommodate many different atoms in their 
interstices. For example, continuous solid solutions are possible between 
an, Ba(SizAlz) Os, or between albite, 


orthoclase, K(SisA1)Os, and celsi 

Na(Si;Al)Os, and anorthite, Ca(SizAl) Os. In each of these solid solu- 
tions, the substitution of a divalent ion in the interstices must be accom- 
Panied by the substitution of an aluminum atom for a silicon atom in a 
tetrahedron. Variations in the structure of these networks are also 
possible. Thus the networks can contain tunnels, as in the zeolites 
analcite, Na(AISiz)0.H20, and leucite, K(AISi2)O6, oF they can form 
cages around large voids, as in the wultramarines such as sodalite, 


Nas(AleSie) O2a'Cla. 
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The various structural units that can be built out of silicon tetrahedra 
are illustrated in Table 2 in which the silicon units are drawn in projection 
on the tetrahedral faces. As can be seen in this table, as more tetrahedra 
are combined into a single structural unit, the net valence of the unit 


Table 2 
Silicate structural units 
- of oxygens Structural unit Charge Structural formula 
shared compensation 
| aes eee 
Si +4! 
o A o | <8 [SiO] 
1 [SiO] 6 = [SiO 
2 [SiO;] =? 
ý ISKON] = [SiO4] 
8 0 l -10 (Si0,]-? = [SiO 
—92 
4 Three-dimensional Sg | nner 
network 0 me [SiO] 


decreases from —4, in the individual unit 


network. It is, of course, possible to conceive of other structural units 


as well. Up to the present time, however, no such units have been found 
to exist in crystals, Because of the more random nature of the structures 
of glasses, such different units ean be supposed to exist in glasses, It is 
not possible to speak of the exact structure of glasses, however, because 
of the inability of present methods to determine such structures in detail 
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Glasses 


oo — of the structures of glasses is that they consist of 
aa ce- imensional networks in which the formation of chains or 
$ s is not impossible. However, it is not necessary to postulate the 
presence of specialized units in 
order to explain the observed prop- 
erties of glasses. The structure 
of a typical silicate glass is sche- 
matically shown in Fig. 5. The 
exact composition of glasses can 
vary tremendously although they 
must contain predominantly oxy- 
gen, silicon, boron, and aluminum, 
which are the network-forming 
atoms. Table 3 lists a few of the 
more common glasses and their 
compositions. As can be seen in Fic. 5. Schematic representation of 
this table, in addition to the so- a o F pan ih $ 
called network formers, the different S anings hi see die vate ae 
glasses can contain varying amounts 
of other oxides called network modifiers because they s 


modify the basic properties of the glass. 
The strongest bonds in these glasses are the Si-O bonds in the silicon ` 


tetrahedra. The absence of any symmetry in the structure, however, 


Table 3 
Composition of common glasses ft 


erve to change or 


| ses 
Network formers | Network modifiers 


MgO | CaO | PbO 


— 


SiO, | B20; | Al:Os Na,O| K:0 


PEE | eames ae aa 


eer 
Fused silien | 99.8 or 

96 3 1 

80 14 2 3.5 | 0.5 

72.| sme e E Th oe k 

63 l 8 6 1 21 


ght per cent of the constituent oxides 


ural complexes in glasses. 


etrahedron to the next. 


expressed as wei 


t The compositions are 
distinguish struct 


because it is not possible to 


allows the strength of the bond to vary from one tetrahe the 
in glasses is 1.62 A which is very similar to 


(The average Si-O distance 1 
the 1.60 A separation found in crystals.) Consequently, there does not 
exist a single temperature at which all the bonds are broken simulta- 
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neously. When heated, glasses soften gradually, therefore, rather than 
melt abruptly the way crystals do. In fact, it is possible to think of a 
glass as a liquid which has been cooled rather rapidly so that the atoms 
have not had a chance to Tearrange themselves in a symmetrical manner 
before their motion was arrested. This is different from the state of a 
supercooled liquid, to which glasses have sometimes been likened, because 
a supercooled liquid has very definite properties at fixed pressures and 
temperatures whereas the Properties of compositionally identical glasses 
are determined primarily by their previous thermal history. Thus a 
glass is best likened to a liquid whose viscosity has increased upon cooling 
until it became so large that the liquid, in effect, became a solid, Fur- 
thermore, given sufficient time, the atoms tend to adopt the more sym- 
metrical and more stable crystalline structure even while in the highly 
viscous state of a glass. This Process of crystallization from a solid glass 
is called devitrification, 

In addition to the network modifiers, glasses can contain fluorine or 
sulfur in substitution for oxygen atoms. For example, beryllium difluo- 
ride can form a glass consisting of a three-dimensional network of [BeF4]-? 
tetrahedra. Moreover, glasses tan contain a variety of cations which 
can influence the optical Properties of the glass such as its color, index of 
refraction, or absorption coefficient. Similarly, the addition of boron 
oxide to fused silica decreases its high-temperature stability because the 
B-O bonds are weaker, Concurrently, it minimizes the tendency of fused 
Silica to devitrify so that such glasses as Pyrex are better suited to with- 
stand Tepeated heating and cooling cycles. Unlike crystals, the deter- 
mining factor in the structural composition of glasses is the requirement 
of electrical neutrality as distinct from a definite stoichiometric ratio. 

Silicate glasses. As can be seen in Table 3, the vitreous form of 


silica has the composition SiO». In agreement with the above described 
laws for the structures of silicate 


Some of the other metal 
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het work PN 2 u 
a r Ro 9 es das pl of vitreous CaSiOy or PbSiO, consists 
“ape a e ra arranged in chains or rings around the modifier ion, 
a r rings being linked to each other through shared oxygen 
to form a kind of three-dimensional network. 
ante) — The vitreous form of B:0; appears to be actually 
= thi re than the crystalline form only recently synthesized. Like 
hese sage it consists of a random network of boron atoms each 
ore = coordinated by three oxygen atoms. When glasses are 
Bes nite combining silica with boric oxide, the structural arrangement 
i ination of the two network types. Each silicon is tetrahedrally 
sae inated by four oxygen atoms; each boron is triangularly coordinated 
ers of the cations. On the other hand, when an alkali-earth oxide 
a ed to such a glass, some of the boron atoms change over from a 
triangular coordination to a tetrahedral one. This produces an interest- 
= change in the thermal expansion coefficient of the glass, which has 
een called the boric oxide anomaly. When SiO» is added to boric oxide, 


the bonding in the silicon tetrahedra serves to tie together more strongly 
the planar boron triangles in the three-dimensional network so that a 
regular decrease in the thermal expansion coefficient of the glass. is 
observed, Similarly, when NaO is added to boric oxide, some of the 
boron atoms change to tetrahedral coordination so that, again, the net- 
work structure ig more. tightly bonded and the expansion: coefficjent 
decreases, A type of saturation effect sets in, however, at about 13 per 
cent of Na,O. The reason for this is that, at this composition, the num- 
ber of additional oxygen atoms introduced by the addition lof Na:0 is 
quite large and the Nat! ions are able to saturate the extra 07? ions with- 


out requiring any more boron atoms to assume 4-fold coordination. In 
e 13 per cent again starts to 


fact, an increase in the soda content abov 
increase the thermal expansion coefficient, indicating that the tetrahe- 
drally coordinated boron atoms tend to revert to the triangular coordina- 


tion in which they are more stable. 

_ Other glasses. According to thermodynamic considerations, a glass 

18 Stable only when its energy is less or equal to the energy of the corre- 

Sponding crystal structure. It follows from this that glasses can be 

formed only by compounds tending to form network-type structures in 
lass is selenium, 


crystals, The only element known to exist as a Blas 
although sulfur also exists in a modification quite similar to a glass. 


‘his form is the so-called plastic sulfur.. It will be recalled that both of 
sith structures composed of chains and rings 


these elements crystallize W i 
So that the glassy state can be pictured simply as a disordered array of 
these atomic groupings. Similarly, certain compounds crystallizing in 
structures composed of discrete groups can form glasses. In addition to 
Sid, BeF,, and B203 already cited, it is expected that GeQ2, P20s, AS20s, 
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Sb20s, P20;, As20;, Sb2Os, and similar oxides may form glasses. Actually 
GeOz and P.O; form glasses fairly easily. The P-O distance in lime- 
phosphate glasses is 1.57 A as compared with 1.55 A in crystalline phos- 
phates. The phosphorus atoms are tetrahedrally coordinated but the 
total number of oxygen atoms present in all phosphate glasses is always 
somewhat in excess of twice the number of Phosphorus atoms. Thus, 
there are always some oxygen atoms present that are bonded to only one 
phosphorus atom. 

Physical properties. The distinguishing property of all glasses is 
that they undergo a continuous decrease in viscosity when heated rather 
than the abrupt melting stage encountered in crystals. This is, of 
course, because of the randomness of their structural arrangements. 
Furthermore, since the bonding in these compounds is predominantly 
ionic, any observed electrical conductivity must be due to ionic conduc- 
tion. It can be shown that the network-forming ions are too tightly 
bound to contribute to the conductivity which is, therefore, due primarily 
to the diffusion of the modifier metals present. Like all the properties 
of glasses, the electrical conductivity depends strongly on the previous 
thermal history of the glass. 

When viewed with visible light, glasses behave just like any isotropic 
medium. The isotropy is due, of course, to the randomness in the 
Structural arrangement. The index of refraction depends, however, on 
the previous thermal history of the glass. If a glass has been stressed, 
then some type of preferred orientation effects takes place in the immediate 
vicinity of the induced strains and a local anisotropy results, This can be 


essed by, say, heating followed 
polarizers. The randomness 


Suggestions for supplementary reading 
E. U. Condon, Physics of the glassy state, Am. J. Phys., vol. 22 (1954) pp. 43-53; 
132-142; 224-232; 310-317. í 
R. C. Evans, An introduction to cr 
London, 1948). 
Linus Pauling, The nature of the chemical b 
Ithaca, N.Y., 1957). 


J. E. Stanworth, Physical properties of glass (Oxford University Press, London, 1950) 


ystal chemistry (Cambridge University Press, 


ond, 2d ed. (Cornell University Press, 


Structure of insulators po 


B. E. Warren, The basic principles involved in the glassy state, J. Appl. Phys., 
: vol. 13 (1942), pp. 602-610. 
- F. Wells, Structural inorganic chemistry, 2d ed. (Oxford University Press, London, 


1950). 


Exercises 
. 1. What is the lattice of the cesium chloride structure shown in Fig. 1? Why is 
it not body-centered cubic? 
ad Tp radius ratio for 12-fold coordination is unity, what prevents a simple 
ic AB compound having atoms of equal size from adopting a crystal structure in 
which each ion is coordinated by twelve unlike ions? What structure types do you 
know that do have 12-fold coordination? 

3. Is the perovskite structure shown in Fig. 2 centrosymmetric? Are the tetrago- 
nal, orthorhombic, and rhombohedral distortions of this structure centrosymmetric? 
Are there any directions in the undistorted perovskite structure along which the. 
Structure is polar; that is, when the structure is viewed along this direction, does it 
look different when viewed from opposite sides? 

4. Make a sketch of the double-ring complex you think may exist in the structure 
of KH,B,O.0-2H20. What is the net valence of this complex? 

5. The glassy form of P:0s contains phosphorus in tetrahedral coordination. 

Ssuming that phosphor tetrahedra can be used to build structures similar to silicon 
tetrahedra, prepare a table similar to Table 2 showing the structural complexes possi- 
ble and their net valences. Look up the structures of some phosphates to see if such 


Complexes actually occur. ay eet 
6. What internal process can make a glass appear to he colored when it is viewed 
with white light? 
7. Why should the add 
crease the number of tetrahedrally coordina’ 


ition of NazO in excess of 13 per cent to a boric oxide glass 
ted horon atoms? 


Appendix 1 


Physical: constants 


mass of an electron 

rg of mass of oxygen atom 
mass of hydrogen atom 

1 gram equivalent 

1 AMU equivalent 

1 MeV equivalent 

1 electron volt 

1 million electron volts 
Planck’s constant 
Avogadro's number 
Boltzmann's constant 
Rydberg (gas) constant 
charge of one electron 
charge /mass of one electron 
velocity of light 

Angstrom unit 

Bohr magneton 


Magnitude 


9.108 X 107 g 
1.600 X 10-4 g 
1.008 AMU 
8.987 X 107° ergs 
9.311 X 10? MeV 
1,783 X 10-77 g 
1.606 X 107 esu 
1.606 X 10~* esu 

52 1077 erg-sec 
TF e 105 AMU/E 
1.380 X 10718 erg/ K ag 
8.317 X 107 erg/mole X 
4.803 X 107" esu 
5.269 X 10" esu/g 
2.998 X 10!° cm/sec 

i = 107m 
TAE 10°?! erg/gauss 


(or molecules/mole) 
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Conversion units 


The equations of Maxwell express the basic relations of electromagnetic theory. 
The conversion of units from the cgs to the MKS system, therefore, can be best seen 
in terms of these equations. 


MKS 


B = xmuoH (1 weber = 105 max- 
wells) 

I = a£ (e ohm-!m-!) 

D = ræt 

c = 2,998 X 10! m/sec 

po = 1077 henry /m 

e = 107/c? farads/m 


B = «nH (1 maxwell = 1 gauss-cm3) 


I = o£ (¢ ohm~'cm-!) 
D = mE 
c = 2.998 X 10!0 cm/sec 


|__| 


1 coulomb = 3 X 10° escoulombs = jy abcoulomb 
1 amp (1 coulomb/sec) = 3 X 10° esamperes = 5 abamperes 
1 volt 


10! abvolts 
1 abvolt X 1 abcoulomb 
1077 joule 


1 joule = 1 volt X 1 coulomb 
= 107 ergs 


lerg = 1 esvolt X 1 escoulomb lerg 
= 10-7 joule 


£m and x Bre dimensionless and have the same value in both systems. 
1 eV œ 4.803 X 10719 escoulomb X s$s esvolt ~ 1.601 X 10-12 erg. 
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Appendix 3 
Atomic radii 


Be radii, As discussed in Chapter 4, ionic radii are usually determined by 

bondin Ing, the cation-anion separation in crystals by some means. Because the 

lor Sree in, say, alkali halides is not purely ionic, however, different values are obtained 
ifferent compounds. For example, the radius of Li*! calculates as follows: 


0.68 A from Li-F 
0.76 A from Li-Cl 
0.78 A from Li-Br 
0.82 A from Li-I 


ling derived a set of crystal radii by assuming that the radius of 07? is 1.40 A. 
is urther deduced certain crystal radii from the so-called univalent radii according 
(see Chapter 4) 
Roryatat = Runivateat 2-7". (1) 
A mo of Pauling’s crystal radii is given in Table 1. 
of rens used the radius of F- (=1.33 A) instead of oxygen to determine the radii 
ost number of cations. Using these as standards, he deduced the radii of the other 
ions by employing their ionization potentials / in the relation 


Rasos = Fe @) 


tne K has a constant value for each element considered and n is assumed to have 
and Ter value for all the elements. ‘He then used the pairs of ions Mn*? and Mn*7 
Table 2 and Tl+? as calibration ions. The cation radii deduced by Ahrens are listed in 
Fest -i Because of the procedure used in deriving their values, these radii are cor- 
2 strictly speaking, only for cations having 6-fold coordination. 
FE sedans radii, When atoms form electron-pair bonds with each other, the 
tive ratomic Separation depends on the number of electron-pair bonds formed. In 
m case of hybrid-bond formation, it also depends on the types of orbitals used. For 
ample, the interatomic separation for two carbon atoms is as follows: 


1.542 A when single bonds are formed 

1.330 A when double bonds are formed 

1.204 A when triple bonds are formed 
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Similarly, the radius of covalently bonded nickel depends on the orbitals used, as 
follows: 


1.21 A if octahedral d?sp? orbitals are used 
1.22 A if square dsp? orbitals are used 
1.23 A if tetrahedral sp? orbitals are used 


As’can be seen from the above, it is not possible to assign a single radius to cover all 
cases of covalent bonding. Moreover, it should be remembered that most atoms do 


Table 1 
Crystal radii of Paulingt (in Angstroms) 


—4 +5 | +6 | +7 
N (0) F 
0.11 | 0.09 | 0.07 
c P s Cl 
0.34 | 0.29 | 0.26 
Si V Co | Mn 


2.71 |2.12|1.84 


Ge Nb | Mo 
2.72 |2.2211.98] 1.95 | 1.69 0.70 | 0.62 
Sb Te I 


Sn 
2.94 |2.45|2.21 | 2.16 | 1.90 


tł Linus Pauling, The nature of the chemical bond, 2d ed. (Cornell University Press 
Ithaca, N.Y., 1948), p. 346. 
t Univalent radii. 


not form purely covalent bonds in crystals. Nevertheless, a number of elements 
appear to have very nearly the same radii in a number of crystals in which they are 
believed to be covalently bonded. Table 3 lists such radii for a number of elements. 
These radii are appropriate, strictly speaking, only when the atoms have tetrahedral 
coordination. 

Metallic radii. Probably the simplest radii to determine are those of metal ele- 
These can be determined by halving the known Me-Me distances in the metal 


ments. 
crystals. Nevertheless, two problems arise in this connection. First of all, the 
interatomic separations are usually not the same for different allotropic modifications. 


Secondarily, in the case of noncubic metals, there are two or more interatomic dis 


Alomic radii 


` 


Ionic radii of cations} (in Angstroms) 


Act 


Agt! 
Ag+? 


Alt? 


Am+? 
Amt 


As* 
Ast? 


Att? 


Aut! 
Aut? 


B+ 
Bat? 
Bet? 


Bits 
Bits 


Br*$ 
Bre? 


g 
Cat? 
Cat? 


Cet? 
Cet4 


cits 
c+ 


Cot’ 
Co+? 


Cr+? 
Cr+s 


1.18 


1.26 
0.89 


0.51 


-07 
0.92 


© 
on 
ao 


Table 2 
Cs*! 1.67 
Cut? 0.96 
Cut? 0.72 
Dy*s 0.92 
Er*s 0.89 
Eut? 0.98 
bea 0.08 
Fet? 0.74 
Feta 0.64 
Fre! 1.80 
Gat? 0.62 
Gd*3 0.97 
Get? 0.73 
Ge+t 0.53 
Hf 0.78 
Hg* 1.10 
Hot? 0.91 
I1+s 0.62 
I 0.50 
Int? 0.81 
Ir+4 0.68 
K+! 1.33 
Lat? 1.14 
Lit! 0.68 
Lut? 0.85 
Mg*? 0.66 


Mn“? 
Mn? 
Mn‘ 
Mn*? 


Mo** 
Mo** 


0. 


0 
0 
0 


o 


-69 
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Table 2 (Continued) 


Pt? 0.80 Se+t 0.50 Ti 0.76 
Pt 0.65 Set? 0.42 T 0:68 


Pu’? 1.08 j4 a | Tht 1.47 
we oa a. TI 0.95 


Ret gg | Sm@* 1.00 | Tm 0.87 


, 47 | Snt 93 | U** 0.97 
Rb 1,47 Snt* 0.71 ut 0.80 


c 


Rett 


UTE I oe V+: 0.88 
Re*? 0.56 Sr*? 1.12 yes 0.74 
Vt 0:68 
Rh+? 0.68 Tas 0.68 vets 0.59 
Tb* 0.93 We 0:70 
Rutt 0.67 Tb** 0 81 we 0 62 
S+ 0.37 

S+ 0.30 Tet? 0.56 yu 0.92 
Yb+3 0.86 

Sb+3 0.76 Te*4 0.70 
Sb*s 0.62 Tete 0.56 Zn*? 0.74 


Sct: 0.81 Ths 1.02 Zr*4 0.79 
į L. H. Ahrens, The use of ionization potentials, Part 1. Tonic radii of the elements, 
Geochim. et Cusmochim., Acta, vol. 2 (1952), pp. 155-169. 


Table 3 
Tetrahedral covalent radiif (in Angetroms) 


Be B Cc N (0) F 
1.06 0.88 0.77 0.70 0.66 0.64 
Mg Al Si E S Cl 
1.40 1.26 1.17 1.10 1.04 0.99 
Cu Zn Ga Ge As Se Br 
1.35 1.31 1.26 1.22 1.18 1.14 tT 
Ag Cd In Sn Sb Te I 
1.53 1.48 LH 1.40 1.36 1.32 1.28 
Au Hg TI Pb Bi 
1.50 | 1.48 | 1.47 | 1.46 | 1.46 


tA. F. Wells, Structural inorganic chemistry, 2d ed. (Oxford University Press, 
London, 1950), p. 50. 
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tances that occur in the same crystal. Moreover, these metals do not necessarily have 
the same radii in alloys that they have in the elemental crystals. The radii listed in 
Table 4, therefore, represent a range of values that are most commonly observed. 
As in the case of ionic and covalent radii discussed above, the calculation of inter- 
atomic separations by simple addition of the values in Table 4 gives only approxi- 
mately accurate results. 


Table 4 
Metallic radii (in Angstroms) 


Li Be 4 
1.62 |1.1-1,14 
‘Na Me 
1.85 1.60 
g Ca Se Ti Cr Mn Fe Ni 
2.31 1.97 |1.60-1.65]1.44-1.47] 1.31 1.25 |1.23-1.48] 1.24 1.24 
Cu Zn Ga Ge As Se Ru Rh Pd 
1.28 j1.33-1.45|1.22-1.40| 1.22 f1.25-1 571.16-1.73 1.32-1.35 1.34 | 137 
Rb Sr y Zr Nb Mo Te Os Ir | Pe 
2.46 2.15 {1.80-1,83]1.58-1.61] 1.43 1.36 |1.35-1.36]1.34-1.36) 1.35 | 1.38 
Ag Cd In Sn Sb Te 
1.44 1. 49-1. 64]1. 62-1. 69]1. 40-1. 59]1. 45-1. 68]1.43-1.73 
Cs Ba La Hf Ta w Re 
2.63 2.17 |1.36-1.87|1.57-1.60| 1.43 1.37 [1.37-1.38 
ou Mg Tl Ph Bi Po 
1.44 1.59 |1.70-1.73] 1.753 fi 35-1. 74]1.64-1.67 

Th Pa U 

1.80 |1.60-1,62] 1.50 


A ee ee ee |. oe a 


Appendix 4 
Space-group symbols 


No. of spacet | Schoenflies | Standardt | No. of spacet | Schoenflies | Standardt 
group symbol full symbol full symbol 
1 Gl Pl 
i 7 122:2, 
g Ci ma Pmm2 
3 c P112 Pmt 
4 c P112, Paen 
5 7 1112 Emo 
6 ce Pilm Pca2, 
7 G P11b Poz 
8 G Illm Pmn2y 
9 a 111b Pba2 
2 Pna2, 
10 Ch P11 = Pnn2 
2, Cmm2 
11 Ch Pil m Cme2; 
2 Ccc2 
12 Ck m= Bn 
A 2 Abm2 
13 Ch Pil F Ama2 
Aba2 
14 Ci 
15 eG, 
16 7 = VI 
17 Dj = V? 
18 D; = V* 
19 Di = FF 
20 D; = V* 
21 z= Ve 
22 D; = y’ 
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No. of spacet | Schoenflies Standard{ | No. of spacet | Schoenfiies Standard} 
group symbol full symbol full symbol 
222 
De nae EE papa 
50 Di, = Vi P Baa 
eer 2,22 
51 D3, = Vi FP ama 
22,2 
52 mati | Pass 
222) 
53 Di, = Vi P raring 
2,22 
54 p- | Paes 
pe 81 3 
55 D’, = V? PRE 82 Si I4 
ai k bam 83 Cih P4/m 
56 pi =yie| P 2121 2 84 Gi, P42/m 
sich la Ns 6 || Ch P4/n 
57 perp | p224 86 Ch P4:/n 
zj f bem 87 ch I4/m 
58 D? =V? piaz 88 CA I4,/a 
» k nnm 89 D! P422 
59 pi=ave | P 2 22 90 D; P42.2 
th 4 mmn 91 D P4,22 
2,22 
wma | ret | oe |B | Bie 
2,2 t i 
61 pi = vp | p22 = a ET 
i 1 
62 Dit = vit < D; Paat 
4 
e [ageri ea |) ee 
Tae 
he P4Abm 
64 pe=vit| c w a ee 
4v 
4 P4onm 
65 pew] e r 7 $v Pal 
av 
w |os= ve] e mee | Bi 
iv 
“a Tyi r P4:bc 
ms uh r ie ce T4mm 
68 22 tt c 108 or I4cm 
ian 109 ci Tad 
M : ce Tied 
i Dy = VE y A Diy vi PI2m 
%22 Lai zy 
u yn Bee 112 Di, = Va | P42 
w Dan s Fada 113 H =V} | Pam 
71 a ee | f pa. 114 Dia = Va Pa2,c 
2h & mmm P4m2 
a 222 4 
pieve | 1332 Pia 
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No. of spacef | Schoenflies 


Standard} 
full symbol 


P4n2 
Tam2 
T4c2 

142m 
[42d 


4 
P—mm 
m 


4 
P-ce 
m 


No of spacet | Schoentlies 


group 


145 
146 
147 
148 
149 
150 
151 
152 


symbol 


Appendix 4 


Standardt 
full symbol 


P3: 
R3 


1 


a) 
ol 


Bo 
col 


SIY yje 


WDY A 
SSS È 


Pô: 


Space-group symbols 


No. of spacey 
group 


184 
185 
186 
187 
188 
189 
190 


191 
192 
193 


194 


195 
196 
197 
198 
199 


200 


201 


202 


203 


204 


205 


206 


t This space-group number is the s: 
tables for x-ray crystallography, vol. 1, wher 
t The symmetry elements are listed in the order abc, 


Schoenflies 
symbol 


Standardt | No. of spacey Schoenflies 
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Standardt 


full symbol group full symbol 
eda inicio 
Pois 207 P432 
Pô:cm 208 P4.32 
4 209 F432 
oe 210 F4,32 
rocz 211 1432 
pozu 212 P4:32 
Bee n 213 P4,32 
Dra 214 14,32 
mmm xt 
215 Pi3m 
622 216 F43m 
m S c 217 [43m 
6,22. 218 P43n 
Magill 219 F33c 
6,22 220 13d 
n mc 4.2 
221 P235 
P23 pit 
F23 222 PSRS 
123 EE 
P2,3 223 P PA 3 A 
wi dog 2 
P 2 5 224 P r 3 m 
P = 5 225 F m 3 m 
F 2 5 226 r33 z 
ans 
A 25 227 Pa 8 
d 2 4, 3 2 
; 2 3 228 a : 
r e 
pe 5 229 I = 3 
diia 
2 5 230 a T 3 a 


~ 


is used in the monoclinic system. 


ame as the designation used in International 
here a complete description can be found. i 
and the z-axis unique setting 


INDEX 


Absolute coordinates, 48 

Absorption band, 405 

Acceptor states, 318 

Activation energy, 194-195 
of self-diffusion, 394 

Activators, 337 

AgCI, diffusion in, 395 

Age hardening, 201 

Ahrens, L. H., 80, 92, 440 

Allowed-energy zones, 245-247 

Allowed state, 212 

Alloy junction, 344 

Alloys, commercial, 304 
conductivity, 258-260 
Heusler, 265 
Precipitation in, 198 
structures, 289-308 

Aluminates, 376 

Aluminum, Brillouin zones, 285-286 
structure, 285 

Amorphous solid, definition, 5 

Amphibole chains, 427 

Anatase, 86 

Anelastic deformation, 122 

Anion, definition, 74 

Anisotropy, 122-125 

Annealing twins, 161 

Antiferroelectricity, 4087. 

Antiferromagnetism, 369, 407-410 

Antifluorite structure, 378 

Antimony, structure, 358 

Antiphase domains, 165, 179 

Antistructure disorder, 102 

Antisymmetry, 4092. 


Aragonite, twin structure, 155 
Arsenic, structure, 358 
Asymptotic Curie temperature, 409 
Atom, coordination, 47-48 
interstitial, 64 
neutral, 77 
polarizability, 380 
relative size, 82 
spherical, 4, 77-78 
structure, 77 
Atomic arrangement, determination, 
54-55 
Atomic bonds, 214-222 


Atomic packings, rules governing, 81-86 


variations, 86-92 
Atomic polyhedron, 227 
Atomic radii, 79-80 
tables, 437-441 
Atomic susceptibility, 261, 262 
Atomic theory, 74-80 
Austenite, 200, 305 
Avalanche breakdown, 397 
Axes, crystallographic, 12 
rotation (see Rotation axes) 
zone, 15 
(See also Hexagonal axes) 
Axial glide, 21 
Aziroff, Leonid V., 377 


Bain, E. C., 163 

Balarev, D., 148 

Band theory, 230-234, 311-321 
(See also Zone theory) 
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Bardeen, J., 347, 352 
Barkhausen effect, 269 
Barlow, William, 6, 49 
Barrett, Charles S., 139, 157, 163, 164, 
308 
Barrier layer, 341 
Basic structure, 91 
BaTiO,, ferroelectric domains, 389 
structure, 422 
transitions, 391 
Belov, N. V., 72 
Bend gliding, 134 
Bentley, W. A., 1, 2 
Beryl rings, 426 
Bethe, H. A., 179, 180, 265 
Bias, forward, 342, 343 
reverse, 341, 346 
Birefringence, 400-404 
Bismuth, structure, 358 
Bitter pattern, 269 
Bloch, F., 244 
Bloch function, 244 
Boas, W., 139 
Body-centered cubic packing, 68-70 
Body-centered lattice, 34-38 
Bohr, Niels, 75 
Bohr magneton, 262 
Boltzmann relation, 99, 168 
Bond strength, electrostatic, 84 
Bonding of atoms, 202-234 
Bonds, covalent, 218-219 
electron, 220 
electron-pair, 216 
electrostatic, 84 
homopolar, 216 
hydrogen, 217 
hydroxyl, 217 
ion-dipole, 218 
ionic, 216-218 
metallic, 216, 219-221 
valency, 83 
van der Waals, 216, 221-222 
Borate glasses, 431 
Borates, 423-424 
classification, 425 
Boric acid anomaly, 431 
Born, Max, 205, 226 
Bound charge, 382 
Boundaries, grain, 96, 112 
in germanium, 115 
large-angle, 112-113 


Index 


Boundaries, lineage, 96 
mosaic, 96 
polygonization, 116 
small-angle, 113-116 
Bowles, J. S., 164 
Bragg, W. H., 48 
Bragg, Sir William L., 7, 48, 51, 72, 79, 
113, 235 
Bragg law, 51, 247 
Bragg-Williams order theory, 174-176 
Brass, 294 
Brattain, W. H., 347 
Bravais, A., 37, 143, 154 
Bravais lattices, 37 
Bravais law, 143 
Bravais-Donnay-Harker Tule, 143 
Bravais-Miller indices, 14 
Breakdown, avalanche, 397 
collision, 398 
dipole, 398 
electrolytic, 398 
gas-discharge, 398 
thermal, 398 
Zener, 397 
Brillouin zone theory, 247-249 
Brittle fracture, 138 
Buckley, H, E., 164 
Buerger, M. J., 3, 41, 72, 91, 92, 145, 
146, 148, 164, 181 
Bunn, C. W., 72 
Burgers, J. M., 95, 113 
Burgers circuit, 106 
Burgers dislocation, 105 
Burgers vector, 106 
Burke, J. E., 164 


CaCoO,, structure, 402 
Cadmium, structure, 287 
Cadmium sulfide, lineages, 150 
Cady, Walter G., 415 
CaF, structure, 360 
Calcite, birefringence, 403 
Calcite structure, 402 
Cameron, D. P., 389 
Capacitance, 380 
Capture cross section, 333 
Carbides, interstitial, 301-303 
transition-metal, 302 
Carborundum, 365 
Cathodoluminescence, 338 


Index 


CaTiOs, structure, 421 
Cation, 74 
Cell, multiple, 11 
primitive, 11 
Cementite, structure, 306 
Center of symmetry, 19 
Centered lattice, 33 
Cesium chloride structure, 420 
Chaleopyrite, 92 
Chalmers, B., 147 
Clark, R., 164 
Clausius-Mosotti equation, 385 
Cleavage, 138 
Closest-packed layer, 56 
Closest packing, 44, 55-72 
cubice, 59-63 
hexagonal, 59-63 
Closest packings, classification, 60-64 
of like spheres, 56 
of metals, 279-282 
representation, 70-72 
voids in, 64-70 
Coactivators, 337 
Coercive field, 390 
Cohesion of crystals, 222-230 
Coleman, R. V., 269 
Color centers, 404- 406 
Color space groups, 409r. 
Complex i ions, 86 
Condon, E. V., 432 
Conduction band, 372 
Onduction electrons, 257 
Conductivity, dark, 334 
ionic, 392-397 
metallic, 254-261 
role of imperfections in, 329 
temperature dependence, 325 
in alloys, 258-260 
in pure metals, 256-258 
in semiconductors, 321-329 
Conductors (see Metals) 
Congruent, 15 
Conjugate translations, 11 
Contact potential, 339 
Conversion units, 436 
Coo, 90 
Coordination, absolute, 48 
of atoms, 47-48 
octahedral, 47, 65-66 
tetrahedral, 65-66 
Coordination number, 66, 81, 83 
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Coordination polyhedron, 66 
of atoms, 72 
of voids, 70-72 
Cottrell, A. H., 118, 139, 200, 276 
Coulomb attraction, 225 
Coulomb’s law, 383 
Covalent bond, 218-219 
(See also Electron-pair bond; Homo- 
polar bond) 
Covalent radii, 437 
tables, 440 
Cowley, J. M., 49 
Cr-Fe, equilibrium diagram, 300 
Craig, G. B., 164 
Creep, 133, 137 
Critical temperature, 168 
Crystal, definition, 8 
genesis of name, 1 
Crystal classes, 23, 30 
Crystal form, 142 
Crystal growth, 140-154 
Crystal habit, 142 
Crystal radii, 80 
table, 438 
Crystal-structure analysis, 48-55 
Crystal systems, 30 
Crystallographic axes, 12 
Crystallography, geometrical, 8-41 
phase problem in, 55 
CsCl, structure, 420 
Cu-Au, alloys, 291-293 
equilibrium diagram, 292 
Cubic closest packing, 59-63 
Cubie system, 30 
CuFeS:, 92 
Cu.FeSnS,, 92 
Cu:0, conductivity, 373 
Cu-Zn, diffusion couple, 396 
equilibrium diagram, 295 
Curie, P., 262 
Curie constant, 262 
Curie law, 407 
Curie point, 264, 388 
Curie temperature, 408 
Current, dark, 349 
generation, 346 
recombination, 346 


Dalton, J., 74 
Dark current, 347 
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Darwin, C. G., 94 
Dash, W. C., 135, 136 
Davisson, C. J., 49, 204n. 
De Broglie, L., 49 
De Broglie wavelength. 49 
Debye, P., 221, 272, 274 
Debye frequency, 273 
Debye specific-heat theory, 272-274 
Debye temperature, 273 
Defect structures, 91, 371 
Defects, Frenkel, 96, 101-102, 392 
line, 95, 103-112 
plane, 95 
point, 95, 99-103 
Schottky, 95, 99-101, 392 
(See also Dislocations; Imperfections) 
Deformation, anelastic, 122 
elastic, 122, 125-129 
mechanism, 132-137 
permanent, 122 
plastic, 122, 125-129 
Deformation fault, 117 
Deformation twins, 157 
Dehlinger, U., 94 
Dekker, Adrianus J., 277, 350, 415 
Dendrites, 145 
Density, of cell, 53-54 
electron, 78 
of states, 253-254, 316 
Derivative structures, 91 -92, 202, 359 
Devitrification, 430 
Diagnostic symmetry, 30n. 
Diagonal glide, 21 
Diamegnetism, 261-262 
Diamond, bonding model, 354 
energy bands, 233 
energy gap, 356 
structure, 355-357 
Diamond glide, 21, 355 
Diamond lattice, 31 
Dielectric constant, 380 
Dielectric isotropy, 384 
Dielectric properties, 380-385 
Dielectrics (see Insulators) 
Diffraction, of a-rays, 49 
of electrons, 49 
of light, 2 
of neutrons, 49 
of x-rays, 48-53 
Diffraction theory, 49-53 
Diffusion, 95, 100 


Index 


Diffusion couple, 396 
Diffusicn junction, 344 
Diffusion potential, 341 
Dilatational transformation, 182 
Dipoles, 216, 379 
Dislocation climb, 110 
Dislocation density, 108 
Dislocation theory, 107-112 
Dislocation wall, 116 
Dislocations, 95, 103-112 
Burgers, 105 
and crystal growth, 150-153 
edge, 104 
mixed, 108 
partial, 107, 117 
in platinum phthalocyanine, 164 
screw, 105 
Taylor-Orowan, 104 
types, 103-106 
unit, 107 
Disordered erystals, 102-103 
Displacive transformation, 182 
Domain structure, ferroclestric, 388-391 
ferromagnetic, 267-270 
Donnay, J. D. H., 143 
Donor states, 318 
Doremus, R. H., 164 
Double cell, 11 
Double refraction, 402 
Double slip, 138 
Drift mobility, 327 
Drift velocity, 257, 326 
Drude, P., 219, 220236 
Drude-Lorentz theory, 236 
Ductile fracture, 138 
Dulong and Petit law, 271 


Edge disloeation, 104 

Effective mass, 317 

8 — N rule, 218 

Einstein, Albert, 202, 271, 274, 394 

Elastic constants, 127 

Elastic deformation, 122 

Elastic limit, 122, 125-120 

Elastic moduli, 127 

Electric breakdown, 397-398 

Electric displacement, 380 

Electric susceptibility, 381 

Electrical properties, of conductors, 
254-260 
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Electrical properties, of insulators, 380 Equipoints, 43-48 


398 notation, 45 
of semiconductors, 321-338 of plane groups, 44-45 
Electroluminescence, 338 of space groups, 45-48 
Electrolytic conductivity, 93, 392-396 rank, 43 
Electron affinity, 78 Equivalent positions, 44-48 
Electron bond, 220 Eshelby, J. D., 118 
Electron compounds, 294-297 Etch pits, 114, 118 
Electron density, 78 Eutectic, 188 
Electron diffraction, 49 Eutectoid, 192 
Electron-pair bond, 216 Evans, R. C., 93, 234, 377, 432 
(See also Covalent bond) Exchange interactions, 264, 407 
Electron parametric resonance (EPR), Excited states, 207 
414 Exciton, 98 
Electronegativity, 78 Extraordinary ray, 402 


Electronic conductivity, 323 
Electronic imperfections, 98 


Electronic polarization, 381 F centers, 405 
Electronic refrigerator, 340 F’ centers, 406 
Electrons, 4 Face-centered lattice, 34-38 
conduction, 322-324 Faraday, M., 74 
discovery, 74 Fatigue fracture, 138 
outer, 77 Fe, magnetic domains, 269  _ 
screening effect, 80 Fe-Au, equilibrium diagram, 307 
total energy, 77 Fe-B, equilibrium diagram, 307 ; 
valence, 77 Fe-C, equilibrium diagram, 185, 305 
Electropositivity, 78 Fe-Co, equilibrium diagram, 307 
Enantiomorphous pair, 9 Federoff, E. S., 5 
Energy, activation, 194-195, 304 Felspars, 427° 
Fermi, 241, 282 Fe20s, structure, 373 
free (see Free energy) Fe30,, conductivity, 376 
repulsive, 275 spin directions, 411 
Energy bands, 231, 311-313 structure, 376 
Energy gap, 317 Ferrimagnetism, 410-411 
Energy level, 231 Ferrites, 305, 376 
Energy states, 75 Fermi, Enrico, 241 
Energy values, electron, 77 Fermi energy, 241, 282 
harmonic oscillator, 97 Fermi factor, 241, 314 
Enthalpy, 173 Fermi surfaces, 250-253 
Entropy, calculation, 169-172 Fermi-Dirac distribution, 243 
configurational, 171 Fermi-Dirac statistics, 241-243 
crystal, 99 Ferroelectric domains, 388-390 
Epitaxy, 201 Ferroelectricity, 387-392 
EPR, 414 (See also BaTiOs) 
Equilibrium diagrams, 183-194 Ferromagnetism, 264-270, 408 
complex, 193, 194 FeS, structure, 3, 369 x 
eutectic, 191 Fe-Si, equilibrium diagram, 
eutectoid, 192 FeTiOs, structure, 374 
monotectic, 201 Fiber texture, 124 
peritectic, 191 Fick’s law, 393 


peritectoid, 201 Fluorescence, 337 
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Fluorite structure, 360 
Flux density, 380 
Fold of an axis, 16 
Forbidden band, 312 
Forbidden state, 212 
Forbidden zones, 245 
Form, crystal, 14 
Formula weight, determination, 54 
Forward bias, 342, 343 
Fracture, 137-138 
brittle, 138 
ductile, 138 
fatigue, 138 
shear, 138 
stress, 138 
Frank, F. C., 135, 301, 309 
Frank-Read source, 135-136 
Frankel, Jacob Porter, 7 
Frankenheim, M. L., 37 
Free-electron theory, 220, 236-243 
Free energy, bulk, 196 
calculation, 169-172 
chemical, 1u6 
Gibbs, 167 
Helmholtz, 99, 101, 167 
surface, 196 
Frenkel defects, 96, 101-102, 392 
Friedel, Georges, 154 
Friedrich, W., 48 
Fuchs, F., 229 
Fundamental reflections, 178 


g factor, 412 

Gain factor, 334 

Gallium, structure, 287 

y fields in iron alloys, 308 

Gas, 5 

Ge, conductivity, 325 
energy gap, 356 
small-angle boundary, 115 
structure, 355 

General lattices, 34-38 

General positions, 44 

Generation current, 346 

Geometrical crystallography, 8-41 

Germanium (see Ge) 

Germer, L. H., 49, 204n. 

Gibbs, Willard J., 148, 186 

Gibbs free energy, 167 

Glass, 5, 429-432 
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Glasses, borate, 431 
classification, 429 
physical properties, 432 
silicate, 430-431 

Glide packets, 130 

Glide planes, 21-23 
axial, 21 
diagonal, 21 
diamond, 21, 355 

Glide-reflection line, 33 

Gliding, 130 
bend, 134 
translation, 134 

Goldschmidt, V., 90 

Grain boundary, 96, 112 

Grain growth, 162 

Graphite structure, 357 

Griffith, A. A., 138 

Ground state, H, 207, 211 
He, 212 
K, 213 
Li, 212 

Group theory, 24 

Groups (see Symmetry groups) 

Growth, crystal, 140-154 
grain, 162 
mechanisms, 148-154 
observation, 153 
solid-state, 161-163 
theories, 143-148 
velocity, 140-143 

Growth faults, 117 

Growth spirals, 150-153 

Growth twins, 157 

Griineisen, E., 227 


Habit, crystal, 142 

planes, 198 
Hagel, William C., 199 
Half-wave plate, 401 
Halides, structures, 418-426 
Halite structure, 87, 361 
Halite-type compounds, 360, 365-367 
Halogens, structures, 418-420 
Hall, Eric O., 164 
Hall, R. N., 260 
Hall angle, 328 
Hall constant, 261, 327 
Hall effect, 260-261 
Hardness tests, 122 
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Harker, David, 143 
Harmonic oscillator, 203 
energy value, 97 
Hausmanite, structure, 376 
Haüy, R. J., 140, 154 
Haüy law, 140 
Heisenberg, Werner, 206, 264 
Heitler, W., 223, 234, 407 
Heitler-London method, 225, 264, 266 
Helmholtz free energy, 99, 101, 167 
Herman-Mauguin symbols, 39 
Heusler alloys, 265 
Hexagonal axes, 14 
closest-packed layer, 57 
closest packing, 59-63 
indices, 14 
system, 30 
High-low transformation, 182 
Hindered rotation, 385 
Hole, 98, 322-324 
Hole conductivity, 323 
Holser, William T., 155, 164 
Homopolar bond, 216 
(See also Covalent bond) 
Hooke’s law, 122, 126-127 
Hornblende, birefringence, 404 
Hume-Rothery, William, 276, 285, 296, 
303, 309 
Pume-Rothery compounds, 296-297 
ume-Rothery rules, 289-290 
Humphreys, W, J.,1,2 
Hund’s rule, 219 
Hybridization, 219 
Hydrogen atom, 206-208 
Hydrogen bond, 217 
Hydroxyl bond, 217 
Hylleraas, E., 227 
Hysteresis, ferroelectric, 389-390 


Ideal density, 235 
Ideally imperfect crystal, 94 
Ideally Perfect crystal, 94 
Identity period, 60 
Ilmenite, structure, 374 
Imperfections, 94-117 
discovery, 94 
electronic, 98 
line, 96, 103-112 
Plane, 96 
Point, 95, 99-103 
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Imperfections, types, 97 
Impingement of nucleii, 199 
Improper rotation axes, 15, 18-20 
Index polygon, 142 
Index vectors, 142 
Indicatrix, 416 
Indices, hexagonal, 14 
Miller, 13 
of a plane, 13 
Indium, structure, 287 
In-phase scattering, 50 
Insulators, properties, electrical, 380-398 
magnetic, 407-414 
optical, 398-407 
structures, 418-432 
Interatomic distances, calculation, 47 
Intermediate phases, 193, 294-301 
Intermetallic compounds, 359-365 
Internal-energy calculation, 169-170 
International tables for x-ray crystal- 
‘lography, 46, 445 
Interplanar spacing, 51 
Interstitial atoms, 64, 95 
Interstitial borides, 303-304 
Interstitial carbides, 301-305 
Interstitial hydrides, 303-304 
Interstitial nitrides, 301-303 
Interstitial phases, 301-308 
Interstitial solid solution, 91 
Inverse piezoelectric effect, 386 
Inversion center, 19 
Ion-dipole bond, 218 
Ionic bond, 216-218 
Ionic conductivity, 392-397 
Ionic diffusion, 393-396 
Ionic polarizability, 381 
Ionic radii, 437 
tables, 439-440 
Ionization potential, 77 
use, 80 
Iron (see Fe) 
Isogonal, 37-38 
Isometric (cubic) system, 30 
Isomorphism, 90, 91 
Isostructural compounds, 90 
Isotypes, 77n. 
Isotypic compounds, 90 


Jog, 110 
Jones, H., 277, 296 
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Joule heat, 337 

Junctions, alloy, 344 
diffusion, 344 
metal-metal, 339-340 
metal-semiconductor, 340-344 
p-n, 335, 344-347 
properties, 338-347 


k space, 249-250 

Kagomé nets, 301 

Kasper, J. S., 301, 309 

Kerr, Paul F., 415 

Kinks, 110 

Kirkendall effect, 396 

Kittell, Charles, 277, 350, 415 
Knipping, P., 48 
Kossel-Stranski theory, 144-148 
Kroger, F. A., 118 

Kronig, R. de L., 245 
Kronig-Penney model, 245 


Landé, A., 79, 226 
Landschoff, R., 227 
Langevin, P., 262 
Langevin’s equation, 261 
Large-angle boundaries, 112-113 
Larmor precession, 413 
Lattice array, 10, 32 
Lattices, Bravais, 38 
definition, 10 
momentum, 242 
plane, 10, 31-34 
reciprocal, 249 
representation, 11-12 
space, 34-37 
Laue, M. von, 48 
Laves, Fritz, 298 
Laves phases, 298-299 
Laves polyhedron, 298 
Lead azide, transformation, 183 
Lead sulfide, 90 
Left-handed form, 8 
Lenz's law, 261 
Lever rule, 187 
Leverenz, Humboldt W., 415 
Lewis, Gilbert N., 218 
Lewis-Kossel theory, 21% 
Lifetime, bulk, 330 
carrier, 330 
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Lifetime, effective, 333 
minority carrier, 329-332 
surface, 330 

Lineage boundary, 96 

Lineages, 148-150 
in CdS, 150 

Liquids, 4 

Liquidus line, 187 

Local field, 385 

Localized states, 319, 329 

London, F., 223 

Long-range order, 174-179 

Lorentz, H. A., 219, 236, 383 

Lorentz field, 384 

Lorentz force, 383, 414 

Lorentz-Lorenz equation, 399 

Losev, O. V., 362 

Luminescence, 337-338 


MacKenzie, J. K., 139 
Madelung, F., 226 
Madelung constant, 226 
calculation, 235 
Magnetic properties, of insulators, 407- 
411 
of metals, 261-270 
Magnetic resonance, 411-414 
Magnetic susceptibility, 261, 407 
Magnetic units, 436 
Magnetization, easy direction, 268 
hard direction, 268 
Majority carriers, 324 
Mallard, E., 154 
Manganese, structures, 286 
Marcasite, 3 
Martensite, structure, 306 
Martius, Uniiila M., 164, 277 
Matthiessen’ 8 rule, 259 
Mayer, J. E. , 200, 226 
Mean free path, 257 
Mean free time, 326 
Mechanical properties, 120-139 
Mehl, Robert F., 199 
Menter, J. W., 104 
Mercury, structure, 287 
Metallic bond, 216, 219, 221 
Metallic orbital, 229 
Metallic radii, 438 
table, 441 
Metalloid, 279 
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Metals, bonding, 219-221 
conductivity, 254-261 
free-electron theory, 236 
properties, 236-277 

magnetic, 261=+270 
structure, 279-308 

Metasilicates, 426 

MgAl.O,, structure, 375 

Microscope, two-wavelength, 2 

Microstructure, 121 

Miers, H. A., 143 

Miller indices, 13 

Minimal symmetry, 30 

Minority carriers, 324 

Mirror plane, 18 

Mirror-reflection line, 31 

Mitchell, Richard S., 365-377 

8-Mn, structure, 286 

Mn,O,, structure, 376 

MnS, structure, 369 

Mobility, of charge carriers, 325-329 
definition, 260 

Moduli of elasticity, 126-127 

Mohs scale, 122, 139 

Molar polarizability, 400 

Molecular field, 264, 408 

Molecular orbitals, method, 225 

Momentum lattice, 240 

Momentum space, 242 

Monoclinic system, 30 

Monotectic reaction, 201 

Morphology, 23 

Mosaic boundary, 96 

Mosaic crystal, 94 

Mott, N. F., 277 

Multiple cell, 11 

Multiple slip, 131 
uscovite, birefringence, 404 


n-type semiconductor, 324 
NaCl, defects, 100 ; 
growth, 147 
slip system, 131 
structure, 87, 361 
Néel, L., 411 
a temperature, 409-410 
etwork formers, 429 
Notions modifiers, 429 
eutron diffraction, 49 
Newton, Sir Isaac, 202 
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Nickel arsenide structure, 368 
NiO, 90 
conductivity, 373 
Nitrides, interstitial, 301-303 
transition metal, 302 
NMR, 413 
Nonreciprocity rule, 290 
Normal strain, 126 
Normal stress, 125 
Nucleation, heterogeneous, 196-199 
homogeneous, 196-197 
in solid, 161 
Nucleus, atomic, 4 
effective charge, 80 
structure, 74 


Octahedral layer, 70-72, 298 

Octahedral void, coordination, 66 
in body-centered cube, 68 

definition, 65 

Ohmic contact, 343 . 

Ohm’s law, 123 

Optic axis, 400 

Optical absorption in semiconductors, 
332-335 

Optical properties of insulators, 398- 
407 

Orbitals, 206, 209 

Order-disorder transitions, 174-180, 
290-294 

Ordinary ray, 402 

Orientation relationship, 198 

Orowan, E., 94 

Orthorhombic system, 30 

Orthosilicates, 426 

Overlapping zones, 251-252 

Oxides, 370-377, 421-429 

Oxyhalides, 419 


p-type semiconductors, 324 
Paraelectric effect, 391 
Parallelogram lattice, 31 
Paramagnetic susceptibility, 
Paramagnetism, 262-264 
Partial dislocations, 107, 117 
Pattern, representation, 8 
Pattern theory, 8 


Pauli, Wolfgang, 210 
Pauli exclusion principle, 208-210, 241 


262, 407 
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Pauling, Linus, 62, 72, 80, 93, 225, 229, 


234, 235, 281, 284, 297, 303, 432, 438 


Pauling’s rules, 83-86 
PbS, 90 
energy gap, 367 
structure, 367 
s PbSe, energy gap, 367 
structure, 367 
PbTe, energy gap, 367 
structure, 367 
Pearlite, 200, 308 
Pearlite: austenite interface, 199 
Peierls, R. E., 156 
Peltier coefficient, 339 
Peltier effect, 339 
PEM effect, 335 
Penetration test, 122 
Penney, W. G., 245 
Periodic potential, electrons in, 244 
Periodic table, 210-214 
Periodicity, 5, 8-15 
Peritectic, 190 
Peritectoid, 201 
Permanent deformation, 122 
Permanent dipole moments, 381 
Permittivity, of dielectric, 380 
of empty space, 380 
Perovskite structure, 421 
Perovskite-type compounds, 421-423 
Phase problem in crystallography, 55 
Phase rule, 184-186 
Phillips, F. C., 41 
Phonon, 24 
Phonon interactions, 98 
Phosphorescence, 337 
Photoconductivity, 333-335 
Photoelectromagnetic effect, 335 
Photoluminescence, 338 
Photovoltaic cell, 335 
Fhotovoltaic effect, 335-338 
Physical constants, table, 435 
Piezoelectric constant, 387 
Piezoelectricity, 385-387 
Pincherle, L., 377 
Pinsker, Z. G., 49 
Pitch of screw axes, 21 
Planck’s constant, 75, 435 
Planck’s radiation law, 75 
Plane groups, 30-34 
Plane lattices, 10, 31-34 
Plastic deformation, 122, 129-138 
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p-n junction, 335, 344-347 
Point groups, 23-30 
Poisson’s ratio, 128 
Polanyi, M., 94 
Polarization, 379 

electronic, 381 

remnant, 390 

spontaneous, 390 
Polarization catastrophy, 391 
Polarization density, 381 
Polygonization, 111 
Polygonization boundary, 116 
Polyhedral representation, 70772 
Polyhedron, atomic, 227 
Polysynthetic twin, 164 
Precipitation in alloys, 198 
Preferred orientation, 124-125 
Primitive cell, 11 
Primitive space lattice, 34 
Principal plane, 125, 402 
Principal stress, 125 
Probability density, 205 
Proper rotation axes, 15-17 
PtS, bonding model, 370 
Pyrex, 429, 430 
Pyrite, 3 
Pyroelectric effect, 388 
Pyrosilicates, 426 
Pyroxene chains, 426 


Quantum efficiency, 351 

Quantum free-electron, theory, 237-241 
Quantum mechanics, elements, 202-214 
Quantum numbers, 75, 207-208, 210 
Quartz, birefringence, 404 


Radcliffe, J, M., 377 
Radiation law, Planck's, 75 
Radii, atomic, 79-80 
covalent, 437 
crystal, 80 
effective, 78 
metallic, 438 
nth orbit, 76 
tables, covalent, 440 
crystal, 438 
ionic, 439-449 
metallic, 441 
univalent, 80 
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Radius ratio, 81, 83 
Radius-ratio limits, 82 
Ramsdell, L. S., 364 
Ramsdell’s notation, 363 
Rank of equipoints, 43 
Raynor, G. V., 285, 297, 309 
| Read, W. T., Jr., 118, 135, 139 
Reciprocal space, 249 
Recombination centers, 329, 346 
Reconstructive transformation, 182 
Recovery process, 161 
Recrystallization, 161-162 
Rectangular lattice, 31 
| Rectifying contact, 342 
| Reflection of an object, 9 
Reflection plane, 18 
Refraction of light, 398-400 
Refractive indices, 401 
Refractory carbides, 303 
Remnant polarization, 390 
Repetition of an object, 9 
by rotation, 15-17 
by translation, 9-11 
Repulsive energy, 275 
Repulsive forces, 225 
Residual resistance, 259 
Resistivity, 257 
Resonance, cyclotron, 414 
electron paramagnetic, 414 
ferromagnetic, 417 
nuclear magnetic, 413 
K anaga, 412-413 
To frequency, piezoelectric, 386 
= ance postulate, 217, 224 
Togression, 201 
Reverse bias, 341, 346 
ree Frederick N., 200 
Rhombohedral lattice, 34-38 
ombohedral subsystem, 36 
hombus lattice, 32 
Rice, 0. K., 93 
Right-handed form, 8 
berts, B. W. 164 
Omeijn, F. C., 377 
Röntgen, W. K., 48 
tation, hindered, 385 
Rotation axes, 15-22 
improper, 18-20 
proper, 15-17 
screw, 20-22 
pitch, 21 


Rotational transformation, 182 
Rotoinversion axes, 18-20 
Rotoreflection axes, 18-20 
Rundle, R. E., 303 

Ruskin, John, 7 

Rutherford, Sir Ernest, 74 
Rutile, 85 


Scattering, directions, 49 
in-phase, 50-51 
x-ray, 48-53 
Scattering factor, 52 
Schmid, E., 133 
Schmid’s law, 133 
Schoenflies, Arthur M., 6, 39 
Schoenflies notation, 39 
Schoenflies symbols, table, 442-445 
Schottky defects, 95, 99-101, 392 
Schrödinger, E., 204 
Schrödinger equation, 205, 223, 238 
Schrödinger theory, 203-206 
Scott, G. G., 269 
Scratch test, 122 
Screening effect, 80 
Screw axes, 20-22 
Screw dislocation, 105 
Seebeck effect, 340 
Seitz, Frederick, 118, 227, 276 
Selenium, structure, 358 
Self-diffusion, 393, 396 
Semiconducting bond, 360 
Semiconductors, breakdown in, 397 
conductivity, 321-338 
electron-defect, 373 
electron-excess, 372 
extrinsic, 318-321 
intrinsic, 313-318 
lifetime, 329-332 
mobility, 325-329 
n-type, 324 
p-type, 324 
properties, 310-353 
structures, 353-377 
Shear, critical resolved, 133 
Shear fracture, 138 
Shear modulus, 126 
Shear plane, 159 
Shear strain, 126 
Shear stress, 125 
Sheet texture, 124 
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Shockley, W., 118, 350 
Shoemaker, D. P., 301 
Short-range order, 174, 179-180 
Si, conductivity, 325 
energy gap, 356 
structure, 355 
transmissivity of infrared, 332 
SiC, 362-365 
polytypes, table, 363 
Side-centered lattices, 34-28 
Sigma phases, 299-301 
Silicate glasses, 430-431 
Silicates, 83, 424-428 
birefringence, 404 
classification, 428 
Silicon (see Si) 
Size effect, atomic, 289 
Slater, John C., 200, 225, 233, 234, 267, 
277 
Slip plane, 108 
Slip striae, 130 
Slip system, 131 
Small-angle boundaries, 113-116 
in Ge, 115 
Smekal, A., 95 
Smith, Cyril S., 113 
Smoluchowski, R., 200 
Smyth, Charles P., 415 
Snell’s law, 399 
Snowflakes, 1-2 
Sodium, energy bands, 233 
Sodium chloride (see Halite structure; 
NaCl) 
Solid solutions, 90-91, 186-193 
interstitial, 91 
omission, 91 
substitutional, 90, 186-193 
Solidus line, 187 
Sommerfeld, A., 241 
Space-charge region, 343 
Space-group determination, 54, 73 
Space-group symbols, definition, 40 
table, 442-445 
Space groups, 37-40 
Space lattices, 10, 34-38 
Special positions, 45 
Specific heat, Debye, 273-274 
Einstein, 271-272, 274 
electronic, 271 
theories, 270-274 
Spectrographic designations, 210 
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Spectroscopic splitting factor, 412 
Spenke, Eberhard, 350 
Sphalerite, 88-89 
Sphalerite structure, 88, 89, 360 
Sphalerite-type compounds, 359-361 
Spin-lattice interaction, 413 
Spin-spin interactions, 412 
Spin-structure interaction, 413n. 
Spinel structure, 375 
Spontaneous polarization, 390 
Sproull, Robert L., 276, 350 
Square lattice, 82 
Stacking faults, 96, 116-117 
Standing waves, 203 
Stannite, 92 
Stanworth, J. E., 432 
Steel, 304-309 
Stirling’s formula, 99 
Strain, normal, 126 

shear, 126 
Stress, fracture, 138 

normal, 125 

principal, 125 

shear, 125 
Stranski, I. N., 144, 147 
Structure, of insulators, 418-432 

of metals, 279-309 

of semiconductors, 353-377 
Structure factor, 53 
Structure-insensitive Properties, 120 
Structure-sensitive properties, 120 
Subgroups, 40-41 
Substitutional solid solutions, 289-290 
Substitutional structures, 92 
Substitutional transformation, 182 
Subtranslation, 34 
Sulfides, 365-370 
Sulfur, structure, 358 
Superconductivity, 257n, 
Supercooled meit, 148 
Superexchange interaction, 411 
Supergroups, 40-41 
Superlattice, 177, 292 
Superlattice reflections, 178 
Surface states, 352 
Surface tension, 113 
Susceptibility, antiferromagnetic, 409- 

410 

atomic, 261 

electric, 381 

ferromagnetic, 408 
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Susceptibility, magnetic, 261 

paramagnetic, 262, 407 
Symmetry, 5 

diagnostic, 30n. 

minimal, 30 

rotational, 16 

translation, 9-11 
Symmetry center, 19 
Symmetry groups, 23-41 

plane, 30-34 

point, 23-30 

space, 37-40 
Symmetry line, 9 
Systematic absences, 73 
Systems, crystal, 30 


: Taylor, G. I., 94 
Taylor-Orowan dislocation, 104 
Tensor, 123 
Ternary alloys, 297-298 
Tetragonal system, 30 
Tetrahedral layers, 70-72 
Tetrahedral void, in body-centered 
cube, 69 
coordination, 66 
definition, 65 
Texture, 124-125 
Thallium, structure, 287 
Thermal properties, 270-276 
Thermocouple, 340 
Thermodynamics, elements, 166-172 
Thermoelectric emf, 340 
Thermoluminescence, 338 
Third power law, 274 
Thomson, J. J., 74, 204n. 
III-V compounds, 361 
Throw of an axis, 16 
Tie line, 187 
Tin, gray, energy gap, 356 
structure, 355 
white, structure, 288 
TiOs, 85 
Titanates, 376 
Torsion modulus, 126 
Total reflection, 399 
Transformation kinetics, 194-195 
Transformation rates, 194-195 
Transformation twins, 160-161 
Transformations, complex structures, 
180-183 
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Transformations, in crystals, 166-200 
equilibrium, 172-183 
first-order, 172-174 
high-low, 182 
lambda, 173 
lead azide, 183 
order-disorder, 174-180 
rotational, 182 
second-order, 172-174 
substitutional, 182 
types, 181 
Transistors, junction, 348-350 
point-contact, 347 
type A, 347 
Transit time, 334 
Transition-metal carbides, 303 
Transition-metal hydrides, 303 
Transition metals, conductivity, 256 
structure, 283 
electronic, 213 
Transition region, 345 
Translation, conjugate, 11 
definition, 9 
periodicity, 9-11 
Translation gliding, 134 
Traps, electron, 329 
hole, 329 
Triangular lattice, 32 
Triangular void, 65 
Triclinic system, 30 
Trigonal subsystem, 36 
Triple cell, 11 
Tunnel effect, 240 
Turnbull, David, 118, 164 
Twin domains, 158 
Twin junction, 154 
Twin lamellae, 158 
Twin plane, 116 
Twin'structure, 154 
Twinning, 154-161 
in body-centered © 
in face-centered cubic metal 
in hexagonal closest packings, 
Twins, 138 
Two-wavelength microscope, 


ubic metals, 159 
Is, 159 
180 
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Ultramarines, 427 

Uncertainty principle, 
Uniaxial crystals, 400 
Unit cell, contents, 53-54 
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Unit cell, definition, 11 
dimensions, 37 

Univalent radii, 80 

Unsaturated covalent bond, 216 
(See also Metallic bond) 


V centers, 406 
Vacancies, 95 
Vacuum levels, 339 
Valence band, 232, 312 
Valence electrons, 221 
Valency bonds, 83 
van Bueren, H. G., 117, 139 
van der Waals bond, 216, 221-222 
van der Waals forces, 226 
van der Ziel, Aldert, 350, 415 
Vegard’s law, 290 
Verma, Ajit Ram, 164, 377 
Vicarious elements, 90 
Vicinal faces, 143 
Vink, H. J., 118 
Viscosity, 5 
Vogel, F. Lincoln, 115 
Voids, classification, 65 
in closest packings, 64-69 
significance, 64 
von Hippel, Arthur R., 415 
Vycor, 429 


Wahlstrom, Ernest E., 415 

Warren, B. E., 433 

Wasastjerna, J., 79 

Water, of crystallization, 218 
of hydration, 218 

Wave equation, 202 

Wave function, 205 

Wave number, 243 

Wave mechanics, principles, 202-214 

Wavelength, x-ray, 50 

Weiss, P. J., 264, 267, 269, 408 

Weiss field, 408 
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Wells, A. F., 93, 234, 377, 433, 440 
Weyl, W. A., 200 

Widmanstitten structures, 198 
Wiedeman-Franz law, 275 

Wigner, E. Pi, 227 

Wigner-Seitz approximation, 227, 229 
Wooster, W. A., 139 

Work function, 339, 340 
Work-hardening, 137 

Wulff, G., 141 

Wurtzite, 88-89 

Wurtzite structure, 89, 366 
Wurtzite-type compounds, 365-367 
Wyckoff notation, 45 


X-ray diffraction, 48-53 
X-ray intensities, 53 
X-ray Scattering, 49 


Young’s modulus, 126 


Zachariasen’s Tule, 423 
Zeeman effect, 208, 412 
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This study of Solid state is based on the premise that C7 


the one thing the majority of solids of practical 
importance have in common:is that they are crystalline. 
The importance of crystallography has long been 
recognized. _ This is the first attempt tose the crystal- 
linity of solids as a framework for discussing their nature 
and properties. Concentrates on the structure, nature 
‘and properties of inorganic crystalline solids, covering 
virtually ail important aspects of solid state. 
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